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Tor xin cam doan day 1 cong trinh nghien et cia tor didgi si hudng
dan ena PGS.TS. Ha Tran Phuong v TS, Ngayén Van Thin, Cic kit qua
viet chung vdi ede tac gia khae da duge sy nhat tri ena dong tic gia khi
dira vio luan an. Cace két qua ctia luan an la mdi va chuta timg ditge cong
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LO1 cam on

Luan an duge thie hien va hoan thanh dudi sit hntdng dan tan tinh cia
PGS.TS. Ha Tran Phuong va TS. Nguyén Van Thin. Tac gia luan 4n xin
bay 16 1ong biét on chan thanh va sau sdc nhit dén thay.

Tdc gia xin tran trong cam on Ban Giam d6e Dai hoe Thai Nguyén, Ban
Dao tao Dai hoc Thai Nguyen, Ban Giam hi¢u, Phong Dao tao, Ban chn
nghiem khoa Toan va céc phong Ban chite nang Truong Dai hoc Su pham -
Dai hoc Thai Nguyén da tao moi dicu ki¢n thuan lgi giip dd tac gia trong
qué trinh hoc tap nghién citu va hoan thanh luan an.

Thc gid xin chan thanh cim on cdc thay, ¢, ban be trong cic Seminar tai
Bo mon Giai tich va Toan ng dung, Khoa Toan Truong Dai hoc Su pham
- Dai hoc Thai Nguyén da luon gitnp do, dong vién tdc gia trong nghién citu
khoa hoc.

Tac gia xin chan thanh cam on Truong Cao ding Su pham Luang Prabang
mtde CHDCND Lao eiing cic dong nghicp di tao dicu ki¢én ginp dd 161 vé
moi mét trong qua trinh hoe tap vahoan thanh Indn an nay.

Cudi enng tac gia xin bay to long biét on nhitng ngudi than trong gia
dinh, nhitng ngidi da chin nhiéu kho khin, vat va danh hét tinh cam yén
thuong, dong vien, chia sé, khich 1¢ de tae gia hoan thanh duge luan au.
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Bang ky hiéu

K truong dong dai s, c6 dac so6 khong, day du véi chuan sinh
bédi gia tri tuyet déi khong Acsimet, trang 16.

W% C hoac W, trang 16.

P (W) khong gian xa anh n chiéu trén W, trang 16.

Ts(r) ham dic trung Nevanlinna-Cartan cia f, trang 19.

Ny(r,H) ham dém ké ca boi ctia f két hop véi H, trang 20.

N}W(r, H) ham dém boi cit cut béi M cua f két hop véi H, trang 20.

my(r, H) ham xap xi ctia f két hop véi H, trang 18.

Ny(r,H) ham dém rat gon cla f két hop v6i H, trang 4.

Us(r,H) ham dém boi du tai cdc khong diem ctia ham f két hop v6i ho
cac sieu phang H, trang 5.

W Wronskian cua ham chinh hinh, trang 23.

v(H, z)  boirat gon tai khong diém ctia L(f) tai 2z, trang 22.

e(H,z)) boiducua L(f) tai 2o, trang 22.

A hinh vanh khuyén trén C, trang 49.



MG dau

1. Lich s nghién ctu va ly do chon dé tai

Trong nhiing nam gan day, Ly thuyét phan b6 gia tri cho dudong cong
chinh hinh, hay con goi 1a Ly thuyét Nevanlinna-Cartan da thu hat dugc
su quan tam nghién ctu cia nhiéu nha toan hoc trong va ngoai nuée. Dudc
xem nhu bat dau béi cac cong trinh ctia H. Cartan vao nam 1933 khi ong
xay dung cac dang Dinh 1y co ban tht nhat va Dinh 1§ co ban thit hai cho
duong cong chinh hinh, Ly thuyét Nevanlinna-Cartan dugc danh gia 13 mot
trong nhiing thanh tyu sau siac, dep dé va c6 nhiéu ting dung trong cac linh
viic khac nhau ctia Toan hoc nhu van dé duy nhat cho dudng cong chinh
hinh, tinh suy bién ciia duong cong dai s6, Iy thuyét he dong lyc, phuong
trinh vi phan phitc va mot s6 linh khac.

Ki hieu K truong dong dai s6, c6 diic s6 khong, day di v6i chuan sinh béi
gia tri tuyet doi khong Acsimet, W 1a C hodic K va P"(W) la khong gian xa
anh n chiéu tren W. V6i duong cong chinh hinh f : C — P"(C) ¢6 mot

bieu dién t6i gian 1a (fy, ..., f), ham

1 27 _
Ty(r) = 5 [ Togllf(re”) o

ducce goi la ham dac trung Nevanlinna-Cartan cua ducng cong f, trong do
17 = max{{fo()], - ()]

Cho H la mot siéu phang, L 13 mot dang tuyén tinh xac dinh H va M
13 mot s6 nguyen duong. Ta goi ny(r, H) va n?f (r, H) lan lugt 1a s6 khong

diem ctia L(f)(z) trong dia {|z| < r}, tuong ting ké ca boi hay boi cit cut



bdi M. Ham

Ny(r,H) = Ny(r, L) = / ny(t, H) —ng(0, H)

. dt +n¢(0, H)logr
0

duoc goi 1a ham dém ké cd boi va ham

rnd(t, H) — n3(0, H)
N () = N} rn) = [

dt—l—n%(O,H) logr

duge goi 1a ham dém boi cat cut béi M clia duong cong f két hgp véi sieu
phang H.

Nam 1933, H. Cartan da chiing minh mot dang Dinh 1y co ban thi hai
cho dudng cong chinh hinh trén mat phang phtic nhu sau:

Dinh 1y A ([6]). Cho duong cong chinh hinh khong suy bién tuyén tinh
f:C — P"(C) va q siéu phang Hy, ..., H, & vi tri tong qudt trong P"(C).
Khi dé bat ding thic

(¢ =n—=1T;(r) < Z Ny (r, Hy) +o(Ty(r))

j=1
ding vdi moi v > 0 du lén nam ngoai mot tap cé do do Lebesque hitu han.

Dinh Iy A cho ta mot quan hé gitta ham dac trung ctia duong cong chinh
hinh khong suy bién tuyén tinh véi cdc ham dém boi cat cut véi muc tieu la
cac sieu phang & vi trf tong quat. Cong trinh nay ctia H. Cartan dude danh
gi4 hét stc quan trong, md ra mot huéng nghien citu méi cho viéc phét trien
Iy thuyét Nevanlinna - nghién cttu cac dang Dinh 1y co ban thit hai cho 4nh
xa phan hinh, chinh hinh v& cic ting dung ctia n6. Cac két qua nghién citu
theo huéng nay trong thoi gian gan day tap trung vao hai van de:

1. Xay dung cac dang ctiia Dinh 1§ co ban thit hai cho duong cong chinh
hinh tit W? ho#ic mot mién trong WP vao P"(W) hoic mot da tap dai s6 xa
anh trong P"(W) v6i muc tiéu 1a cdc sieu phang, siéu mit c6 dinh hogc di
dong, bang cach thiét lap quan hé gitta ham dac trung Nevanlinna-Cartan

v6i cac ham xap xi hoac cac dang ham dém khac nhau.
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2. Nghién cttu cac ting dung cua cac dang ctia Dinh 1y co ban tha hai
trong cac linh vuc khac nhau ctia toan hoc, chang han, tinh chat cta s6
khuyét, van dé duy nhat cho ham hay dudng cong chinh hinh, sy suy bién
clia cac duong cong dai s6 va mot so6 linh vie khac.

Theo huéng nghién citu thit nhat, tiép ndi cong trinh ctia H. Cartan, da
c6 nhiéu tac gid xay dung cédc dang Dinh 1y co ban thit hai bang cach thiét
lap céc quan hé bat dang thic gitta ham dic trung ctia mot dudng cong
chinh hinh véi cac xap xi va ham dém khong ké boi hay ham dém boi cét
cut. Cu the, nam 1983, E. I. Nochka ([33]) da chiing minh mot mé rong clia
Dinh 1§ A cho trusng hop ho cac siéu phang & vi trf dudi tong quat trong
khong gian xa dnh phic P"(C). Nam 1995, H. H. Khoai va M. V. Tu da
nghién ctitu Dinh 1§ A cho truong hop duong cong chinh hinh trén trucong IC
va thu dugce két qua:

Dinh 1y B ([26]). Cho f : K — P*(K) la mot duong cong khong suy bién
tuyén tinh va Hy, ..., Hy cdc siéu phang phan biet P"(K) 6 vi tri tong qudt.
Khi do

(0= n—DTy(r) < 30N, 1) - D)
j=1
Trong [21], P. C. Hu va C. C. Yang da md rong két qua ciia H. H. Khoai

logr 4+ O(1).

va M. V. Tu cho trusng hop ho siéu phang & vi tri du6i tong quat. Trong
nhitng nam gan day, c6 rat nhiéu tic gid trong va ngoai nudc da nghién ctu
cac dang Dinh 1y co ban thit hai cho duong cong chinh hinh tt W hay mot
mien trén W vao P"(W) hay mot da tap dai s6 xa anh trong W, trong cac
truong hop muc tiéu 1a cac siéu phang hay siéu mat c¢d dinh hay di dong,
v6i cac dang ham dém khac nhau. Chang han M. Ru ([42], [43]), Q. M. Yan
va Z. H. Chen ([51]), G. Dethloff, T. V. Tan, D. D. Thai ([12]), D. D. Thai,
S. D. Quang ([48]), L. Shi ([45]), T. T. H. An va H. T. Phuong ([2]), H.
T. Phuong va N. V. Thin ([39]), H. T. Phuong va L. Vilaisavanh ([41]),
P. C. Hu, N. V. Thin ([23]) va nhiéu téc gia khac.
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Nam 2014, dya trén cac nghién ciu vé boi khong diém ciia cac to hgp
tuyén tinh khong tam thudng ctia mot ho hitu han cdc ham chinh hinh trén
mat phang phtic tai mot diém, J. M. Anderson va A. Hinkkanen ([4]) da
dua ra mot khai niém mdéi vé ham dém, duge goi 1a ham dém rat gon va
chting minh mot dang Dinh 1y co ban thit hai v6i ham dém rat gon nay cho
truong hop muc tiéu la cac siéu phang c¢6 dinh. Cu thé nhu sau:

Cho f: W — P"(W) la mot dudng cong chinh hinh va (fy, ..., f,) la
mot bicu dién t6i gidn ctia f. Ki hieu £ = L(fy, ..., f,) 1a tap hop tat ca cac
td hop tuyén tinh khong tam thuong ciia cac ham fo, ..., f,. Tu Bo dé 1.4
ta thay, véi moi zg € W, céc boi khong diém c6 thé c¢é clia cac ham thudc

L tai zp tao nén mot day thda man
0= do(ZQ) < dl(ZO) < <K dn(ZO)

Véi siéu phang H x4c dinh béi dang tuyén tinh L, hién nhién L(f) € £ nén
ton tai j € {0,...,n} sao cho bac khong diém ctia L(f) tai zy bang d;(2),
tiic 1a ordy(s)(20) = dj(20). Ta ki hieu v(H, zp) = j va goi la boi it gon tai
khong diém ctia L(f) tai 29, hay con goi l1a boi rit gon ctia f két hgp véi
sieu phang H tai 2. Ta goi e(H, z0) = d; — j 1a boi du ctia L(f) tai 2o hay
con goi la boi du ctia f két hop véi sieu phang H tai 2.

Dinh nghia 1 ([4]). V6i mdi r > 0, ta ki hieu v¢(r,H) = > v(H,z). Va

|z|<r

ham

Niy(r, H) = /OT /it H) ; Vf(O’H)dtJr v(0,H)logr

dugc goi 1a ham dém rit gon ctia ham f két hgp véi sieu phang H.
Tu dinh nghia ta thay v(H, 20) < min{d;,n} nén vy(r, H) < ny(r, H).

Nf(T7H><N}l(TaH)- (1)
Cho H = {Hy, ..., H,} 1a mot ho cdc siéu phang & vi trf tong quét trong

P"(W) va L; 1a dang tuyén tinh dinh nghia H;, j =1,2,...,q. Dat

Li(f)La(f) - - Ly ()
W ,

H:
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trong d6 W la dinh thitc Wronskian ctia f, ..., f,. Tt Bo dé 1.6, v6i méi
z tly ¥ ta luon 6 Y 7, e(Hj, z) < ordy(z). Dat

V(H,z) = ordw(z) — Zs(Hj, z) > 0.

7=1
Va ki hisu
Vi(r,H) = > V(H,z2).

|z|<r
Dinh nghia 2 ([4]). Ham
"Vi(t — V(0
Up(r, 1) :/ Vy(t, H) tVf( ’H)dt—Vf(O,H) log
0

dugce goi 1a ham dém boi du tai cac khong diém ctia ham f két hop véi ho
cac sieu phang H.

Nam 2014, J. M. Anderson va A. Hinkkanen da chiing minh
Dinh ly C ([4])Cho f : C — P"(C) la mot duong cong chinh hinh khong
suy bién tuyén tinh va H = {Hy,...,H,} la mot ho gom ¢ > n + 1 siéu
phdng trong P"(C) & vj tri tong qudt. Khi dé ta cé

q
(q—n—1Tp(r) <> Ni(r,H;) —Us(r,H) = N(r, H)
j=1
+ O(logr) + O(log Ty (f)), (2)
khi r — oo nam ngoai mot tap cé do do tuyén tinh hdu han.

Chu y rang, tit (1) ta thay ham dém rat gon Ny(r, H;) trong Dinh 1y C
nho hon so v6i ham dém boi cat cut trong cong trinh ctia H. Cartan nén né
14 mot cai tién két qua ctia H. Cartan. Cong trinh nay sé goi ¥ cho ching
ta mot van de nghién cttu mdéi trong 1y thuyét Nevanlinna-Cartan: xem xét
cac dang Dinh 1y co ban thit hai v6i ham dém rat gon.

Theo huéng nghién citu thit hai, trong luan an nay chung téi tap trung
vao nghién cttu ting dung ciia 1§ thuyét Nevanlinna-Cartan trong van dé duy
nhat cho duong cong phan hinh, chinh hinh. Nhing két qui dau tién theo

huéng nghién ctitu nay thuoc vé H. Fujimoto ([14]) khi 6ng md rong Dinh



6

Iy nam diém ctia R. Nevanlinna cho 4nh xa phan hinh. Sau d6, van dé nay
ngay lap ttic thu hit sy quan tam ctia nhiéu tac gid thu duge nhieu két qua
quan trong.

Cho U 1a mot mién trong W, ki hieu F 1a mot ho cac anh xa chinh hinh
khéc hang tit U vao P"(W). Ho cac sieu mat D duge goi 1a tap xdc dinh duy
nhat khong ké boi, ki hieu URSIM (hodic tap zdc dinh duy nhat ké cd boi, ki
hieu URSCM) cho ho anh xa F néu v6i mdi cap anh xa f, g € F, dieu kién
E;(D) = Ey(D) (hoic E¢(D) = E,(D) tuong ting) kéo theo f = g. Cac
tap URSIM, URSCM dugc goi chung 1& tdp zdc dinh duy nhat cho ho anh
xa F.

Trong cac cong trinh [14], [15], H. Fujimoto da chiing minh sy ton tai cac
tap xac dinh duy nhat ké ca boi gom 3n + 2 siéu phang & vi tri tong quat
cho ho cac 4nh xa phan hinh phitc khong suy bién tuyén tinh va 2n + 3 siéu
phang & vi tri tong quat cho ho cac 4nh xa phan hinh phitc khéng suy bién
dai s6. Nam 1983, L. Smiley ([46]) da chi ra sy ton tai ctia cic tap xac dinh
duy nhat khong ké boi gom 3n + 2 siéu phang cho dusng cong chinh hinh
phtitc va H. Fujimoto ([16]) da nghién ctu lai van dé nay vao nam 1998. Nam
2006, G. Dethloff va T. V. Tan ([10]) xem xét van dé tuong tu cho trudng
hgp siéu phang di dong. Nam 2006, D. D. Thai va S. D. Quang ([47]) da
xem xét van dé duy nhat trong trusng hgp muc tiéu 1a 3n + 1 siéu phéng.
Nam 2008, M. Dulock va M. Ru ([13]) va nam 2009, H. T. Phuong ([35]) da
chiing minh mot s6 két qua vé van dé duy nhat trong truong hgp siéu mat
d6i v6i duong cong chinh hinh trén mit phang phtc. Nam 2009, Z. Chen,
Q. Yan ([8]) va nam 2010, G. Dethloff, T. V. Tan ([11]) chi ra cac tap duy
nhat cho cac dudng cong chinh hinh gdm 2n + 3 siéu phing.

Ki hieu Ry > 1 1a mot s6 thuc duong hoac +oo va
1

A={zeC:— < |z| < Ry}
Ry

la mot hinh vanh khuyén trong mat phang phitc C. Nam 2013, H. T. Phuong
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va T. H. Minh ([38]) d&a chiing minh mot dinh 1y duy nhat cho dudng cong
chinh hinh trén hinh vanh khuyén trong trucng hop muc tiéu la cac siéu
phang & vi trf tong quat va nam 2021, H. T. Phuong va L. Vilaisavanh
([41]) da nghién ctu van dé nay trong truong hdp céc siéu mat & vi tri tong
quat dbi véi phép nhing Veronese. Thoi gian gan day, cac tac gia da tiép
tuc phat trién cac dang dinh 1y duy nhat cho cac 16p dusng cong khac nhau
v6i muc tiéu la cac siéu phang hay siéu mat, c¢6 dinh hay di dong. Cha ¥
rang, hau hét cac chitng minh ciia cac két qua veé tap xac dinh duy nhat déu
dyra vao cac dang Dinh 1y co ban thi hai.

Nhu vay, viec tiép tuc phat trien cac dang Dinh Iy co ban tht hai bing
cach thiét lap quan hé gitta ham dac trung vé6i cac dang ham dém va tng
dung ctia cac dinh 1y nay trong van dé duy nhat cho anh xa chinh hinh 1a
thuc sy can thiét. Hién nay, nhitng van dé nghién citu nay dang dudc phat
triéen manh mé, thu hit duge sy quan tam nhiéu tac gid va c6 nhiéu cong
trinh dugce cong bd. Su lua chon dé tai "Vé dinh 1y co ban thi hai kiéu
Cartan cho ham dém rit gon va van dé duy nhat" cla téc gia luan
an nay ciing nham tiép tuc phét trién them mot sé dang Dinh 1y co ban thit
hai v6i ham dém rat gon, ham dém boi cat cut cho duong cong chinh hinh
tren truong W va xay dung mot s6 diéu kién du cho van dé duy nhat cho

duong cong chinh hinh trén hinh vanh khuyén.
2. Muc dich va dbi tugng nghién citu

¢ D6i tugng nghién citu
Trong luan an nay chting toi tap trung nghién cdu vé tinh chat cla
duong cong chinh hinh trén truong khong Acsimet hoac trén trucng cac
s6 phiic C va duong cong chinh hinh trén hinh vanh khuyén trong mit
phang phiic. Day ciing 1a cac déi tuong nghién citu co ban ciia 1y thuyét

phan bd gia tri Nevanlinna-Cartan.



e Muc dich nghién citu

Trong luan an nay, ching t6i nghién cttu theo hai huéng nhu sau:
Hudng nghién ciéu thi nhat: xay dung mot so6 dang Dinh 1y co ban thit
hai cho duong cong chinh hinh trén mot truong khong Acsimet hoac
trong mit phang phitc C v6i cac muc tieu la sieu phang & vi trf tong
quat hay dudi tong quat bing cach thiét lap quan hé gifta ham dac
trung Nevanlinna-Cartan v6i ham dém rat gon.

Hudng nghién ciu thit hai: thiét lap mot s6 dieu kien du dé hai dusng
cong chinh hinh trén hinh vanh khuyén la trung nhau trong trucng hgp

muc tiéu la cac siéu mat 6 vi tri tong quat.
3. Tong quan veé luan an

D6i v6i hudng nghieén citu thit nhat, ching toi da xay dung dude mot s6
dang Dinh 1y co ban thi hai nhu sau:
Dinh 1y 1 (Dinh 1§ 1.7, Chuong 1). Cho f : K —s P*(K) la duong
cong chinh hinh khong suy bién tuyén tinh va H = {Hy,..., H,} la mot ho
gom q > n + 1 siéu phang & vi tri tong qudt trong P*(K). Khi dé ta co:

(g —n — 1)Ty(r) ZNfrH —Us(r,H) — N(r, H)
7=1
1
— @10@“ + O(1),
khi r — oo ngoai mot tap cé do do tuyén tinh hidu han.
Dinh 1y 2 (Dinh ly 2.4, Chuong 2). Cho f: K — P"(K) la mot duong
cong chinh hinh khong suy bién tuyén tinh va H = {Hy, ..., H,} la mot ho

gom q > 2N — n + 1 siéu phang trong P*(K) & vi tri N—dudi tong qudt.



Khi do
q
N N

(N+1) logr + O(1),

khi r — oo nam ngoai mot tap cé do do tuyén tinh hiu han.

Dinh 1y 1 va Dinh Iy 2 14 hai dang Dinh 1y co ban thit hai v6i ham dém rat
gon cho dudng cong chinh hinh truong khong Acsimet IC trong hai trucng
hop: ho cac siéu phang & vi tri tong quat va & vi tri dué6i tong quat trong
P"(K). Nhu da noéi trong 1y do chon dé tai, ham dém rat gon trong két qua
clia chiing t6i nhé hon so véi ham dém boi cit cut trong cac cong trinh H.
H. Khoai, M. V. Tu ([26]) va P. C. Hu va C. C. Yang ([21]), nén céc bat
déng thitc trong cac két qua ciia ching toi 1a t6t hon so véi cac cong trinh
truée day. Dinh 1y 1 duge ching toi cong bo trong Bai bao [2] va Dinh ly
2 dugc viét trong Ban théo [1] trong Danh muc Cong trinh clia téc gia lien
quan dén luan an.

Dé chiing minh két qua vé van dé duy nhat cho dudng cong chinh hinh
trén hinh vanh khuyén, chung téi da ching minh mot dang Dinh 1y co ban
thtt hai v6i boi cit cut. Cu the, cho f: A — P*(C). Ta ki hiéu

O(logr +log Ty(r)) néu R = +oo

1 .
O(log o +logT¢(r)) néu R < +oo.

Dinh 1y 3 (Dinh ly 2.13, Chuwong 2). Cho f : A — P"(C) la mot duong

Op(r) =

cong chinh hinh khong suy bién dai so va D;,1 < j < q, la cdc siéu mat
trong P"(C) bdc d; tuong 1ing J vi tri tong qudt. Goi d la boi chung nhéd
nhat cia cac d; va dat M = (”:d) — 1. Khi dé6, vdi moi 1 < r < Ry va

q=>M+1, ta co

| (q— M- )Ty Zdijzv )+ Os(r). 3)
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Dinh 1y 3 14 mot dang Dinh 1y co ban thi hai v6i ham dém boi cat cut
cho duong cong chinh hinh trén hinh vanh khuyén, dugc chiing t6i ching
minh trong Bai bao [3] trong Danh muc Cong trinh cta tac gid lien quan
dén luan an. Chi y rang, Bat dang thitc (3) chua phai thyc sy tot, nhung
boi cat cut clia ham dém trong vé trai cuia (3) kha nho, diéu nay mang lai
hiéu qué cho viéc xay dung cic két qua vé van dé duy nhat.

Cho D ={D;,j=1,...,q} 1a mot ho gom ¢ siéu mat bac d; tuong ting
& vi trf tong quét. Goi d 1a boi chung nhé nhat ciia cc dj, ki hieu

Op == min{dy,...,d,}, np= (n—i—d) —1

n

va

B(D) = (d(n + 1)22"" + 1)
Cho anh xa chinh hinh f: A — P"(C), ta ki hiéu
Ef(Dj)={z€ A | (D), f)(z) =0 khong ké boi}

va dat
Ey (D)= |J Es(D)).
D;eD

Cac két qua ve van dé duy nhat cho dudng cong chinh hinh trén hinh vanh
khuyén chiing t6i thu duge trong luan an nay nhu sau:
Dinh 1y 4 (Dinh 1y 3.2, Chuong 3). Cho D = {Ds,...,D,} la mot ho
gom q siéu mdt & vi tri tong qudt va f,qg : A — P*"(C) la cdc dudng cong
chinh hinh khong suy bién dai so théa man Os(r) = o(Tf(r)) va Oy(r) =
o(Ty(r)). Gid st ring

a) E¢(D;))NEy(D;) =0 vdi méii+#je{l,...,q};

b) Ef(D;) C Ey(D;) vdi méi j = 1,2,...,q va f(z) = g(z) vdi moi
z € E4(D).

c) 17iqn_1>i}1;10f Y4 iNj(r,Dy)/ 325 Ny(r, Dj) > M]\f— T
Néu q > 2M + 3 thi ton tai mot tap con S C {1,...,q} théa man #S >
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M+ 1 va

(f, D)™ _ (g, D)™
(f, D)4/d — (g, D;)%/di vdi moi k #1€ S )

Dinh 1§ 4 cho ching ta mot két qua vé van dé duy nhat cho dudng cong
chinh hinh khong suy bién dai s6 trén hinh vanh khuyén chia sé mot s6 siéu
mat. Cha y rang khi D;,j =1,..., ¢, la cac siéu phang thi M = n va ta sé
c6 f = g tit Khang dinh (4), nhu vay két qua ching toi 1a mot mé rong két
qua ctia H. T. Phuong va T. H. Minh trong [38].

Dinh 1y 5 (Dinh ly 3.5, Chuong 3). Cho f va g la cdic duong cong chinh
hinh khong suy bién dai so tuw A vao P"(C) théa man Of(r) = o(T¢(r))
va Oy(r) = o(Ty(r)). Goi D = {D,...,D,} la mot ho gom g >n + 1+
2nB(D)/dp cdc sieu mat & vi tri tong qudt trong P*(C) théa man f(z) =
g(2) vdi moi 2 € E¢(D)U E,(D). Khi dé f =g.

Dinh ly 6 (Dinh 1y 3.6, Chuong 3). Cho f va g la cic duong cong chinh
hinh khong suy bién dai so tuw A vao P"(C) théa man Of(r) = o(T¢(r))
va Oy(r) = o(Ty(r)). Goi D = {Dy,...,D,} la mot ho gom g >n+ 1+
2B(D)/dp siéu mat & vi tri tong qudt trong P*(C) sao cho

(a) f(2) = g(2) vdi moi z € E;(D) U E,(D),

(b) Ef(D;) N E;(Dj) =0 va E,(D;) N Ey(D;) =0 vdi moii # j €
{1,...,q}.

Khidé f=g.

Dinh Iy 5 va Dinh I3 6 1a cac diéu kien dai sé6 dé xac dinh duy nhat mot
duong cong chinh hinh trén hinh vanh khuyén v6i muc tiéu l1a ho cac siéu
mat & vi trf tong quat. Dinh 1y 4 duge chiing toi cong bo trong Bai béo [3],
hai Dinh 1y 5 va Dinh 1y 6 dugc ching t6i chiing minh trong Bai bao [4]

trong Danh muc Cong trinh ciia tac gia lien quan dén luan an.



12

4. Phuong phap nghién citu

Trong luan an nay chung toi st dung phuong phap nghién cttu co ban:
trén co sé nghién citu cac tai lieu theo huéng nghién citu, chiing t6i phat hién
cic van dé md can phai gidi quyét va st dung cac kién thic, ki thuat cia
giai tich phic, 1y thuyét phan bd gia tri Nevanlinna-Cartan, dai sd tuyén
tinh, hinh hoc dai s6 dé dé xuat nhitng phuong phap phit hop hoic st dung

mot s6 ki thuat da c6 nham gidi quyét cac van dé dit ra.
5. Cau trac luan an

Luan 4n gom phan md dau, ba chuong noi dung, két luan luan an va danh
muc tai lieu tham khao.

Chuong 1 ¢6 tén 1a Dinh lij co ban thit hai vdi ham dém rit gon cho
duong cong chinh hinh trén truong khong Acsimet. Trong chuong nay ching
toi gidi thicu mot s6 khai niém co ban can thiét cho luan an nhu: truong
khong Acsimet, 1y thuyét Nevanlinna-Cartan cho duong cong chinh hinh
trén truong W. Noi dung chinh ctia chuong nay 13 gidi thieu mot s6 kién
thitc, ky thuat xay dung ham dém rat gon va ching minh mot dang Dinh
1y co ban thit hai v6i ham dém rat gon cho dudng cong chinh hinh trén mot
truong khong Acsimet véi muc tiéu 1a mot ho hitu han siéu phang & vi tri
tong quat.

Chuong 2 véi ten Mot so dang Dinh ly co ban thit hai cho dudng cong
chinh hinh, ching to6i tap trung vao ching minh hai dang Dinh 1y co ban
thit hai cho duong cong chinh hinh trong cac truong hgp: dusng cong chinh
hinh khong Acsimet v6i ham dém rat gon trong truong hop muc tiéu 1a cac
siéu phang c¢6 dinh & vi tri N—duéi tong quat va dudng cong chinh hinh
trén hinh vanh khuyén véi ham dém boi cat cut va muc tieu l1a cac siéu mit
& vi tri tong quat.

Chuong 3 danh cho viéc trinh bay cac két qua nghién ctiu ctia chiing toi ve
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van dé duy nhat cho duong cong chinh hinh phiic trén hinh vanh khuyeén véi
tén goi Dinh lyj duy nhat cho dudng cong chinh hinh trén hinh vanh khuyén.
Trong chuong nay, ngoai viéc gidi thieu mot s6 khai niém co ban vé van dé
duy nhat, ching t6i ching minh ba két qua vé van dé duy nhat cho duong
cong chinh hinh trén hinh vanh khuyén.

Ngoai viéc cong bd trén cac tap chi, cac két qua chinh ctia luan an da

dudce bao cao tai:

e Seminar ciia Bo mon Giai tich, Khoa Toan, Trusng Dai hoc Su pham -
Dai hoc Thai Nguyén hang nam.

e Hoi nghi Quoc té vé Dai s6 - Ly thuyét so6 - Hinh hoc - To po 2019, 04
- 08/12/2019 tai Truong CDSP Ba Ria-Viang Tau.

e Hoi nghi Quoc té vé Dai s6 - Ly thuyét so6 - Hinh hoc - To po 2021, 21
- 23 /10/ 2021 tai Truong Dai hoc Su pham - Dai hoc Thai Nguyén.
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Chuong 1

Pinh 1y co ban tha hai v6i ham dém
rut gon cho duong cong chinh hinh
trén truong khéng Acsimet

Trong chuong nay ching toi sé gidi thieu mot s6 kién thiic co s6 trong 1y
thuyét Nevanlinna-Cartan cho duong cong chinh hinh v chiing minh mot
dang Dinh 1y co ban thit hai kiéu Cartan cho duong cong chinh hinh trén
truong khong Acsimet. Cac két qua chinh trong chuong nay viét dya trén

Bai bao [2] trong Danh muc Cong trinh ctia tac gid lien quan dén luan an.
1.1. Mot sb kién thic co sé
Truong khong Acsimet

Trong phan nay chiing toi nhac lai mot s kién thic co s§ vé truong khong
Acsimet, cac kién thic duge tham khéo trong tai ligu [21]. V6i mot tap con

S clia tap so6 thuc R, ta ki hieu
S,={reS:x>0}; ST={reS:z>0}
Cho F' 1a mot truong va ham |.| : FF — R, = [0; +00) thda man cac diéu
kién
i) |a] = 0 khi va chi khi a = 0;
i1) |a.b| = |al|.|b| v6i moi a,b € F;

iti) |a+ b| < |a| + |b| v6i moi a,b € F.
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Néu ham |.| thod man thém
iv) |a+ b < max{|al,|b|} v6i moi a,b € F
thi ta goi ham |.| dugc goi 1 gid tri tuyét doi khong Acsimet, ngugc lai ta
goi ham |.| 1a gid trj tuyét doi Acsimet trén truong F.

Ta biét, mot ham gia tri tuyét déi tren F 1a mot chuan va sé cam sinh

mot ham khoang cach p xac dinh bdéi:
p(a'a b) - |CI, - b‘
v6i mdi cap phan tit a,b € F, tit d6 cam sinh ra topo trén F.

Ta dé dang chiing minh dugec ham modun trén truong C thoéa man cac
diéu kien ve gia tri tuyet doi Acsimet. Sau day chung to6i giéi thieu ve truong
cac s6 phitc p—adic nhu mot vi du vé truong khong Acsimet.

Ta lay s6 nguyén t6 p c6 dinh. Khi d6 méi s6 nguyén m # 0 luon dugc

bieu dién mot cach duy nhat dusi dang:
m=p’.m', m'eZ\{0} vap fm/

trong dé v 1a mot s6 nguyen khong am va duge xac dinh mot cach duy nhat

béi p, m. Ki hieu v,(m) = v, khi d6 ching ta thu dugc ham
vy Z\{0} = Z4 =7Z N [0;4+00).

Ta tiép tuc md rong v, lén trudng cac s6 hiu t1 Q nhu sau: néu = € Q, ta

dat

vy(z) = {Up(m) — vp(n) 20

T T
+00 T

O3

Ki hiéu
—vp(x) .
_ i #£0
‘93|p—{0 o= 0.

Dé dang chiing minh duge ham |.|, thoa man cac dieu kién veé gia tri tuyet
do6i khong Acsimet trén truong so6 hitu ti Q.
Dinh nghia 1.1 ([21]). Ham |.|, dudc goi 1a gid ¢ri tuyét doi p-adic trén

truong s6 hitu ti Q.
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K{ hieu Q, 1 bo sung du clia truong s6 hitu ti Q theo topd cadm sinh bdi
gid tri tuyet dodi |.|,. Ta c6 thé ching minh duge Q, 1a mot trudng va gid
tri tuyet doi ||, trén Q, duge md rong tir gia tri tuyét doi |.|, trén Q nhu

saw: néu x € Q, va {w,} C Q la mot day Cauchy hoi tu vé x thi

||, = nh_1>nw |wlp-

Ta dé dang chi ra: ton tai mot phép nhing Q — Q,; trudng Q tru mat
trong Q, theo topod sinh bdi gia tri tuyet doi p—adic va Q, la day du nhung
khong dong dai s6. Truong @, ton tai mot cach duy nhat, sai khac mot
phép ding cu, dugc goi 1a trudng cdc so p-adic. Ki hicu @p la bao dong dai
s0 ciia Q, va gia tri tuyét doi tréen @p ciing ki hieu 1a |.|,, dugc md rong t
gia tri tuyet doi |.|, tren Q,. Bo sung du ctia Q, theo topo sinh bdi gia tri
tuyet doi ||, ki hieu 1a C,. Ta ¢6 thé chitng minh duge C, 1a mot trudng,
ton tai mot cach duy nhéat, sai khac mot phép ding cu va goi 1a truong cdc
0 phic p-adic. Ngoai ra, trudng C,, ¢6 cac tinh chat: dong dai 6, ¢6 dac s6

khong, day du theo top6 sinh béi chuan |.|, va Q, tru mat trong C,,.

Mot s6 kién thiic lién quan vé 1y thuyét Nevanlinna - Cartan

Trong phan nay ching toi nhic lai mot s kién thitc co ban trong 1y thuyét
Nevanlinna - Cartan cho dudng cong chinh hinh véi muc tiéu véi siéu phang
c6 dinh, lién quan dén cac két qua trong luan an.

Goi K la mot truong déng dai s6, co dic s6 khong, day da v6i chuan sinh
béi giéd tri tuyet doi khong Acsimet (truong C, 1a mot vi du), W 1a C hoac
IC va ki hieu P"(W) 1a khong gian xa anh n chiéu trén W.

Cho ham chinh hinh h : W — W, diém 2y € W dugc goi 1a khong diém
boi k clia h néu ton tai mot ham chinh hinh ¢(z) khong triét tieu trong mot
lan can V cla 2y sao cho trong lan can V' d6é ham h dugc biéu dién duéi
dang

h(z) = (2 — 20)"g(2).
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Nghia 1a h(z) = h/(2) = --- = hF D (z) = 0 va h¥) () # 0. V6i 2 € W,
ta ki hiéu
[k néu z la khong diém boi k cta f,
ord;(2) = {O néu f(z) # 0.

Giasu f = % la mot ham phan hinh, trong d6 g, h 1a hai ham chinh hinh,
khong c6 khong diém chung. Diém a € W goi 1a khong diém boi k cla f
néu a la khong diém boi k clia g vi goi 1a cuc diém boi k cia f néu a la
khong diém boi k cla h.

Tiép theo ta nhic lai mot s6 khai niém vé duong cong chinh hinh. Cho

U 13 mot mién trong W, mot anh xa

f=0Uor: fo): U—PYW),

trong do fo, ..., fn 1& cAc ham chinh hinh trén U va it nhat mot trong chiing

khac 0, duge goi la moét duong cong chinh hinh.
Dinh nghia 1.2 ([44]). Cho f la mot dudng cong chinh hinh tit W vao

P"(W), khi d6 ton tai cac ham chinh hinh fy, ..., f, tréen W, trong d6 c6 it
nhat mot ham khong dong nhat bang khong sao cho

f(z) = (fo(2) =2 ful2))

v6imoi z & {fo=--- = f, = 0}. Ta goi (fo,..., fn) & mot bicu dién cta
dudng cong f. Néu cac ham fy, ..., f, khong c6 khong diém chung tréen W

thi ta goi (fo, ..., f,) & mot biéu dién toi gidn cia f.

Dinh nghia 1.3 ([15]). Mot duong cong chinh hinh f: W — P"(W) dugc
goi 1 suy bién tuyén tinh néu ton tai mot khong gian con tuyén tinh thuc
sut H ctia P"(W) sao cho f(W) C H. Duong cong f dudc goi 1a suy bién dai
s6 néu ton tai mot tap con dai s6 thuc sy G ctia P"(W) sao cho f(W) C G.

Tiép theo ta dinh nghia cac ham Nevanlinna-Cartan: ham dém, ham xap

x1, ham dic trung Nevanlinna-Cartan ctia mot duong cong chinh hinh trén
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truong W. Trude hét ta dinh nghia cho truong hop dudng cong trén truong
khong Acsimet IC. Cho f la mot ham chinh hinh trén IC, gia st f duge xéc
dinh bdi chudi lay thua

oo

f(z) = Z a,z", (m=0,a, #0).

n=m

V6i méi s6 thuc r > 0, ki hieu

[flr = plr, f) = sup |an|r" = sup{|f(2)] 2 € K v6i |2 < 7}
= sup{|f(2)|: z € K véi |z| = r}.
Véi dusng cong chinh hinh f : K — P"(K), trong d6 (fo, ..., fn) 1a mot
biéu dién t6i gidn cta f.
Dinh nghia 1.4 ([21]). Ham

Ty(r) = log | f|r,

dugc goi la ham ddac trung Nevanlinna-Cartan ctiia duong cong f, trong do
I fll- = max{|fols,---,|ful-}- Ham nay sé sai khac mot lugng 1a hing s6
khi ta chon mot biéu dién toi gian khac clia f.

Cho H 1a mot siéu phang trong P"(K) x4c dinh béi dang tuyén tinh thuan
nhat L = L(zo, ..., 2,).
Dinh nghia 1.5 ([21]). Ham

1/ [l-
L)

dugc goi 1a ham zdp i ctia f két hgp vé6i sieu phang H. Trong do6

L(f) = L(fo, -+ fn)-

Ham nay ciing sai khac mot luong 1a hing s6 khi ta chon mot biéu dién t6i

my(r, H) = my(r, L) = log

gian khac cua f.

Bay gio ta dinh nghia ham dic trung va ham xap xi trong truong hop
duong cong trén truong s6 phtic. Cho f : C — P"(C) 1a mot duong cong
chinh hinh, trong dé (fo, ..., fn) 1a mot biéu dién tdi gian cta f.
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Dinh nghia 1.6 ([21]). Ham

1 27 .
Ty() = 5= [ Togllf(re™) b,

dugc goi la ham dac trung Nevanlinna-Cartan cia duong cong f, trong do
£ (2)]| = max{|fo(2)],. .., |fa(2)|}. Him nay sé sai khac mot lugng 1a hang

s6 khi ta chon mot biéu dién tdi gian khac cia f.

Cho H la mot siéu phang trong P"(W) xac dinh bdi dang tuyén tinh
thuan nhat L(z, ..., z,).

Dinh nghia 1.7 ([21]). Ham
I Lf (re®)]
mye(r,H) =m¢(r, L) = —/ logt ——~——"_df
=i b = o o O e
duge goi 1a ham xdp zi clia f két hgp vé6i sieu phang H. Chid ¥ ring ham
nay ciing sai khac mot luong 1a hing s6 khi ta chon mot biéu dién tdi gian

khac cia f.

Tiép theo ta dinh nghia cac ham dém ctia duong cong f két hop vdi cac
siéu phang trong ca hai truong hop phiic va khong Acsimet. Cho f : W —
P (W) 1a mot dusng cong chinh hinh, trong dé (fo, ..., fn) 13 mot biéu dién
t6i gidn ctia f. V6i sieu phang ¢6 dinh H trong P*(W), xac dinh béi dang
tuyén tinh thuan nhéat L, ta ki hieu ny(r, H) 1a s6 khong diem cta L(f)
trong dia |z| < 7, ké ca boi, ny’ (r, H) 1a s6 cac khong diém L(f) trong dia
|z| < r, boi cat cut bdi mot sé6 nguyén duong M. Nghia 1a

ne(r,H) = Z ordz)(2);

z€W,|z|<r

ny (r,H) = Z min{ M, ordy s (2)}.

zeW,|z|<r

Dinh nghia 1.8. Ham

Nf(TaH) :Nf(T,L) = /’“ nf(t’H) _nf(O,H)

. dt +ns(0,H)logr
0



20

duoc goi 1a ham dém ké ca boi va ham

rnd(t, H) — n3(0, H)
N (r,H) = N} (r, L) ::/0 ! . !

dt+n§4(0,H) log

dude goi 1a ham dém boi cat cut béi M cia duong cong f két hgp véi sieu
phéng H. S6 M trong ki hieu N'(r, H) dugc goi la chi s6 boi cdt cut.
Truong hop dic biet, néu M = 1, ta viét N(r, H) thay cho N}(r, H) va

goi 1a ham dém khong ké boi.

Dinh 1y sau day thuong duge goi 1a Dinh 1y co ban thit nhat, ding trong

ca hai truong hop phic va khong Acsimet.

Dinh ly 1.1. (Dinh ly co ban thi nhat) Cho f : W — P"(W) la duong
cong chinh hinh va L la mot dang tuyén tinh trong P"(W). Khi dé néu L(f)

khong dong nhat bang 0 thi vdi moi s6 thuc duong r ta co:
my(r, L) + Ny(r, L) = Ty(r) + O(1),
trong dé O(1) la mot hang so khong phu thudc vao 7.

Cho X 1a mot da tap dai s6 xa anh k chieu (1 < k < n) cta P*(W)
va mot s6 nguyén duong N. Cho {Hy,..., H,} 14 mot ho gom ¢ > N + 1
sieu phang trong P"(W), trong d6 H; dudc dinh nghia bdi dang tuyén tinh
Li, 1<j<q Ho{Hy,...,H,} ducc goi la ¢ vi tri N—dudi tong quat doi
vdi X néu v6i moi tap con {ig,...,ix} cia {1,...,¢} gom N + 1 phan ti,

ta co
{freX:Lj(r)=0,7j=0,...,N} =0. (1.1)

Khi k& = n, ho cac sieu phang {Hj,..., H,} dudc goi 1a ¢ vi tri N—dudi
tong qudt (d6i voi P*(W)). Khi N =n = k thi ho {Hy, ..., H,} dudc goi 14
d i tri tong qudt.

Tiép theo chiing toi gidi thieu mot sd6 dang Dinh 1y co ban thit hai cho

dudng cong chinh hinh két hgp véi sieu phang ¢ dinh, lien quan dén cac két
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quad trong luan an. Nhu da néi trong phan md dau, nam 1933, H. Cartan
da ching minh mot dang Dinh 1y co ban thi hai véi ham dém boi cat cut
cho duong cong chinh hinh phtc trong truong hop siéu phang. Nam 1983,
Nochka da mé rong dinh 1y ctia Cartan cho truong hgp céc siéu phang & vi

tr{ dudi tong quat nhu sau.

Dinh ly 1.2 ([33]). Cho f = (fo : -+ : fn) : C = P"(C) la mot dudng
cong chinh hinh khong suy bién tuyén tinh va Hy, ..., H, la mot ho gom
q > 2N —n+1 siéu phang phan biet P*(C) ¢ vi tri N—dudi tong qudt. Khi
do .
(¢ = 2N +n—1)Ty(r) <Y Nj(r, S(r, f).
j=1

D6i v6i truong hop duong cong chinh hinh trén truong khong Acsimet,
nam 1995, H. H. Khoai va M. V. Tu da chiing minh mot dang Dinh 1y co ban
thit hai v6i ham dém boi cat cut cho dudng cong chinh hinh trong truong
hop siéu phang. Trong [21], P. C. Hu va C. C. Yang da xem xét két qua clia
H. H. Khoai va M. V. Tu cho truéng hop ho céc siéu phing & vi tri dudi

tong quat va thu duge két qua.

Dinh 1y 1.3 ([21]). Cho f = (fo: -+ : fn) : K = P"(K) la mot duong
cong chinh hinh khong suy bién tuyén tinh va Hy, ..., H, la mot ho gom
q > 2N —n+1 siéu phang phan biét P*(K) & vi tri N—dudi tong quat. Khi
do

- n(N+1)

q
(q—2N +n—1DT(r) <Y _ Nj(r, logr + O(1).
7=1

Ve sau cac dinh 1y trén duge nhiéu tac gid trong va ngoai nuéc md rong
cho trudng hop: muc tiéu la céc siéu phing hay siéu mit c6 dinh hoac di
dong & cac vi tri tong quat hay dudi tong quat. Nhiéu tac gia cling xem xét
cac dang Dinh 1y co ban thit hai cho truong hgp f chinh hinh trén mot mién
trong W hodc f 1a duong cong suy bién.
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1.2. Dinh 1§ cd ban th hai kiéu Cartan

Bac khong diém cia Wronskian cac ham chinh hinh

Cho fo,..., fn l& cac ham nguyeén, doc lap tuyén tinh khong c6 khong
diem chung tren W. Ki hieu £ = L(fo, ..., f) 1a tap hop tat ca cac to hop
tuyén tinh khong tam thuong ctia cac ham fy, ..., fn. V6i 29 1a mot diém

tuy v trén W, nam 2014, Anderson va Hinkkanen da ching minh:

Bo dé 1.4 ([4]). Vdi méi 29 € C, cdc boi khong diem cé thé co tai zp ciia
cac ham thuoc L = L(fo, ..., fn) tao nén mot day do(z20), d1(z0), - - -, dn(20)
thoa man

0= do(ZO) < dl(ZQ) < <K dn(Zo)

B6 dé 1.4 cho chiing ta mot tinh chat vé céc boi ¢6 thé cé ciia cac ham
thuoc £ = L(fo, ..., fn) trong truong hop cdc ham chinh hinh trén C tai
mot diém tity y. Cha y rang, B6 dé 1.4 ciing ding cho trudng hop khong
Acsimet. Ngoai ra, khi cho cac ham f,..., f, cu thé thi véi mdi 2y € C,

day do(20),d1(20), - - ., du(20) duge xac dinh mot cach duy nhat.

Pinh nghia 1.9 ([4]). Céc s6 do(20),d1(20), .- .,dn(20) trong dinh nghia

trén dugc goi 1a day cdc boi dac trung cia cac ham fy, ..., f, tai 2.

Cho H 1a mot sieu phiang xac dinh béi dang tuyén tinh L khi dé ton tai
j € {0,...,n} sao cho ordys(20) = dj(20). Ta nhéc lai, v(H, z)) = j va
goi la boi rit gon tai khong diém cta L(f) tai 2 va e(H, z0) = d; — j 1a boi
du cia L(f) tai zp.

Bay gio ta nghién cttu mdi quan hé gitta Wronskian ctia cac ham chinh
hinh va day cac boi dic trung cta chung. Cho fy, ..., f, la cac ham nguyén

khong c6 khong diém chung trén W va it nhat mot trong ching khéc hing,
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Wronskian cua cac ham fy, ..., f, dinh nghia béi
f() e f?
fo o fa
:W(f077fn): :
fén) ) fén)

B6 dé sau day cho thay méi quan hé giita Wronskian ctia cdc ham chinh

hinh va day cac boi dac trung cta ching:

B6 dé 1.5 ([4]). Cho fo, ..., [ la cic ham nguyén doc lap tuyén tinh, khong
c6 khong diém chung trén C. Vi méi zg € C, goi do(z), ..., dn(2,) la ddy
cac boi dac trung cua fo, ..., fn tat zg. Khi do

i) Néu W (zy) # 0 thy do(z0) = 0 < dy(20) < -+ < dy(20) = n;

i) Néu W (z) = 0 thi do(z0) = 0 < di(20) < -+ < dn(20) phu thuoc vao

20, hon nita, trong truong hap nay bic khong diém cia W tai 2y bing

Bo dé 1.5 duac chiing minh bdi Anderson va Hinkkanen vao nam 2014
cho truong hop cdc ham phan hinh phitc. Cha ¥ ring né van dang trong
truong hgp cac ham chinh hinh khong Acsimet.

Tiép theo ching ta sé xem xét mot sd két qua vé boi rat gon va boi du.
Cac khai niem boi rat gon va boi du da duge dinh nghia trong phan mé dau.
B6 dé sau 13 mbi quan hé giita boi khong diém ctia Wronskian ctia fy, ..., fa

va tong cac boi du clia f két hop véi ho cac sieu phing H tai mot diem z.

Bo dé 1.6. Cho f : W — P*(W) la duong cong chinh hinh khong suy bién
tuyén tinh va f = (fo:---: fa) la biéu dién téi gian cia f. Cho N > n la
mot s6 nguyén. Gid st H = {Hy,...,H,}, ¢ = N + 1 la mot ho cdc siéu
phdng ¢ vi tri N— dudi tong qudt trong P"(W). Khi do

Zs(Hj, 20) < (N —n + 1ordw (2).

J=1
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Ching minh. Goi Lj, 1 < j < g, 1a cac dang tuyén tinh dinh nghia H;, j =

1,...,q. Gia st 29 € W tiy ¥, ta xét hai truong hop c6 thé xay ra:
Truong hop 1. Néu W (z) # 0 thi ordyy(z9) = 0. Theo Bd dé 1.5 ta c6

Do d6, v6i mdi H; € H ta luon c6 e(Hj, z) = 0, diéu nay kéo theo
ZE(Hj, z) =0 = ordw(z0).
j=1
Truong hop 2. Néu ordw(z9) = m > 1. Ki hieu £ la tap hop tat ca
cac t6 hgp tuyén tinh khong tam thuong ciia cac ham fy,. .., f,. V6i mdi

j=0,1,...,n, ta chon mot ham g; € £ sao cho ord,,(z9) = d;(20). Dat
X; = X(z) ={h € L:ordp(2) > d;(20)} U{0},
v6i mdi j € {0,1,...,n}. Khi d6 X; 1a mot khong gian tuyén tinh,
dimX; =n+1— j
va, ¢6 mot cd s6 1a gy, ..., g,. Hon nita
X, CX,1C---CXp

va Ul_oX; = Xo. Voi moi | = 1,2,...,q, ki hieu by = Li(f) € £ va
G ={h1,...,h,}. Hién nhién

Zé—f(Hj,Zo) = Z€(hj,20).

j=1 j=1
Néu khong c6 ham nao thuoc ho G triét tieu tai 2z thi 23:1 e(hj, z0) =0,
khéng dinh ctia bo dé hién nhién ding. Do do, ta chi can xét truong hgp
c6 it nhat mot ham thuoc ho G triét tiéu tai zg. Do ho H & vi tri N —duéi
thuoc ho G,

tong quat nén vdéi moi cach chon N + 1 ham h,,, ..., Pin .y

dimspan{h;,,...,hiy,, } =n+1,
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trong do span{h;,,...,h;,,,} 1& khong gian tuyén tinh sinh béi cac ham
{hi,- .., hiy,, }. Diéu nay kéo theo, v6i méi j, khong c6 qua N +1 — j ham
cua ho Q thuoc X;. That vay, gid st ton tai ho G C G gom N + 2 — j ham
sao cho G C X thi ta lay them j — 1 ham tuy ¥ thuoc G khac v6i cac ham
thuoc Gy, khi d6 két hop cac ham thuoc G; ta duge mot ho gom N + 1 ham
tao nén mot khong gian c6 s6 chiéu khong vugt qua (n+1—75)+(j—1) =
mau thuan véi diéu kién & vi tri N— dudi tong quét ctia ho H.

Dé thay Ui X; = X1 va X, chita khong qua N ham cta ho G, tic la
khong c6 qua N ham thuodc ho G triét tiéu 2y, cdc ham nay co thé cé boi
du tai zp. Khong mat tinh tong quat, ta c6 thé sip xép lai trat tu cac ham
néu can, ta ki hiéu cac ham {hy,... b} C X; v6iméi j = 1,...,n. Dat
tpe1 = 0, khi d6

0=ty <t, < - <t <N,

< N+1—jviij=1,....,n
va trong ho G ¢6 t; — t;j11 ham thuoec X\ X4, (j =1,2,...,n—1), ¢, —

tnr1 = t, ham thuoc X,,.

n

Zg hj, 20) = Z(tj —t)(dy —5) = ) _ty(dj — djo — 1)

<N+~ dya — 1)
:(N—Fl)i(d]—d]_l)—n]\[—l— Z
N n(n2—|— 1)
n—1 n(n+ 1)

= (N +1)dy — ndy + Y _dj+do—n(N +1) +

j=1 2
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Suy ra
é n(n+1)
> elhyz0) < Y dj— —=——=+ (N —n)(dn —n).
j=1 j=1
Chu ¥ réng d; > j v6imoi j = 1,..., ¢, két hop véi Bo dé 1.5, ta c6

Ze(hj, 2p) < ordw (20) + (N —n) (ordw(zo) + n(nTntl) — gj — n)
- = (N —n+ 1ordw(z). "

Bé dé duge ching minh. O
Cht y 1.1. Khi ho H & vi tri tong quat, tiic 1a N = n, Bo dé 1.6 sé cho

(7) Néu ordy (z9) = 0, ta luon co:

ZE(Hj’ZO) = 0.
Jj=0

Diéu nay kéo theo (Hj, zg) = 0 véimoi j = 1, ..., q. Ngoai ra, trong trudng
hop nay d; = j v6imoi 7 =0,...,n.

(#4) Néu ordy (29) > 1 thi
q
Zg(Hj’ Zo) < OI‘dw(Zo),
j=1
trung véi két qua da duge Anderson va Hinkkanen cong bo trong [4] cho

truong hop phtec.
Pinh 1y co ban thit hai cho ham dém rut gon

Trong phan nay ching toi sé chiing minh mot dang Dinh 1y co ban thit
hai kiéu Cartan cho duong cong chinh hinh khéng suy bién tuyén tinh trén
truong khong Acsimet trong truong hop ham dém rat gon véi muc tiéu la
céac siéu phang & vi trf tong quat.

Cho f=(fo:-: fn): K — P"K) la mot dudng cong chinh hinh
khong Acsimet va H 13 mot siéu phang trong P*(K). Ta ki hiéu

vi(r,H) = Z v(H, z).

|z|<r
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Dinh nghia 1.10 ([4]). Ham

Ni(r,H) = /07“ /it H) ; 50, H)dt +v4(0, H) logr
dugc goi 1a ham dém rit gon ctia ham f két hgp véi sieu phang H.
Dé thay
v(r,H) < n’}(r, H)
Nén ta co

Ni(r,H) < Ny (r, H).
Cho H = {H,, ..., H,} 1a mot ho cac siéu phang Hi, ..., H, & vi tri tong
quat trong P"(K) va L; 1a dang tuyén tinh dinh nghia H;, j = 1,2,...,q.

bat
Li(f)La(f) - Ly(f)
W Y
trong d6 W la dinh thitc Wronskian ctia fo, fi,. .., fo. Tt Bo dé 1.6, véi

H:

moi z tuy y ta ludén co

e(Hj,z) < ordy(2).

j=1

V(H,z) = ordw(z) — Zs(Hj, z) = 0.

j=1
Va ki hiéu
Vi(r,H) = > V(H,z2).
l2|<r
Dinh nghia 1.11 ([4]). Ham
"V, H) = Ve(0,H)

Up(r,H) = /0 r dt—Vf(O,H) log r

dugc goi 1a ham dém boi du tai cac khong diém ctia ham f két hgp véi ho
cac sieu phang H.
Dinh 1y sau day 14 mot dang Dinh 1y co ban tht hai kiéu Cartan cho

duong cong chinh hinh khong Acsimet v6i ham dém riat gon.



28
Dinh ly 1.7. Cho f = (fy : -+ : fn) : K — P"K) la duong cong
chinh hinh khong suy bién tuyén tinh va H = {Hy, ..., H,} la mot ho gom
q > n+ 1 siéu phdang ¢ vi tri tong qudt trong P*(K). Khi dé ta cé:
q
(q—n—1)Tp(r) <> Nip(r,H;) —Us(r,H) = N(r, H)

j=1

— ngr + O(1),

khi r — oo ngoai mot tap c¢é do do tuyén tinh hitu han.

Chiing minh. Ki higu L; 1a mot dang tuyén tinh dinh nghia siéu phang H;
v6i mdi j = 1,...,q. Dé ching minh Dinh Iy 1.7 ta can bo dé sau day:

Bo dé 1.8. Vdi gid thiét ciia Dinh Iy 1.7, véi moir > 0, ton tai mot hodn

vi M1, ..., My cua cac sO nguyén 1,...,q thoa man:

|Lm1(f)’?“ > ’Lmz(f)‘r Z e 2 |Lmq(f)|r- (1-2)
Va ton tai mot hang so A chi phu thudc vao cdc hé s6 cla cdc dang tuyén
tinh L; théa man.:
| filr < AlLp, ()] (1.3)
vot met 0 < g <nval<t<qg—n.

Ching minh. V6i r > 0,|L;(f)|-7 = 1,...,¢ 1a cdc hing s6 duong, do d6
ta c6 thé chon duge mot phép hoan vi P = {my,...,m,} ctatap {1,...,q}
thoa méan (1.2).

Bay gid ta chiing minh sy ton tai ciia A. Do nén L;(f) 1a mot dang tuyén

tinh cta f; nén
Li(f) =) awif (14)
k=0

véimoi j = 1,2,...,q, trong d6 a; € K,j =1,2,...,¢q,k=0,...,n. Goi

mi,...,m, théa méan (1.2) vat:1 <t < g—n tluy ¥, goi

{hOa h17 SRR hn} - {Lmt(f)7 Lmqfnﬁ»l(f)’ Lmq7n+2(f)’ s 7Lmq(f)}
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khi d6 ho, h, ..., h, la doc lap tuyén tinh vi ho H & vi tri tong quat. Tu
(1.2) ta co:
hjle < L (f)lrs Vi=0,1,....n. (1.5)
T (1.4) ta co:

k=0

trong do by; la cac hing s6 dugc tao ra tu ar;. Do hj la doc lap tuyén tinh

nén tir (1.6) ta co:

n
fk: = chkhj (17)
=0
véi k= 0,1,...,n, trong do ¢;, la phu thuoc vao bg;. Do d6 ¢;, phu thudc
Vao akj.{)at
A, = Ap = Ay
IS L S

Khi d6 tit (1.7) ta ¢6

| filr = ‘chkh | < maX AR

7 bAd 7

<Ay max |hj|, < Ap max |hjl, (1.8)

7=0,1,....n 7=0,1,...n

v6i moi k= 0,...,n. Tu (1.5) va (1.8) ta co:

| frlr < Ap| L, (f)lr
véimoi k=0,...,nval<t<qg—n.
Chd ¥ rang, v6i moi phép hoan vi A ta tim dude Ap. Ta c6 theé lua chon
A = maxp Ap, trong d6 maximum 14 1ay trén tat ci cac hoan vi P cia tap

cac s6 nguyéen {1,2,...,¢}. Nhu vay hing s6 A théa man (1.3). Bd dé dugc

L]

chiing minh.

on

Ta tiép tuc ching minh Dinh 1y 1.7. Ki hieu W = W(fo,..., fa). D

nhan thay tit s6 v mau s6 clia ham

_ L) La(f) - - Ly(f)
H = W 5
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14 cAc ham chinh hinh trén K. Do d6 néu 2y € K 1a mot khong diém cia H
thi ton tai j € {1,2,...,¢} sao cho L;(f)(z9) = 0. Hon ntta, dé dang thay

rang

ordg(zo) Z ordy,(y)(20) — ordw (o).
Véi moi 2y € K tuy ¥, ta sé chufng minh

OI’dH ZO Z HJ,ZO (H,Zo). (19)

That vay, ta xem xét hai truong hop c6 thé xay ra
Truong hop 1. Néu W (zy) # 0 thi ordy(z9) = 0 va tit Bo dé 1.5 ta c6

diéu nay kéo theo
E(Hj, Zo) =0
véimoi j =0,1,...,q. D& thay trong trudng hop nay ham L;(f) khong c6

boi du tai zg, tic la
j = V(Hj,Z()) = OI‘dLj(f)(Zo) = d]’.

Va V(H, 20) = ordw(20) — >_7_; €(Hj, 2) = 0. Kéo theo

ordg (zp) g ordL E v(H;, 20).

j=1

Suy ra (1.9) la dang trong truong hgp nay. Vi
V(H ZQ) = OI"dW ZO 26

Truong hop 2. Néu W

/

zp) = 0 thi ordW(zg) > (. T dinh nghia ta co:

B

ordi (20) = ) _e(Hj, 20) + V(H, 20)

1

.
I

I
NE

(OrdLj(f)(ZO) - V(Hj7 ZO)) + V(Hv ZO)'

1

.
[
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Suy ra
q
ordg(zo) ZordL (20) — ordy (z0) = ZZ/ H;, z) — V(H, 2).
7=1

Nhu vay (1.9) dung trong Truong hop 2. Do d6 (1.9) ding trong cac truong
hop co6 thé xay ra.
Véi moi r > 0, tit (1.9) ta co

n(r —) Zuf r,H;) —V¢(r,H),

kéo theo
1 q
N(r, E) = ;Nf(fr, H;) — Uys(r, H). (1.10)
Tu Bo dé 1.8, ton tai mot hoan vi my, . .. ,m, clia cac sd nguyén 1,...,q

va mot hang s6 A > 0 sao cho:

|Lm1(f)‘r > ‘Lmz(f”r Z e 2 |Lmq(f)|r
va
’fj’r < A’Lmt(f)‘r

véimoi 7 =0,....,nval<t<qg—n. Suyra

Il = max {|fil:} < AlLm, (f)]:

.....

v6éi moi 1 <t < g —n. Kéo theo

Ty(r) =log || fllr < log|Ly,(f)lr + O(1)
v6i moi 1 < t < ¢ — n. Lay tong hai vé bat dang thic trén véi ¢ tit 1 dén

qg—n—1,taco

q—n—1
(g —n—1)Ty(r) Zlog\Lmt )+ O(1)
= log ’Lm1( )‘7‘ s |Lmq7n71(f)|r + 0(1)
< max log [ Ly, (f)]r - - - [ Ly ()]s

1<k <k <o <ky_n—1<q

+O(1). (1.11)
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Bay gio ta dat

v(r) = max log | L, (F)lr -+ [ Ly (F) -

N 1<k1<k2<"’<kq—n—1<q
Goi {a1,as,...,a4-n-1} C {1,2,...,q} trong do
1<a1<"'<aq—n—1<q
va
{bl, bg, ce 7bn—|—1} == {1, 2, ceey Q} \ {al, as, ... ,aq_n_l},
tit tinh chat Wronskian ta c6:

CW(Lbl(f)7Lb2(f)7 s 7Lbn+1(f)) - W(f07 .- '7fn)7

trong d6 C' = C(by, bs, ..., byy1) # 0 14 mot hang s6. Kéo theo
Li(f)La(f) .. Lo(f)

"= W
_ Li(f)La(f) - - - Le(f)
CW(Lbl(f)7 Lbz(f)7 Ce Lbn+1 (f))
_ Dl - () .
trong do
1 1
(Lo, (f)) (Lo, (F))
G — W(Lb1)(f)7"'7Lbn+1<f) _ Lbl(f) Lbn+1(f)
Lb1(f>7"'7Lbn+1(f) : :
(Ly, (£))™ (Lps ()™
Ly, (f) Ly (f)
bat

w(r) = max{log |CG|, : 1 < b <by <--- < b1 < g},

tr (1.12) ta co
v(r) <log|H|, +w(r) + O(1).

Do d6 tir (1.11)

(¢ —n—1)T(r) <log|H|, +w(r)+ O(1). (1.13)
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Ap dung cong thitc Jensen, ta co:

log |H|, = log u(r, H) = N(r, %) — N(r,H)+ O(1). (1.14)
Két hop (1.10), (1.13) va (1.14) ta co:
(g —n—1)T(r) Z/\/f —Up(r,H) — N(r,H)
jrw( ) +0(1). (1.15)

Bay gio ta ude lugng w(r). Vi moi bo 1 < by < by < --- < byy1 < g, ta

cO
) & (Lo(a)(f>)(j)
G =) sign(o) : :
ZU: E La(aj)(f)
trong d6 tong 1ay trén tat ca cic hoan vi ctia tap con {aq,...,a,} clia tap
cac so tu nhién {bl, bz, R bn_|_1}. Do dé
(j) n (L (f))(ﬁ
o(ay)
log |G|, =max » log .
‘ ‘ z:: La(ozj)(f)
r Jj=1 r
Ta c6
10g (LO'( ])(f)>(J) log,u LO’(OéJ)(f))(j)
Lowp(f) |, Loay (/)
log — = —jlogr
Nhu vay
log |G| n(n2—|— ) log 7.
Suy ra
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Két hop (1.15) ta c6

1
(40— VT3 < 3N )~ ()~ "D 1og 4 0(0).
j=1
Dinh ly dugc chiing minh. ]

Chu y 1.2. V6i mdéi dudng cong chinh hinh f va v6i mdi sieu phang H. Tt
dinh nghia ta dé dang nhan thay

Ni(r, H) < Ni(r, H).

Do dé bat dang thiic trong Dinh 1y 1.7 clia ching to6i manh hon bat dang
thitc trong Dinh 1y B cia H. H. Khoai va M. V. Tu.



35

Két luan Chuong 1

Trong chuong nay toi da thuce hien mot s6 noi dung nghién ctu sau:

1. Gi6i thieu mot sb6 kién thiic co ban st dung trong luan an: trudng cac
s6 p—adic, 1y thuyét phan bd gia tri Nevanlinna-Cartan cho dudng cong
chinh hinh trén truong phic hoic khong Acsimet va mot s6 khai niém lien
quan dén ham dém rat gon.

2. Chting minh mot sé két qua bd tro vé quan hé giita bac khong diém
ctia Wronskian ctia cdc ham chinh hinh vé6i bac khong diém c6 thé co cia
cac ham thudc cac tap cac to hop tuyén tinh khong tam thuong ctia cac
ham doé.

3. Chitng minh mot dang dinh 1y co ban thit hai kiéu Cartan cho dudng
cong chinh hinh khong Acsimet v6i ham dém rit gon két hop véi sieu phéang

& vi trf tong quat (Dinh 1y 1.7).
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Chuong 2

Mot s6 dang Pinh 1y c¢o ban thd hai
cho dudng cong chinh hinh

Trong chuong nay ching toi chiitng minh hai dang Dinh 1y co ban thit hai
cho duong cong chinh hinh, bao gdm Dinh 1§ co ban thit hai kieu Cartan-
Nochka cho duong cong trén trucng khong Acsimet va Dinh 1y co ban tha
hai cho dudng cong chinh hinh phiic trén hinh vanh khuyén. Cac két qua
chinh trong chuong nay viét dya trén Ban thao [1] va Bai béo [3] trong Danh

muc Cong trinh clia tac gid lién quan dén luan an.

2.1. Dinh 1y kiéu Cartan-Nochka cho dudng cong trén trudng
khong Acsimet

Trong phan nay ching t6i sé chiing minh mot dang Dinh 1y co ban thi
hai cho dudng cong chinh hinh khong Acsimet v6i ham dém rat gon trong
truong hop muc tiéu 1a céac siéu phang c¢6 dinh & vi tri N—duéi tong quat.
Trude hét ching toi gidi thieu mot s6 khai niém va két qua nghién ciu lien

quan dén viéc chiing minh dinh 1y chinh.
Bo6i du véi trong Nochka

V6i mdi mot tap hitu han R, ta ki higu |R| 1a s6 cac phan tii ctia R. Nam
1983, E. I. Nochka da chitng minh hai két qua sau lien quan dén ho céc siéu

mit & vi tri N —dudi tong quat.

Bo dé 2.1 ([34]). Choq > 2N —n+1 va {H;}i_, la mot ho cdc siéu phang
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¢ vi tri N—dudi tong qudt trong P*(C). Ki hieu Q = {1,2,...,q}. Khi do
ton tai cdc so hitu ty duong w(j) théa man cac dieu kién:
i) 0 <w(j) <1 vdimoijeQ;

i) Dat w* = maxw(j), ta co
je

Zw(j):w*(q—2N—|—n—1)—|—n—|—1;
j=1
n—+1 n
<wr < L.
WoN 1S SN
w) Véi moi R C Q théa man 0 < |R| < N +1, ta c6

Zw(]) < rank{H,}jen.
jER
Céc s6 hitu ty khong am w(j),j = 1,...,q, trong Bo dé 2.1 dugc goi 1a

trong Nochka va w* ducce goi 1a hdang so6 Nochka.

Bo dé 2.2 ([34]). Cho ¢ > 2N —n + 1 va {H;}i—, la mot ho cdc siéu
phdng & vi tri N—dudi tong qudt trong P"(C). Goiw(j),j € Q, la cdc trong
Nochka trong Bo dé 2.1. Ki hieu Q = {1,2,...,q} va E; > 1,5 € Q, la cic
s6 thuc tuy 4. Khi dé, vdi moi R C Q vdi 0 < |R| < N +1, ton tai mot tap
con Ry C R thoa man

|R0| = rank{Hj}jeRo = rank{Hj}jeR,

va

jER jE€Ro
Chu y rang Bo dé 2.1 va Bo dé 2.2 ciing ding trong truong hop ho céc
siéu mat & vi tri N—dudi tong quét trong khong gian P"(K).
Cho f: K — P"(K) la mot duong cong chinh hinh, trong d6 (fo, . . ., fa)
I3 mot bicu dién t6i gidn ctia f. Ta nhic lai £ = L(fy, ..., fn) 1a tap tat ca

cac t6 hop tuyén tinh khong tam thuong cia fo, ..., f, va

Wf - W(fO; . 7fn)
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Cho H la mot siéu phang trong P"(K), ta nhic lai véi mdi zy € K,
e(H, 2) 1a boi du ctia H; o f tai diém 2, tic 1a e(H, 20) = dj(20) —j = 0
khi ord,oj(z0) = d;(20). Ta ¢6 bo dé sau vé quan hé gitta boi khong diem
cia Wronskian mot dudng cong chinh hinh f va boi du vé6i trong Nochka

ctia f két hop véi mot ho céc siéu phang.

Bo6 dé 2.3. Cho f : K — P(K) la mot duong cong chinh hinh khong suy
bién tuyén tinh va H = {Hy, ..., H,} la mot ho gom ¢ > 2N —n+ 1 siéu
phdng trong P*(K) ¢ vi tri N—dudi tong qudt. Goi w(j),j = 1,...,q, la
cdc trong Nochka trong Bo dé 2.1. Khi dé vdi moi zy € K, ta c6

q
Zw e(Hj, z) < ordyy,(20). (2.1)

=1

.

trong dé ordw,(z0) la boi khong diém cia Wy tai z.

Chiing minh. Ta xét hai truong hgp cé thé
Truong hop 1. Wy(zy) # 0. Khi d6 ordw, (z9) = 0. Hon nita, tit Bo dé 1.5

ta co dj =7 véimoi j =0,...,n,dodo
€(Hj,20):0

véi moi j € {1,...,¢}. Dieu nay kéo theo (2.1) dung.

Truong hop 2. We(z9) = 0. Khi d6 ordy,(29) > 1. V6imdi j = 1,...,q,
ta ki hi¢u L; la dang tuyén tinh thuan nhat dinh nghia H ;. Goi S5y la mot tap
con cua {1,...,q} théaman L;(f)(z0) = 0 véimoi j € Sy va L;(f)(z0) # 0
v6imoi j € {1,...,q}\So. T gid thiét ho cac siéu phang H & vi tri N —dudi
tong quét, |So| < N. Goi S C {1,...,q} 1a mot tap théa man Sy C S va
|S| = N+1. D& dang kiém tra dugc e(H;, z0) = 0 véimoi j € {1,...,q}\S.

Diéu nay kéo theo

Zw(j)e( Zw e(Hg, 20). (2.2)

Jj=1 kesS
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Dat E; = e ) v6i méi j = 1,...,q, khi d6 E; > 1. Tit gia thiét ho

cac sieu phang H 1& & vi tri N— dudi tong quét ta c
rank{Hy }res =n + 1,
do dé tit Bo dé 2.2, ton tai mot tap con Sy C S théa man

|So‘ = rank{Hk}kego = rank{Hk}keg =n-+1

IT1E" < ]I B

keS keSy

Lay logarit hai vé ctia bat dang thtc trén ta c6

> w(k)e(Hy, 20) = Y e(Hg, 20). (2.3)

keS keS,
Chi v rang ho céc sieu phang {Hy, k € Sy} & vi trf tong quat nén ti
B& dé 1.6, ta co
Z e(Hy, z9) < ordwy, (20). (2.4)
keSy

Két hop (2.2), (2.3) va (2.4) ta c¢6 (2.1). Ménh dé duge chiing minh. [

Bo dé 2.3 cho chiing ta thay tong tat ca boi du véi trong Nochka clia mot
dudng cong chinh hinh két hgp mot ho céc siéu phang 6 vi tri N —dudi tong
quét tai mot diem zy ludn nhé hon boi khéng diem ctia Wronskian clia f tai
diém dé6. Cha ¥ rang, B dé 2.3 duge chiing minh trong trusng hgp dudng
cong chinh hinh khong Acsimet va b6 dé nay van con ding trong trudng

hop duong cong chinh hinh phtic.
Dinh 1y co ban tha hai

Cho f: K — P"(K) la mot duong cong chinh hinh, trong d6 (fo, ..., fn)
la mot bicu dién tdi gian cia f. Cho H = {Hi,...,H,} 1a mot ho gom
q > 2N — n + 1 siéu phang trong P*(K) & vi tri N—du6i tong quat. Goi
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w(j),7=1,...,q, 1a cac trong Nochka ctia ho H trong Bo dé 2.1. V6i moi
z € IC, ta ki hiéu

V(H, z) = ordy,(2) — Zw(j)s(Hj, ).

j=1

Theo Bo dé 2.3 ta dé dang thay
V(H,2) > 0.

Véi r > 0, dat
Vi(r,H) =Y V(H, =)
|z|<r
va goi
' Vf(tv H) B Vf(oa H)

Up(r,H) = /0 ; dt —V;(0,H)logr

ham dém boi du vdi trong Nochka ctia dudng cong chinh hinh f két hop véi
ho siéu phing H.

Véiméi j =1,...,q, gid st rang
w(j) = a;/b;

trong d6 a;, b, 1a céc s6 nguyén khong am va b; # 0. Ki hieu M = b;...b,.
Va dat

L. ( £)Mw®) 1 (£ Mw(q)
W
f
Nam 2023 chung t6i da chiing minh mdt dang Dinh 1y co ban thit hai véi
ham dém rat gon cho dudng cong chinh hinh khong Acsimet két hop véi

mot ho cac siéu phang & vi tri N— dudi tong quat trong khong gian xa anh

P"(KC) nhu sau:

Dinh 1y 2.4. Cho f : K — P"(K) la mot duong cong chinh hinh khong
suy bién tuyén tinh va H = {Hy,...,H,} la mot ho gom q siéu phang
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(q=2N —n+1) trong P(K) 6 vi tri N—dudi tong qudt. Khi dé

1 N N
(g —2N +n—1)Ty(r ;Nf §) = Us(rH) = 5N (r, @)
N +1
( + Jn logr 4+ O(1),

khi v — oo nam ngodai mot tap co dé do tuyén tinh hitu han.

Chitng minh. Goi L;,1 < j < ¢ la cac dang tuyén tinh trong KClz, . .., 2,)
dinh nghia H; tuong tng va (fo, ..., f) 1a mot biéu dién t6i gian cta f. Dé
chting minh Dinh 1y 2.4 ta can cic ménh dé sau

Meénh dé 2.5. Vi cdc gid thiét ciia Dinh ly 2.4, ton tai mot hing s6 A > 0

chi phu thuoc vao cdc hé so ciua L; théa man vdi moir > 0,

1L ()l < A £l (2.6)
vét moi ) =1,...,q.

Chiing minh. Ki hiéu

Lz, ... Z a2k (2.7)

LS.

v6i j =1,...,¢. Kihiéu ||L,|| = max {|ak3|} V6i moi r > 0 ta c6

b ’

—\Z arifil, < max {lagsly| fil-}
< kgnof}ffn{l%\}kgloﬁffn{\fklr} = [IZ; 111 £1]r
v6imoi j =1,...,q. Khi do6 ta dat
A = max ||L |,
] 9 7

thi A théa man (2.6). Menh dé dugc chitng minh. O

Meénh dé 2.6. Vdi cic gid thiét ciia Dinh lij 2.4. Khi dé vdi moir > 0, ton

tai mot hoan vi my, ..., my cia cdc so tuw nhién 1,2,...,q thoa man

|Lm1(f)’?“ > ’Lmz(f)‘r Z e 2 |Lmq(f)|r- (2-8)
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Hon nia, ton tai hang so duong B chi phu thudc vao cic hé s6 cia L; thda

man

[ F1lr < Bl L, (f)1r (2.9)
vor moi 1 <t < q— N.
Chiing minh. Ta biét rang, véi mdi r > 0 vavéimoéi j € {1,...,n}, |L;(f)|

la mot s6 s6 thuc khong am, nén ta c6 thé chon dugc mot hoan vi P =
{mq,...,m,} clia tap céc so tu nhien {1,..., ¢} théa man (2.8).

Ta tiép tuc chiing minh syt ton tai ctia hing s6 B. Dit
n
Li(z0,- .- 20) = Y apjzk (2.10)
k=0

véimoéi j = 1,...,¢, trong d6 a; € K,j =1,...,¢,k =0,...,n la cac
hang s6. Goi my, ..., m, 1a cac s6 tu nhien trong (2.8) va t 1a mot sd tu
nhién théa man 1 < ¢t < g — N, ta ki hieu Tp, ..., Ty 1& cac dang tuyén
tinh L,,,, L Ly sy
{T},,...,T;,} < {Tp,...,Tn} thdéa man

oy Ly, T B6 dé 2.2, ton tai mot tap con

mq_N+1 Y

rank{7},,...,T; } =n+1,

tice 1a Ty, ..., T;, 1a doc 1ap tuyén tinh.

Tw (2.10), v6i moéi ¢ = 0,...,n ta c¢6
n
sz‘ - Zbkjizka (2'11)
k=0

trong d6 cac hang s6 {by;, } dugc lay tir tap cac hang s6 {ax;} trong (2.10).

Vi Tj,,...,T;, doclap tuyén tinh nén tu (2.11) ta c6

07"

n
2= T}, (2.12)
i=0
v6i k= 0,...,n, trong d6 cic hing s6 {c;,x} chi phu thuoc vao cac hang so

{bk;,}. Nhu vay {c;j,x} chi phu thudc vao cac hing s6 {ay;} trong (2.10) va
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mot trong ching la khac 0. Dat

By = max |cji|r = max lcjx| >0 va Bp =
=

1=0,...,n =0,....,n

Ta biét rang sb cac hoan vi {mq, ..., m,} ctia {1,...

max B;.
t=1,....,q—N

,q} 1a hitu han nén

ta c6 thé chon B = max Bp > 0, trong d6 maximum dugc lay trén tat ci

cac hoan vi P clia tap cac s0 tu nhien {1,...,q}.

Bay gio ta chiing minh B thoa man (2.9). Tt dinh nghia cta Ty, ..., Ty

va (2.8) ta co

T3 < [ L, ()

v6i méi j € {0,..., N}. Tir (2.12), ta c6

(2.13)

‘fk|7" = | Z ijkT7(f)|T’ < z{%aXn ‘C]zk‘T|T1(f)‘7’ < By ii%axn |1}1(f)‘r
0 yovs

=VU,...,

< Bp max |Tj,(f)], < B max_|T;(f)|,
i=0....m 7=0,....N

geeey

v6i k =0,...,n. Két hop (2.13) véi (2.14), ta c6

[ filr < Bl L, ()l

v6imdi k=0,...,nva 1l <t <qg— N.Diéu nay kéo theo

1l < Bl L, ()]

(2.14)

véi mdi 1 < t < ¢ — N. Tic la B théa man (2.9). Ménh deé dugc ching

minh.

Ta tiép tuc chting minh dinh 1y. Véi méi j =1, . ..

n
Li(20,...,2n) = Z i ks
k=0

khi do6 ta co HLJH = MaXg—0,...n ‘Cbk;j|-

, g, gia su

[]

Do ho cac siéu phing H 6 vi tri N—du6i tong quat nén tit Bo dé 2.1,

ton tai cac trong Nochka w(j),j = 1,...,q va hiang s6 Nochka w* d6i véi

ho cac siéu phang H théa man Bo dé 2.1, Bo dé 2.2 va Bo dé 2.3. Ta nhic
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lai rdng néu w(j) = a;/b; v6i j =1,...,q, trong d6 a;,b; 1a cac s6 nguyén
khong am va b; # 0 thi M =b;...b, va

o LMD Ly (p)V

(2.15)

trong d6 Wy = W (fo, ..., fn). D& thiy ring cd t1t va mau ciia ® 1a cac ham
nguyen.

V6i moi zy € IC, ta sé chiitng minh

%Ord@(zo) = Z w(§)v(Hj, 20) = V(H, 2). (2.16)

That vay, tu dinh nghia ctia @, ta c6

orde(29) MZ j)ordy, ) (20) — Mordy, (o). (2.17)

Ta xem xét hai truong hop cé thé xay ra:
Néu Wy(z) # 0, thi ordy, (%) = 0. Tt Ménh de 1.5, ta c6 véi moi
7 €40,...,q},
ordp)(20) = dj = j = v(Hj, ),

suy ra €(Hj, z9) = d; — j = 0. Dieu nay kéo theo
q
V(H, 2) = ordy,(2) Zw e(Hj, z) = 0.
j=1
Do dé tu (2.17), ta c6

ordg(z0) = M Z w(§)v(H;, 2).

Diéu nay kéo theo (2.16).
Néu Wy(z) = 0. T dinh nghia ctia V(H, 29) ta co

ordw, (20) = ) _ w(j)e(Hj, z0) + V(H, 20)

M-

1

J

w(j) ordr, g (z20) — v(H;, ) + V(M. 20)

I
.MQ

1

J
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Diéu nay kéo theo (2.16). Nhu vay (2.16) dung trong moi trudng hop.
Véi r > 0 tuy ¥, tit (2.16) ta c6

&( > z_: Nvi(r, Hy) — Vi(r, H)

<w' Z ve(r, Hj) — Vi(r, 1),

diéu nay kéo theo
Ly(r L) < *zqy\/( H)) — Us(r, H) (2.18)
—N(r,— | <w r,H;))—Ui(r,H). .
M ’ P = f J f
Ta thay v6i moi r > 0, tt Ménh dé 2.6, ton tai mot phép phan hoach
mi, ..., m, cla tap cac sd nguyén duong 1,...,q vd mot hing s6 duong cd

dinh B thdéa man

| Lo, (D)l Z Loy ()| = - -+ 2 | L, ()
va
[ f1lr < Bl L, (f)]r
v6imoi 1 <t < qg— N. Do dé

sy
v6i modi 1 <t < ¢ — N. Dieu nay kéo theo
Qﬂl (let )| >w(mt) >qN1 1 1
Pl f1] T Bulm) — gy wmy)”

Hon nita tit Ménh dé 2.5 ta ¢6

qg—N-1 w(my) q—N-1
0 <!Lmt(f)\r> < I Avm = AT wlm),
t=1 Hf”r t=1

bat Cy = max BXieswt) O = max A2ues®® trong d6 maximum dugc 1ay
trén tat ca cac tap con S C {1,...,¢q} théa man |S| =¢— N — 1. Khi d6

g—N-1 w(my)
o< II () <o 220
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bat Q@ ={1,....q},S={myt=1,...,q—N—1}thi|S|=¢—N—1.
bat R = Q\S, khi d6 ta c6

() () m(y)
:j;Q (ILHJ](tJ"l)\ ) g(\!flj\ rl|Lj H)

.

(2.21)
o 1Ll

Cha y réng |R| = N + 1, nén theo B6 dé 2.2, ta thu dugc mot tap con
Ry C R, ‘Ro‘ =n + 1 théa man

1AL HMMH
H(wwﬂ) H

JjER JERy

C=11v7me LI

jGRH ]H ]ERO

khi d6 C' > 0 1a mot hang s6 va tur (2.21) ta ¢o

L))" "
g(um) CH(WH)
EWMUW)\WW

£l Tlier, 1Li(Hl-
Lo 1L ()Y |

HjERO ‘Lj(f)’r ‘|f|‘TZ]€Q w(j)—n—1"
[Tco LD |
HjeRO‘Lj( ) Hf” *(¢—2N+n-1)"

Lay logarit hai vé bat ding thtc trén ta co

| w(j) |
mHG%%Q <log [T 1N — tog TT 1L:(F)

Jjes Jeq JE€Ry
—w'(q—2N+n—1T(r)+O(1). (2.22)

=C

=C
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T (2.20) ta suy ra

L
hﬁH(Hmr> = o),

jes
do do6 tur (2.22) ta cd

w*(q—2N +n—1)T¢(r) < log icaL(F) + log Wil

(Wil | [Lier, 1Li ()]s

T (LDl
1gH<Hmr) +ol)

JeSs
L) Ly())M
Wy

—ilo

Wy

|
O e L)

+0(1). (2.23)

r

Wy
.DéfDRQ:{bl,...,bn 1}V\1
HjGRO LJ(Z) T ’

rank{H;};er, =n+ 1= |Ryl,

Bay gio ta uéc luong log

nén theo tinh chat ctia Wronskian ta co,

W(f(): - 7fn) = CW(Lb1(f)7 . '7Lbn+1(f))7

Do do
Wy _ OW(Lo,(f), -+ Ly () _ oG
[jer, Li(2) Ly, (f) - Ly, (f) ’
trong do
1 1
(Lo, () (L, (f))

Ta biét rang
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trong d6 tong dugc lay trén tat ca cidc hoan vi o clia tat ca céc tap
{ag, ..., a,} thude {by,. .. ,an}. Suy ra

(j)
log |G|, < maxlog H

J>( ) ,
- (La<a-)(f))(”
=max » log :
25|
- (Lo )(f))(“)
=max » logu (r, -
]Z:; LU(O‘J)(f
- 1 a n(n+1)
<maleogﬁ—Z—jlogr—— 5 log r
7j=1 7=1
Nhu vay
Wf n(n + 1)
log < ———logr + O(1). (2.24)
[jer, Li(2)1, 2
Theo cong thiic Jensen ta ¢
1
log |®|, = log u(r,®) = N(r, 5) — N(r,®)+ O(1). (2.25)
Két hop (2.23), (2.24) va (2.25), ta ¢6
w*(qg —2N +n —1)Ty(r)
1 1
< 57 log|®]: — Mlogr +0(1)
1 1 1
< M<N<T’ 5) — N(r, q>)> — @logr + O(1).
Do dé, tur (2.18) ta c6
: 1
w*(q — 2N +n —1)Ty(r) Z Uf(T‘H)—MN(rq))
—1
n(n+ 1)

— Tlogr + O(1).
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Suy ra
1

w*

1
— 2N — )T ( H;) — N(r,®
(4= 2N 0= T5(r) < S NG Hy) = .7 (r,®)

j=1

—%logerO( 1)

ZN}TH N (TH)—MiN(r D)

— %logr + O(1).

Nhu vay dinh Iy dugc chitng minh. []
Chi y rang, do Ny(r, H;) < N7(r,H;) v6i mdi j = 1,2,...,q, nén
Dinh 1y 2.4 ctia chiing t6i 1& mot cai tién ctia Dinh 1y co ban thit hai kiéu
Cartan-Nochka (Dinh 1y 1.3) cho duong cong chinh hinh khong Acsimet.
Hon nita khi ho H & vi tri tong quat N =n thiw(j) =1véi j=1,...,q,
M =1, ® = H va ham dém boi du véi trong Nochka Uy (r, H) trung véi
ham dém boi du. Trong truong hgp nay Dinh 1y 2.4 nhan lai Dinh 1y 1.7.

2.2. Dinh ly cho dudng cong trén hinh vanh khuyén

Trude khi ching minh dinh 1y chinh, ching toi gi6i thieu mot s6 khai
niém, ki hieu va két qud vé phan bo gia tri cho ham va dudng cong chinh
hinh trén hinh vanh khuyén, can thiét cho viéc ching minh cac két qua

chinh. Cho Ry > 1 1a mot s6 thuc duong hodc bang +o0o, ta goi
1
A:{ZECZE<|Z‘ < Ry}, (2.26)
0

14 mot hinh vanh khuyén trén C. V6i moi s6 thuyc r théa man 1 < r < Ry,

ta ki hiéu
A, ={zeC: —<|z\ 1}, Aoy, ={z€C:1<|z| <1},

AT:{ZE(C:;<\Z|<T}.



o0

Cho f la mot ham phan hinh trén A, ¢ € C, ta dat

1 27 .
mir ) = o [ Tog" (e ds:
2m 0
1 1 [ 1
= — log™® . de.
M= T )y O e
Ki hiéu
mo(r, f) = m(r, f) + m(r~", f),
va
1 1 1
mo(r, ﬁ) = m(r, ﬁ) +m(r f——c>
: 1 ) 2 1
Ta goi nq <7“, 7 ) 1 80 cac khong diem cta f—c trong A, no (7", 7 )
—c —c

la s6 cac khong diém ctia f — ¢ trong Ag ., n1(r,00) 1a s6 cac cue diem clia

A1, va ng(r,00) la s6 cac cuc diem clia f trong Ay, Dat

1 U (t, = 1 rno(t, T
N, (r, ) :/ Mdt, N, <r, ) :/ Mdt,
f—C 1/r t f—C 1 t

va
o 1 nl(t,oo)
N1(”I°,f)—N1(7“,OO)—/1/T + dt)
Nafr. f) = Naro0) = | ety
Ki hiéu
1 1 1
() =M(npg) e )
NO(Ta f) - Nl(ra f) + N2(T7 f)
Ham

To(r, f) = mo(r, f) + No(r, f) —2m(1, f)
duge goi 1a ham ddc trung Nevanlinna ctia f. Dé thay rang cac ham my(r, f),
No(r, f) 1a khong am va ham Ty(r, f) 1a khong am, lién tuc, 16i va khong
gidm theo log r. Ménh dé sau day 1a mot dang ctia dinh 1y Jensen cho ham

phan hinh trén hinh vanh khuyén.
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Meénh dé 2.7 ([24]). Cho f la mot ham phdn hinh khdc hdng trén hinh
vanh khuyén A. Khi do, vdi moi r € (1, Ry) ta cé

1 1 2T . 1 2T )
N%Tﬂ-%@ﬁigl mww%w+%ll%uwwww

1 2 )
—— [ togl e as.
™ Jo

Meénh dé sau day 1a Dinh 1§ co ban thi nhat cho ham phan hinh trén
hinh vanh khuyén.

Meénh dé 2.8 ([24]). Cho f la mot ham phan hinh khdc hing trén hinh
vanh khuyén A. Khi dé véi moir € (1, Ry), ta ¢
1

T()(?“, f e

) =To(r, f) +0O(1)
vdi moi hing so ¢ € C.

Trong lugn 4n nay, ki hieu “||” trong cic bat dang thitc vé quan hé gitta
cac ham Nevanlinna ctia ham phan hinh hay duong cong chinh hinh trén
hinh vanh khuyén dugc hiéu la v6i Ry = +oo, bat ding thic ding véi
r € (1,400) ndm ngoai mot tap A/ thda méan fA’r M ldr < 400, va véi

Ry < 400, bat dang thic ding véi r € (1, Ry) nam ngoai mot tap A/
1

(Ry — r)M1

mot dang B dé dao ham logarit cho duong cong chinh hinh trén hinh vanh

théa méan fA(. dr < +oo, trong d6 A > 0. Meénh dé sau day la

khuyén.

Meénh dé 2.9 ([25]). Cho f la mot ham phan hinh tren A va A > 0. Khi
dé vdi moi r € (1, Ry), ta co

(Z) Néu Ro = 400,
!

r f7) = O(logr + log Ty(r, f)).

I mol

(i1) Néu Ry < +oo,
!/

T, f7) = O(log

| mo( + log To(r, f)).

R()—T’
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Dinh nghia 2.1 ([39]). Cho f la mdt duong cong chinh hinh tut A vao
P"(C), khi d6 ton tai cac ham chinh hinh fy, ..., f, trén A, trong d6 c6 it

nhat mot ham khong dong nhat bang khong sao cho

f(z) = (fol2) = -+ fu(2))

v6i moi 2 ¢ {fo =+ = f, = 0}. Ta goi (fo,..., fn) 12 mot biéu dién cia
dudong cong f. Néu cac ham f, ..., f, khong c6 khong diém chung trén A

thi ta goi (fo, ..., fn) & mot biéu dién toi gidn cia f.

Ta nhéc lai, duong cong chinh hinh f : A — P"(C) dugc goi la suy bién
tuyén tinh néu anh cta f chita trong mot da tap tuyén tinh thuc sy ndo
d6 cua khong gian xa anh P"(C). Duong cong chinh hinh f dugce goi 1a suy

bién dai so néu anh clia f chita trong mot da tap dai s6 thuc sy ndo dé clia

P"(C).
Cho f=(fo: - : fn): A — PC) la mot dudng cong chinh hinh
tren A va £ = (fo,..., fn) 1a mot biéu dién t6i gidn ctia f, tic 1a cac

ham fy,..., fu chinh hinh khong c6 khong diém chung tréen A. Véi méi

1 < r < Ry, ham déc trung Nevanlinna-Cartan T(r) ctia f dugc dinh

nghia bdi
1 2m ' 1 2m )
7y(0) = 57 [ logllfrela0+ 5= [ tog e,
trong d6 || f(2)|| = max{|fo(2)|,...,|fn(2)|}. Dinh nghia nay khong phu

thudc vao cach chon bicu dién t6i gidn ctia ham f (c6 thé sai khac mot hing
$0).
Cho D la mot sieu mit trong P*(C) bac d va @ 1a da thic thuan nhat

trong Clzg, ..., x,] bac d dinh nghia D, ta nhéc lai, néu
ng )
Q(20,--,2n) = Z apzg® ... zkn
k=0

trong d6 ng = (”Zd)—1véiko—l—---—l—ikn:dvéik:O,...,nd, thi ta ki
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hiéu
(f,D) = Q(f) = arfe® ... fii".
k=0

Gia st (f, D) # 0,v6i 1 <r < Ry, ham xap xi ctia ham f két hop véi

sieu mat D dinh nghia béi

1 1f (re) || 1o 1f ()|
my(r,D) = 27r/0 log 10 D)(rei9)|d9 + 27r/0 log 10 D)(r—lew)\de’

dinh nghia nay khong phu thuoc vao cach chon biéu dién téi gian ctia ham

f (c6 thé sai khac mot hing s6).

V6ir: 1 < r < Ry, ki hieu ny ¢(r, D) la s6 céc khong diém ctia Q(f)
trong Ay, ng (1, D) 1a s6 céc khong diém cia Q(f) trong Ay, ké ca boi.
Ham dém ctia f két hop véi sieu mat D dude dinh nghia béi

1
t,D " t,D
Ny f(r, D) = / —nl’f(t’ )dt, Ny j(r, D) = / —nQ’f(t’ )dt,
r—1 1
va

Nf(T’, D) = NLJC(T, D) + Ngyf(T, D)

Cho o 1a mot s6 tir nhién duong, ta ki hieu ng f(r, D) 1a sb cac khong diém
v6i boi cat cut béi a ctia Q(f) trong Ay, ng ((r, D) la s6 cac khong diém
ctia Q(f) trong Ay, trong d6 mdi khong diém dugc tinh biang s6 boi cla

n6 néu boi dé nhoé hon a v bang a trong truong hgp nguge lai, tic 1

n‘fyf(r, D) = Z min{ordg)(2), a},
z€A1,,,Q(f)(2)=0
n%f(r, D) = Z min{ordgf)(2), a}.

2€00.,,Q(f)(2)=0
Ham dém boi cat cut clia ham f duge dinh nghia bdi
L nd .(t,D) "n§ .(t, D)
o 1, ? o 2, )
1,f(7“7 D) = /_1 ffdt; NQ,f(Ta D) :/1 ffdt,
va

N?(”'UD): 1Ojf(T7D)+N2Off(T7D)
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Tiép theo chiing to6i chitng minh mot dang dinh 1§ co ban cho dudng cong
chinh hinh trén hinh vanh khuyén cho ham dém boi cat cut véi muc tieu 1a
cac sieu mit G vi tri tong quét, can thiét cho viec ching minh dinh 1y duy
nhat cho dudng cong chinh hinh trén hinh vanh khuyén trong Chuong 3.
Dau tién ching toi giéi thieu vé Wronskian, gi6i thiéu va chitng minh mot
s6 kién thiec lien quan.

Cho fo, ..., fn 1a cdc ham chinh hinh, ta ki hieu W (fo, ..., f,) & Wron-

skian cua cac ham fy,..., f,, tic la

oo B
Wipoo g =| 0
g g
Ménh dé 2.10. Cho f : A — P*(C) la mot duong cong chinh hinh khong
suy bién tuyén tinh va (fo : -+ fo) la mot biéu dién toi gian cla f. Khi
do vdi moi 1 <r < Ry, ta cé

W(an---afn) _ r
| m0<7’, T, )-Of( ). (2.27)

Chimg minh. Ta ching minh cho truong hop Ry = +oo, truong hop Ry <

+o0o duge chitng minh tuong ti. Khong mat tinh tong quat ta gid st fy khong

13 ham hing. Bing lap luan tuong tu nhu ching minh ctia B6 dé 1.4.3 trong

[29], ta ¢6
()]

Dﬁt g]:fj/fo Véljzl,,n, khi dé ta co

W(f07"'7fn) _ W(giw"?g?/z). (2.28)

fOfn gi-..-0n

Ta thay rang

::]:

W(gl,...,gn ngn

g1 - ey
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trong d6 tong duge lay trén tat ca cac hodn vi o ctia {1,...,n}. Diéu nay

kéo theo v6imoi r : 1 < r < Ry, ta co

mo(?“, Wi(gy,---,4.) > sz0< )(j)>‘ (2.29)

gl o gn o j= 1 (J)
Tu Ménh dé 2.9, v6i méi hoan vi o va j € {1,...,n}, ta co
49
I mo(n ) < O(S() + o8 Torgrg). (230
o(j

trong d6 S(r) =logr néu R = +oo va S(r) =log1/(R—r) néu R < +oc.
Lay sieu phang H = {(20: -+ : 2,,) : 20 = 0}. Khi d6 ta c6

Nf(Ta H) = NO(T7 1/f0) = NO(T, fj/fo),
v6i mdi j = 1,...,n, ditu nay kéo theo

To(r, g;) = To(r, [/ fo) = mo(r, fi/ fo) + No(r, f5/ fo)
27 0 2w (a—1 10
:i/ log* L1l gg 1/ tog" LU gy 1 N )

2m [fo(re®)| ™~ 27 | fo(r=1e)]
1fereD) o 1 1)l
S5 l \fo(re )|d9+27r/ lg|f0( m—y )|d9—|-N(7“H)
—mf(r H)+ N¢(r,H) =T¢(r) + O(1). (2.31)
Két hop (2.28), (2.29), (2.30) va (2.31) ta c¢6 két luan ctia menh de. []

Ta nhic lai réng Dy, ..., Dy, q¢ > n, trong P"(C) dugc goi 1a & vi tri tong

quéat néu v6i moi cach chon iy, ..., 0,11 € {1,...,q}, ta ludn c6
n+1
ﬂ supp(D;,) = 0.
k=1

Meénh dé 2.11 ([3]). Cho Dy, ..., D, laq siéu mat trong P"(C) ¢6 bac giong
nhav va bing d & vi tri tong qudt trong P"(C). Dat M = (”:d) — 1. Khi dé
ton tai (M —n) siéu mat Ty, ..., Ty trong P*(C) théa man vdi moi tap
con R C {1,...,q} vdi #R = rank{D;};er = n + 1, thi rank{{D;};cp U
{T} "t =M+1.
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Cha § rang, trong chitng minh ctia Ménh dé 2.11 cho thay cac siéu mit
T;,j=1,...,M —n cé cung bac d.

Nam 2022, H.T. Phuong va L. Vilaisavanh da ching minh dinh ly sau
goi 1a Dinh 1y co ban thi nhat cho dudng cong chinh hinh trén hinh vanh
khuyén.

Meénh dé 2.12 ([41]). Cho D la mot siéu mat trong P"(C) c6 bac d va
f=Uo::fu): A —P"C) la mot duong cong chinh hinh ma danh cia

né khong chita trong D. Khi dé, vdi moi 1 < r < Ry, ta cé
mys(r, D)+ Ng(r,D) = dT(r) + O(1).

Bay gio chung t6i chiing minh mot dang Dinh 1y co ban thi hai cho duong

cong chinh hinh trén hinh vanh khuyén két hop vdéi cac siéu mét.

Dinh 1y 2.13. Cho f : A — P"(C) la mot duong cong chinh hinh khong

suy bién dai so6 va Dj, 1 < j < q, la cdc sieu mat trong P"(C) bac d;

tuong ung ¢ vi tri tong qudt. Goi d la boi chung nhé nhit cia cde d; va dat
M= (""" — 1. Khi d6, vdi méi 1 <r < Ry vaq> M +1, ta c6

1

| - M- DT <3+

j=1"7

N (r, D;) + Og(r). (2.32)

Chiing minh. Goi (fo : -+ : fn) 1a mot biéu dién tdi gidn cta f va goi P;,
1 < j < g, 1a cac da thic thuan nhat bac d; trong C[z, .. ., z,] dinh nghia
D;. Tadat P={P;,j=1,...,q}.

Truéc hét ta xem xét truong hop di = dy = -+ = d, = d. Dat
Ti, ..., Ty 1a cac situ mat trong P*(C) théa man Menh dé 2.11 va goi
Q;,1 < j < M —nlacéc da thic thuan nhat bac d trong Clz, . .., 2]
dinh nghia céc sieu mat 7. Ta ki hieu Zy = {Io,..., I/} 1a tap tat cd cac
bo n 4 1 s6 tu nhién bac d, ttc la véi méi j =0,..., M, I; = (ij0,. .., %)

théaménijo—l—---—i—ijn:d. V61m613:0,,M, tadat

_rl; _ rijo i
Fj—fj— O .. J

cJn
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trong d6 I; = (ijo,...,%j,). V1 f la dudng cong khong suy bién dai sd nén
Fy, ..., Fy doc lap tuyén tinh trén C. Do d6

Wgrp=WI(Fy,...,Fy) #£0.
Khang dinh 1. Ton tai mot hiang sé duong 3 théa man
Qi (N ()] < BIIF()]1 (2.33)
vdi moi j=1,...,M —n va vdi moi z € A.
Chatng minh Khang dinh 1.. Thuc vay, véi méi j € {1,...,q}, gid st réing
Q;(20,...,2n) = Z aﬂizéo...zfl”.

I (ZOa -5 )GId

bat 8, = (M + 1)max\aﬂ\ > 0 va f = max §; > 0. Khi d6 véi moi

J=1q
z € A, taco
QOEI=| X e e
Ii:(io,...,in)EId
< Bi(max{[fo(2)], .- [ fl2)[})
<BIFE)"
Diéu nay kéo theo két luan ciia khang dinh. ]

Khang dinh 2. Ton tai mot hing sé duong a théa man vdi moi cich

chon tuy y {i1,...,ip41} C{1,...,q}, ta luon cé

I <a max |P,(H) 2:31)

vdi moi z € A.

Chitng minh Khang dinh 2.. Thuc vay, goi R = {i1, ..., ins1} C {1,...,q}
1A mot tap con bat ky. V6i z € A, vi D;,1 < j < ¢, 6 vi trf tong quat, theo
Hilbert’s Nullstellensatz [50], v6i mdi s6 nguyéen k € {0, ..., n}, ton tai mot

so nguyén duong my, > d thoéa man
n+1

= Z Oir(20, -+ 20) Py (20, - - -, 2n),
j=1
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trong d6 0,1 < j <n+1,0 <k < n,lacac da thic thuan nhat vé6i cac

hé s6 trong C bac my, — d. Do d6

()™ < arll f ()™ max{| P, (F)(2)], ., [P (A} (2:35)

trong d6 || f(2)]] := max{|fo(2)|,...,|fu(2)|}, ar 1& mot hing s6 duong, chi
phu thuoc vao cac he s6 clia dj3, 1 < j <n+1,0 < k < n, tic la chi phu
thudc vao cac hé s6 clia P,1<j<n+1 Chay rang, (2.35) ding v6i moi
k=0,...,n,dodo

IF ) < ag max{| By (£)(2)], -, [P (F)(2)]- (2.36)

Dit a = max ar, do d6 tir (2.36) ta c6 két luan clia khiang
Re{itsommsin 1 }C {1}
dinh. []

Ta tiép tuc chiing minh dinh 1y. Véir : 1 <r < Ry, goi x € A, |x| = r
la mot phan t1t ¢6 dinh, khi d6 ton tai mot hoan vi {iy,...,4,} cla tap cac

chi s6 {1,..., ¢} théa man

Wr - W(le(f)a .- '7Pin+1(f)7Q1(f)7 s 7@M—n(f))7
Vi
rank{f)ip .- '7Pin+17Q17 .- '7QM—TL} =M + 17

nén ton tai mot hing sé6 C; # 0 théa man W, = CWp. T Khang dinh 1
va Khang dinh 2 ta c6

[P () (@)] < Bl ()]

v6imoi j =1,...,q va

@I <a max_ [P,()@)] < alPy(f)(@)

.....
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véimoi k=n+2,...,q. Do dé ta c6
1f(2)]|*
We(z)].
Wl \P1<f><x>...Pq<f><x>|
n+1 Hf q
rollz mer 1L ms >
n+1 Hf
< o " We(x |H| (2.37)

T dinh Wg va W, tt (2.37) ta ¢6

1L ()11
[PL(f) (@) . Py(f) ()]
Tt W (@) |BM LS () |4

U T 1B () @) T 19 () (@)

(Wr(2)].

~

diéu nay kéo theo

If )qu|WF( )|
[PL(f) () - Py (f) ()]

< d(M +1)log|| ()| + log* — =
[T 1P, (N@)] T 1@ (@)

log
W ()]

+ log C

< d(M + 1) log || f ()]
z)|

—n

(
R IR T Q)6

+logC,  (2.38)

trong d6 C' = a2 1M /|Cy|, téng duge lay trén tat cd cac tap con
RcC{l,....q} v6i#R =n+1va

Wr = W(P](j < R)?Q](] =1,...,.M - TL))
. Wr(x)
S(z) = lo 7
) R{Z} * TP TS (H)@)]

jER
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do do, tur (2.38) ta co

Lf @)W ()
[PL(f) (@) ... By(f) ()]

log < d(M +1)log || f(z)]
+ S(x) + log C. (2.39)
Lap luan tuong tu 6 trén cho y € A : |y| = 1/r, ta ¢6

o IF@I“ W)
RGIORNARIO]

< d(M + 1) log |/ (9)]
+ S(y) + log C. (2.40)

Lay tich phan hai vé (2.39), (2.40), cong vé véi vé, tit Ménh deé 2.7, ta ¢6

d(g =M —1)Ty(r) < /0 ' (S(re') + S(?“_lew))%
+ ; Ny (r, Dj) — No(r, WLF) +0(1).  (2.41)

T Menh dé 2.10, ta c6

1

|| %/OW(S(reia)—i—S(rlew))d@

== mol\ T WR
_Rc{lz } ( iy |Pj<f>\n§”:;”|@j<f>r>

JER
= Of(?“). (2.42)
1 . R
Bay gio ta udc luong %5, Ny(r, D;) — No(r, W> V6i mdi zg € Ay, ton
F
tai cac s6 tu nhién 8; > 0, 1 < j < ¢ va cac ham g; chinh hinh, khong triét

tiéu trong mot lan can U cia zp thoa man

Pi(f)(2) = (z = 20)" g;,
véi j = 1,...,¢q, trong d6 B; = 0 néu P;(f) khong triet tieu tai zp. Vi
cc sieu mat Dy, ..., D, & vi trf tong quét, ton tai nhiéu nhat n chi s6
j €{1,...,q} théa man 3; > 0. Khong mat tinh tong quét ta gi sit 3; > 0
viil<j<k<nvaB; =0véij>k
Dat R ={1,....,n+1} v

WR:W(Pla"'apn+17Ql7"'7QM—n)-
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Khi d6 ton tai mot hing s6 khac khong Oy théa man Wr = Cy.Wg. Do dé

ta c6 Wy triet tieu tai zg v6i bac it nhat 1a
k q
ZmaX{O,ﬁj - M} = ZmaX{O,@’j — M},
j=1 j=1
Do do

1 q
Zle r.D;) = Ni(r,=—) < > _ NV (r, D;).

Lap luan tuong tu ta co

j=1 Wr j=1
Kéo theo
q
1
Z Ny(r, Dj) — No(r, WF) < Z NJM(T, D;). (2.43)
j=1 j=1

Két hop (2.41), (2.42) va (2.43) ta c6
q
| dlg—M —1)Ty(r) <Y N (r,D;) + Og(r), (2.44)

diéu nay kéo theo (2.32).

Tiép theo ta xem xét trudng hop dy, . .., d, 1a khic nhau. Goi d 1a boi 0
chung nhé nhat ctia cac dy, . . . , dg, ta dat P; = Pd/dj véimoi g € {1,...,q}.
Khi d6 Py, ..., P, c6 cung bac d. Dat D7 la sieu mét dinh nghia béi P; véi
j=1,...,q. Tu (2.44) ta c6

H dlg—M —1)T(r) < N}V[(r, Dj) + Oy (). (2.45)

M-

1

j
Cht ¥ rang néu z € C la mot khong diém ctia P;(f) v6i boi B thi z 1a mot
khong diém de/dj(f) v6i boi Bd/d;. Dieu nay kéo theo
N (r, D3) = NM(r, D¥) + Ny (r, D7)
d d d
d]le(rD)+dN2f(rD) d]N (r, D;).
Diéu nay kéo theo (2.32) tir (2.45). Nhu vay dinh ly duge ching minh. [
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Nhan xét 2.1. V6i Ry < Ry 1a cac s6 thuc duong hoac Ry = 0, Ry = oo

va 2o € C, ki hieu
Ay = {Rl < |Z — Zo‘ < Rg} (246)

1a mot hinh vanh khuyén trén C. Bay gio ta nghién citu phép bién hinh bién
vanh khuyén xac dinh trong (2.46) thanh hinh vanh khuyén dinh nghia béi
(2.26). Xét hai trusng hop cu thé

Truong hop 1. Ry, Ry 1a cac s6 thuc duong, khi d6 phép bién hinh

1
\/ﬁ(z — %),

B 1
sé¢ bién hinh vanh khuyén Ay thanh A = {ﬁ < |w| < Ry}, trong d6
0

Ro = \/Ra2/R1.

Truong hop 2. Ry = 0, Ry = oo, khi d6 phép bién hinh

w(z) =

w(z) =z — 2o,

bién hinh vanh khuyén Ay thanh A, trong d6 Ry = oo.

Nhu vay, trong moi trusng hop ta déu cé thé bién doi duge hinh vanh
khuyén xac dinh bai (2.46) thanh hinh vanh khuyén dinh nghia béi (2.26).
Do d6, dinh 1y ciia chiing t6i van c6 thé stt dung duge cho trusng hop dusng
cong chinh hinh trén hinh vanh khuyén bat ky trong Nhan xét 2.1 v6i mot
s6 dieu chinh vé dinh nghia va phat bicu dinh ly.
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Két luan Chuong 2

Trong chuong nay ching toi da xay dung hai dang Dinh 1§ co ban thit hai
cho duong cong chinh hinh trén truong khong Acsimet va truong sé phic.
Cu thé

1. Chitng minh mot dang Dinh 1§ co ban thi hai kiéu Cartan-Nochka cho
duong cong chinh hinh khong Acsimet véi ham dém rat gon két hop véi sieu
phiang & vi tri dudi tong quat (Dinh 1y 2.4).

2. Dua ra mot dang Dinh 1 co ban thit hai kiéu Cartan v6i ham dém boi
cat cut cho duong cong chinh hinh trén mot hinh vanh khuyén trong mat

phang phitc két hop v6i cac sieu mit & vi tri tong quat (Dinh 1y 2.13).
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Chuong 3

Pinh 1y duy nhit cho dudng cong
chinh hinh trén hinh vanh khuyén

Trong chuong nay ching toi chitng minh mot sé6 dinh 1y duy nhat cho
dudng cong chinh hinh, bao gom mot dinh 1y duy nhat kiéu Chen-Yan va
hai dinh 1y kiéu Fujimoto. Cac két qua chinh trong chuong nay viét dua
trén hai bai béo [3] va [4] trong Danh muc Cong trinh ctia téc giéd lién quan

dén luan an.
3.1. Dinh Iy duy nhat kiéu Chen-Yan

Dé chiing minh két qué chinh, ching ta can mot s6 két qua bo trg sau:

Ménh dé 3.1. Cho f : A — P"(C) la mot dudng cong dai s6 khong suy

bién tuyén tinh va Dy, Dy la cdc siéu mat cung bac d. Khi do,

(f, D1)
T (7", T D2)> < dTy(r) + O(1), (3.1)

vd1 moi v théa man 1 < r < Ry.

Chiing minh. Ta c6

T <T7(f, D1)> _ mo(ﬁ (f, Dl)> LN (T (f, D1)> o)

(f, D2) (f, D9) "(f, Dy)
o + (val) i0 ﬁ o oo™ (f7D1) T—lezé‘ d_e
</0 log (f,Dg)(Te )27T+/0 log (f,Dz)( )27T
+N0<r, . 1@)) +0(1) (3.2)
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T Menh dé 2.7, ta c6

1 2n PN,
M(r g ) < [ el D)5

2
= [ gl Do)(rtei®) &
0

5+ 0. (3.3)

Ta thiy rang

27
/ log™
0

/ " og [0 DO )| £ 1(F, Da)(re)] db
: (. Da)(re)] o
df

27 .
+ [ tog |t D re) I

_ / D) )] + |(f. D2)(re') | d
0o ° [(f, Da)(rei?), o

do

o

do do

2T
- 1 D (CAY et
S+ | sl oI5

/N

2T
4 / log (. Da)(re’®)

do

_ /0 7Tlog(|(f, D) (re")| + |(f, Dz)(mw)‘)%

2m
< d/0 log max{| fo(re)], ..., \fn(rew)\}g + O(1). (3.4)

Tuong tu, ta co
2m D) df 2m ., do

1 + (f7 1 s / 1 D -1 10 _

I s 3 | Tosl(. Do) e

df

2m
<d [ logmax{falr e, L0+ O0) ()

Két hop (3.2), (3.3), (3.4) va (3.5) ta c6 (3.1). O

(T—lezﬂ)

Véi f,g: A — P"(C) 1a cac dudng cong chinh hinh khong suy bién dai
sO, ta dat

T(r) = Ty(r) + Ty(r).

V6i méi sieu mat D; € D, trong d6 D = {Dy, ..., D,} 1a mot ho céc siéu
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mit va so6 nguyén duong 0, ta dat

0—1 0—1
Z —thtTD Z TD)
t=1 t=1

Goi D = {D,...,D,} 1a mot ho gom ¢ siéu mat & vi tri tong quat. Ta
ki hiéu bac ctia sieu mat D; la d; v6i moéi j = 1,...,q va goi d la boi chung
nhé nhat ciia cac d;. Ki hieu M = ("gd) — 1. Dinh 1y sau day la mot dang
dinh Iy duy nhat kiéu Yan - Chen cho dudng cong chinh hinh trén hinh vanh

khuyén dude ching toi cong bd nam 2023.

Dinh 1y 3.2. Cho D = {D,...,D,} la mot ho gom q siéu mat & vi tri
tong qudt va f,g : A — P*(C) la cdc dudng cong chinh hinh khong suy
bién dai so théa man Of(r) = o(T¢(r)) va Oy(r) = o(Ty(r)). Gid st ring
a) E¢(D;))NE;(D;) =0 vdi méii+#je{l,...,q};
b) Et(D;) C Ey(D;) vdi méi j = 1,2,...,q va f(z) = g(z) vdi moi
z € F¢(D).
c) lirgiélof >4 iNj(r,Dy)/ >5_) Ny(r, Dj) > M]\f— T
Néu q = 2M + 3 thi ton tai tap con S C {1,...,q} théa man #S > M + 1

va

(f, Dp)¥% (g, Dy)% %
(f, Dy)¥/d (g, Dy)¥/d

vdi moi k #£1 € S. (3.6)

Chitng minh. Dé chiitng minh Dinh 1y 3.2, ta can cac ménh dé sau

Meénh deé 3.3. Vdi cac diéu kién ciia Dinh ly 3.2 va gid thiét thém Dy, ..., D,

c6 cung bac d. Khi dé vdi moi s6 0 > 0 va vdi moi k #1 € {1,...,q} théa
D D

(f7 k)_(g7 k)$07 ta cé

(f: Dl) (g7Dl)

ON}(r, Dy)+0Nf(r, D) + Y N}(r, D))
J

<dT(r) + Fi(0) + F1(0) + Gr(0) + G1(9) + O(1),  (3.7)

man ¢ =

trong d6 1 <1 < Ry va tong y_; duge lay tren tat cd j € {1,...,q}\{k,1}.
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Chaing minh. Truéc hét ta chiing minh
1
2. Nij(nDj)+Np(r, D) = Gp(0) < No(r. ). (38)
Je{La\{k,1}
That vay, néu 2y € U {z € A:(f,D;)(z0) = 0}, thi tu f(2) =
JE{La\{k,1}

g(z) v6i méi z € fYD;) va fYD;) N fH(D;) = 0 v6i moi i # j €
{1,...,q}, taco

(f; Di)(20) = Mg, Di)(20) # 0, (f, Di)(20) = Mg, Di)(20) # 0.

Dieu nay kéo theo ®(zp) = 0.
Néu zp € {z € A: (f,Dy)(z) =0} C {z € A: (9,Dr)(2) = 0}, thi

D(20) = 0 va vg(20) = min{v (s p,)(20), Vg0, (20)} = 1. Dat
a=v(p,)(20) =1, B=uvgp,(x)>1

Ta xem xét hai truong hop c6 thé xay ra:

Truong hop 1. 1 < a <6 — 1.
Néu 8 > « thi ve(29) = min{«, f} = @ = min{«, 0}.
Néul < B < ath

ve(z0) 2 min{e, B} = f = o — (@ = f) > a — (6 — B)
= min{«,d} — (6 — B) min{5, 1}.

Truong hop 2. o > 4.
Néu 8 > « thi ve(29) = min{«, 8} = a > min{«, 0}.

Néul<fB<avaf>6th
vo(z0) = min{a, f} = f > § = min{a, d}.
Néul<fB<avaf<dth

ve(z0) = min{a, 5} = =90 — (6 — B)
= min{a, 6} — (§ — f) min{g, 1}.
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Do dé6 ta c6 (3.8).
Tiép theo ta ching minh
1

No(r, 5) < T(r) — Ny(r,Dy) + Gi(6) + O(1). (3.9)
Ta co
No(r, 3) < Tolr, 3)
< To(r, @) + O(1) = Ny(r, @) + mo(r, ®) + O(1). (3.10)
Hon nta
(f, D) (9, Dr)
ot ) < mo( 7 Df)) Fo( (v Df)) + o)
(fa Dy, (97 Dk) _ r 1
st ( G Do) o ( (9, D») NO( a0 Do)

Do dé tit Ménh dé 3.1, ta c6
1 1
mo(r, ®) < dT(r) — Ny (7“, —)> — Ny <r, (—> + O(1).
9,
Khi d6 (3.10) tr& thanh
No(r, —) < dT(r) N< ! ) N( ! )
r,—) <dTl(r) — r,——— | — r,———
’ P ’ (f7 DZ) ’ (gaDZ)
+ No(r, @) + O(1). (3.11)

Ta thay ring néu zg € A la mot khong diém cta (f, D;) hodc (g, D;) thi

2o 14 mot cuc diém ctia ® va
vg (20) < max{v(s,p,)(20), ¥(g,0,)(70) },
trong d6 v(29) 1a bac clia cyc diem ctia @ tai zg. Suy ra

V(5,00 (20) + Vg.0)(20) — v (20) Z ¥(5,0))(20) + V(9.0 (%0)
— maX{V(ﬁDZ)(ZO), V(g,Dl)(ZO)}

= min{u(f’Dl)(zo), zx(g’Dl)(zo)}.
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Lap luan nhu chiing minh bat dang thic (3.8), ta c6

Ny (7’, (f—lDl)> LN, (7’, (g—lDl)) ~ No(r,®) > N (r. D)) — Gi(3). (3.12)

Két hop (3.11) va (3.12) ta c6 (3.9). Do d6 tit (3.8) va (3.9), ta c6

> Ni(r,Dj)+Nj(r, D) — Gi(5)
j < d*T(r) — N(r, Dy) + G,(8) + O(1). (3.13)
Chu ¥ rang
N{(r, D) = 6Nf(r, D) — Fi(6);  N(r, Dy) = 6N} (r, Di) — Fi(9),
do do6 tur (3.13) ta ¢6 (3.7). Diéu nay kéo theo két luan ciia ménh de. [

Ta tiép tuc ching minh dinh 1y chinh. Goi @); 1a da thic thuan nhat bac
d; dinh nghia D; v6i méi j = 1,2,...,q. Goi d 1a boi chung nhé nhat cta
cac di,da, ... dg. V6i j = 1,2,...,q, ta dit P; = Q" va dat D} 1 sicu
méat bac d dinh nghia bdi P;. Dat

D* ={Dy,D5,...,D,},

khi d6 D* 1a & vi tri tong quét.

Ta dé thay rang néu f = g thi (f, D;) = (¢9,D;) véimoi j =1,...,q, do
d6 ta c6 két luan ctia dinh 1y. Bay gio ta xem xét truong hop f # g, khi d6 ton
tai cac chisbé a, § € {0,...,n} sao cho f,93 # f39a. Tt dinh nghia D* ta ¢6
E;(D*) = E¢(D) va E,(D*) = E,(D). Do d6 tit gia thiét ctia Dinh Iy 3.2 ta
c6 Ef(Df)NEy(D;) =0 véimdicapi# j € {1,...,q}, Ef(D}) C Ey(Dj)
véi moi j = 1,2,...,q vd f(2) = g(2) v6i moi 2 € E;(D*).

Ta biét réng néu zp € C la mot khong diém cta (f, D}), thi zg € Ef(D*).
Dieu nay kéo theo g(29) = f(zp), do d6

Jfa(20)g5(20) = f5(20)9a(20),
tic 1a 29 1a mot khong diém ctia ham h = f,95 — f3ga. TU

Ey(D})NE¢(D}) =0
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v6imdicapi # j € {1,...,q}, tasuy ra zg khong 1a khong diém ctia (f, D})
voi moi i € {1,...,q}, i # j. Diéu nay kéo theo

q
1
EﬁﬁmDﬁéNMﬂﬁ+Oﬂ%

véimoir:1l<r < Ry
Tu Ménh deé 2.7 ta ¢

1 1 2m )
Nu(ri ) = e | 1081(fags = Fage)re) 0
1 2m Ny
w5 [ o8 l(fugs = faga) 7 ela0 + O(1)
1 2m
<o [ 1o (2 s 150e)] s loytre)])
1 2m Ny .
+§AI%QQ%MU€W%%M06%W
+ O(1)
1 27
=5 (log [ax | fi(re’ )\d@—Hog max. g (re)|)do
m 0 yeeeyTl a 5T
1 2m
= — (log max |f;(r~ )\d@—klog max g;(re™)])do
2 0 =0..mn "> 7 7 3=0,...,
+ O(1)
=Ty(r)+ T,(r)+ O(1)
Nhu vay

trong d6 T'(r) = Ty(r) + T,(r).
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Tit Menh dé 2.13, ta co

ul
-

(¢ =M= 1DTs(r) < Ny (r, D}) + Oy(r)

1

<
Il

1 q . M—-1 o .
=5 Z (MN}(r, D) =Y (M — k)N j—(r, Dj)>
j=1 k=1
+ Of(?”). (3.15)
Tuong tu cho dusng cong g, ta co
1 q M-1
(q—M—l)Tg(r):dZ<MN1rD N:(TD))
j=1 k::l
+ O,(r). (3.16)
V6i mbi j € {1,2,...,q}, ta dat
M—-1 M — 1
Fy(M)=> (M —k)N;_(r,D}); G, k)Ny—i(r, D7).
k=1 k:l

Khi d6 tir (3.15) va (3.16) ta 6

q
d(g— M —1)T(r) <M Nj(r,D}) +MZN1TD) (3.17)
1 j=1

]:

= > (Fi(M) + G;(M)) + o(T(r)).

Gia stt phan ching ring Khang dinh (3.6) khong dung. Bing viéc sap xép
lai day céc chi sb ta co thé gia thiét ring
D*=D;UD;U---UDy,
trong do
D; = {DL...,D;}, Dy = (D 1., DL}
{Dsk ESLRREE D:k}, Sk =4

thoa man
(. Dp) _ (., D))
(9.D%)  (9,D7)
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néu Dy, Dy ED}‘,Iéjékvﬁ

(f, D) _, (/,Dp)
(9, Dr) * (g, Dp)

néu Dj, Di thuoc cac nhém khac nhau. Khang dinh (3.6) khong ding nén

7

50 siéu mat ¢ trong mbi nhém D nhiéu nhat 1a M + 1. Ta dinh nghia dnh
xap:{l,...,q} — {1,...,q} bdi
(i):{uMH, néug+M+1<q
1+ M+1—¢q, neui+M+1>q.
Khi d6 p la song anh. V6i méi @ € {1,...,q}, taco |p(i) —i| > M +1vi
q > 2M + 2. Diéu nay kéo theo D} va Dy ;) thuoc hai nhém khac nhau, do
do

o, — (f, D7) (9,D7) 20,

(f, D;(i)) (9, D&@))

T Menh dé 3.3, ta c6

MN}(r,D}) + MN}(r,Dj) + Z N}(r, D7)
FE{Lommng\{ip (i)}
< dT(r) + Fy(M) + Fyiy (M) + Gi(M) + Gy (M) + O(1). (3.18)

Léay tong clia (3.18) trén tat cd cac chisd i € {1,...,q}, ta co

q
MZ Ni(r, D) + Ni(r, Dyi)) ZNfrD
1=1 j=1

q

< Z (Fi(M) + Fyi) (M) + Gi(M) + Gy (M))
ida(r) +0(1). (3.19)

Vi p 1a song anh nén (3.19) dugce viét lai nhu sau

(q+2M —2) Eq:N}rD) < qdT(r Eq: (M)) + O(1).
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Diéu nay kéo theo
q + 2M — 2 1 *
9 Z Nf (7, Dj) N

j=1

| )
S

T(r)+0(1)

/N
‘M@ b

(F5(M) + G;(M)). (3.20)

j=1

Tir (3.17) va (3.20) ta c6

dlg— M — 1T (r) <M Zq: Ni(r,D)+ M Zq: N, (r, D7)

j=1 j=1
q+2M —2 «~ o qd
— T YN D) + ST (r) + o(T(r)).
j=1
Diéu nay kéo theo
d(q —2M —2) 2 — g < \
5 T(r) <TZN}(T,DJ-)
7=1
q
+ MY N (r,D;)) + o(T(r)) (3.21)
j=1

Chi ¥ rang
Nj(r,D}) = Nj(r,D;);  Ny(r,D;) = Ny(r, Dy),

nén (3.21) tré thanh

M= 20Dy <20 Y.} D)
+ M Z N)(r,D;)) + o(T(r)) (3.22)

Két hop (3.14) va (3.22) ta c6

e - 22M —2) > Ni(r, D))

J=1
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Tt ¢ > 2M + 2, nén bat dang thic trén tuong duong véi

d q
2M
ijl +(r, D;) (d+1)q—2Md—2d—2; +(r,D;) 4 o(T(r))

Diéu nay kéo theo

q q
2M
1. -f Nl D Nl D < )
i 2 NI DI 2 N D) S (g o a2
Néu ta lay ¢ > 2M + 3 thi
q q
2M M
_ 1 1 =
17lnni}£lonNf(T,Dj)/ZNg(r7Dj) < OM+2 M+1

j=1 j=1
Mau thudn véi gid thiét ctia dinh 1. Nhu vay Khang dinh (3.6) ding va
dinh ly dugc chiing minh. ]

3.2. Dinh Iy duy nhat kiéu Fujimoto

Dé chitng minh két qua chinh, truéc hét ching t6i giéi thieu théem mot
s6 kién thic vé ham dém vd mot dang Dinh 1y co ban thit hai stt dung cho
ching minh cac dinh ly. Cho f la mot duong cong chinh hinh trén hinh
vanh khuyén A, D 1a mot siéu mit va @ 1a mot da thic thuan nhat dinh
nghia D. V6i mdi s6 thuc r : 1 < r < Ry, véi cac s6 nguyén duong k va «,

ta dinh nghia

nf"f(r, D, < k)= Z min{ordg s (2), a},
2z€A1 -, 0<ordg () (2)<k
ny ;(r,D < k)= Z min{ordg s (2), a}

2€Qs ,0<ordg () (2)<k

va
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Ta dat
N _(r,D) = N¥(r,D,< k) := N{';(r, D, < k) + N§';(r, D, < k).

Tuong tu ta ki hiéu

ny  (r,D, > k) = Z min{ordg(s)(2), a},
ZGALT,OI'dQ(f)(Z)Zk
ny ;(r,D = k) = Z min{ordgf)(2), a}.

2€Qg rordg(p)(2) 2k
Ta dinh nghia

! n(llf<t7D7>k">
Nﬁf(T’,D,)]{Z):/ 7 t dt7
"ng . (t,D, >k
Ngff(r,D,>k)=/ Q’f(t it
1

bDat
N}X,%(Ta D) = NJ?‘(T, D, > k)= N{'y(r,D, > k) + Ngff(r, D,> k).
Dé dang thay rang
N§¢(r,D) = N¢(r,D,< k) + Ni(r,D,> k + 1)
dtng véi moi s6 o va k.

Meénh dé sau 1a mot dang Dinh 1y co ban thit hai cho duong cong chinh
hinh duge H.T. Phuong va L. Vilaisavanh chitng minh nam 2022, can thiét
cho viéc chiing minh cac dang dinh 1y duy nhat trong phan nay.

Ménh dé 3.4 ([41]). Cho f : A — P*(C) la mot duong cong chinh hinh
khong suy bién dai so, va D;,1 < j < q, la cdc siéu mat trong P*(C) bac
d; ¢ vitri tong quat. Goi d la boi chung nhé nhat cia cic s6 dy,ds, . . ., dg.
Vi 0 <e <1 wva

a> (d(n+1)%22Me 1 +1)".

Khi dé vdi moi 1 <r < R, ta cé

q
| (g—(n+1)—e)T(r) Z JlerD + Oy(r).
j=1
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Cho D ={Dy,...,D,} la mot ho gdm ¢ siéu mat & vi tri tong quat. Véi
mdi j = 1,...,q, ki hiéu d; 1a bac ctia D; va goi d la boi chung nhé nhat
clia cic dj. Dat op := min{dy,...,d,} va M = (d(n + 1)?2"*! +1)". Hai
dinh 1y sau la cidc dang dinh 1y duy nhat cho duong cong chinh hinh trén

hinh vanh khuyén kiéu Fujimoto.

Dinh 1y 3.5. Cho f va g la cde duong cong chinh hinh khong suy bién dai
st A vao P"(C) théa man O¢(r) = o(T¢(r)) va Oy(r) = o(Ty(r)). Goi
D ={Dy,...,D,} la mot ho gom q > n+1+2Mn/dp cic sieu mat & vi tri
tong quat trong P"(C) théa man f(z) = g(z) vdi moi z € E;(D) U E,(D).
Khi do f = g.

Chitng minh. Gia sit phan ching rang f # ¢, khi d6 ton tai cic chi sb
[,t €{0,...,n}, | # t théa man fig; # fig;. Goi d; la bac cla siéu mat
D;, j=1,...,q va goi d la boi s6 chung nho6 nhat clia cac d;. Goi k 1a mot

sO nguyen duong du 16n, ta sé chon sau. Véi cac giad thiét ctia Dinh 1y 3.5,

ta ¢co
N (r,D;) = N¢'(r,Dj, < k) + N} (r, Dj, > k)
k M 1 M
_k.—_H f(T,DJ,gk)—Fk—_HNf (T,Dj,gk)

Sk k+1

+ k—HNf(r, Dj;,> k)

\kiﬂ Y0, Do < )+ Ny Dy, < )
+l<:—+1 #(r,D;, > k)
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Do Ny(r, D;j) < d;T¢(r) nén ta co
k Md,
M M j
Nf (TaDj)gk—_HNf (TaDjagk)—J’_k—_'_le(r)_‘_O(l)?

tu do ta ¢o

1 k M
TN (D)) < 5= NP Dy < k) + = T () + 0(1).

d; dj(k+1) k+1
Diéu nay kéo theo
S R k I
Zd_Nf (T’,DJ) gk——HZd_Nf (T,D],gk’)
j=1"7 j=1"7
qM
=T O(1). 3.23
+ o L) +0Q) (3.23)
Mat khéc, tit Meénh dé 3.4 véi e = 1/2, ta ¢o
3 1y
(4 —n = 3)T5(r) < Zd—jzvf (r, D;) + Oy(r). (3.24)
j=1
Két hop (3.23) va (3.24) ta c6
qM 3 T
— A =) T(r) K —— > =NM(r, D, < k) + Of(r).
(0= —n—3)T0) i1 g (D <R+ 1)

q
1
<MEY —N}(r. Dy, < k) +O4(r)

Mk &
< ZN}(T,DJ',< k) 4+ O¢(r). (3.25)

Gid stt zg € A la mot khong diém clia Dj o f v6i boi 16n hon hay bang k,
khi d6 29 € E¢(D) U E,(D). Didu nay kéo theo g(zy) = f(z), do d6

fi(20)9:(20) = fi(20)91(20),



78

tiic 1a 2z 1a mot khong diém ctia ham h = fig; — fig;. Chu ¥ rang, tu gia
thiét ho cac situ mat D & vi tri tong quat trong P?(C) nén ton tai nhidu

nhat 1a n sieu mit D; trong D théa man D; o f(zp) = 0. Dieu nay kéo theo

q
1
Z N}(r, D;, < k) <nNy <7’, E)
j=1
Vi h 1a mot ham chinh hinh nén tit Ménh dé 2.7 ta cé
1 1 2 )
N, ) = ] . -1 _i0 do
(r3) = a0 [ ol ~ fia) e

1 2m .
+ %/O log |(figi — Fug)(re™)|d0 + O(1)

1 2w

<gp ) lo(2 max If;(r )] max |g;(r"e")])do
1 2T
T ) log(2 max [fi(re”)] max lg;(re”)])d6 + O(1)
1 27T

=5 (log max |fJ(7" e’ )|d9+1og max g, (r™ 629)\)019
©Jo ~ J=0.n " 7 Tg=0,.

1 27 ) .
+ —/ (log max |f;(re")|df + log max |g;(re”)|)df + O(1)
21 0 7=0,....,n 7=0,....,n
=Ty(r)+T,(r)+ O(1).
Béi vay (3.25) trd thanh

(q(k+1—M)—(n+ g)(k; + 1)) T(r)

< n]?k (T(r) + Ty(r)) + Of(r). (3.26)

Tuwong tu cho anh xa g ta co

3
(q(k+1—M)—(n+ 5)(1{ +1))T,(r)
nMk
< -
o
Két hop hai bat dang thiic (3.26) va (3.27) ta c6

(Tr(r) + Ty(r)) + Oy(r). (3.27)

(gl +1 = M)~(n+ 5)(k + D) (Ty(r) + Ty(r))
o 2nMk
I

(Ty(r) + Ty(r)) + Of(r) + Oy(r).
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Diéu nay kéo theo

ok 1= M) = (n+ )k 1) = 25 < %Egi%((g

dtng véi moi s6 thuc r da 16n. Cho r — oo ta c6

3 2 Mnk
alk+1—M) = (n+ )k +1) - 5” <0

Diéu nay tuong duong véi
3
k(g0 — (n + 5)(5 —2Mn)+ (q—qM — (n+ =))d < 0. (3.28)

Néu ta lay
(gM —q+n+3)8

b= g6 — (n+32)6 — 2nM’
s 2nM < .
thi tu gia thiet ¢ > n+ 2 + 5 ta sé c6 mau thuan. Nhu vay fig; = fig:
véi moi i # j € {0,...,n}, tic la f = g. Dieu nay kéo theo két luan clia
dinh 1y. ]

Dinh 1y 3.6. Cho f va g la cde duong cong chinh hinh khong suy bién dai
st A vao P"(C) théa man O¢(r) = o(T¢(r)) va Oy(r) = o(Ty(r)). Goi
D ={Dy,...,D,} la mot ho gom q > n+1+2M/dp siéu mat & vi tri tong
qudt trong P"(C) sao cho
(a) f(2) = g(2) vdi moi z € E;(D) U E,(D),
(b) Ef(D;) N E;(Dj) =0 va Ej(D;) N Ey(D;) = 0 vdi moii # j €
{1,...,q}.
Khi do f = g.

Chitng minh. Ta ciing gid thiét phan ching 1a f # ¢. Giéng nhu trong
chiing minh dinh 1y trén, ton tai hai chis6 [, ¢ € {0,...,n}, [ # ¢ théa man
f19: — figi Z 0. Cho k 1a mot s6 nguyén duong du 16n, ta sé chon sau. Véi
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cac gia thiét ctia Dinh 1§ 3.6 va chitng minh ctia Dinh 1y 3.5 ta c6:

(q(k+1—M)—(n+ §)(k: + 1)) T(r)

q
Z (r,Dj, < k) + Oy(r). (3.29)
=1
Ta biét ring, néu zy € A la mot khong diém ciia D; o f v6i boi nhé hon
hay bang & thi zy 1a khong diem ctia ham fig; — fig;. Theo gia thiét ta c6
E¢(D;) N Ey(Dj) =0

v6i mdi cip i # j € {1,...,q}. Do d6 néu 2 la mot khong diém clia Djof
thi zg khong 1a khong diém ctia D; o f v6i moi i # j € {1,...,¢}. Do d6

! 1
;N}(T,D]‘,< k’) < N()( flgt ftgl> <Tf(T)+Tg<7”)+Of(7”).
Béi vay (3.29) tré thanh
(q(k: +1—-M)—(n+ §)(k‘ + 1))Tf(7“) (3.30)

< Mé’%Tf( )+ Tylr)) + O (r).

Tuwong tu cho anh xa g, ta cé

(¢lk+1—M)—(n+ g)(k: + 1)) T,(r) (3.31)
< 2R @)+ 1) + 0,(0).

Két hop cac bat dang thiic (3.30) va (3.31) ta c6

(gl + 1= M)=(n+ )k + D)(T(0r) + Ty(r)
2Mk
< LX) + Ty0)) + Oy(r) + Oylr)

Diéu nay kéo theo

2Mk < Of(?“) —I—Og(?“)
0 Ty(r) + Ty(r)

q(k:—l—l—M)—(n—l—g)(k’—l—l)—
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ding v6i moi s6 thye r di 16n. Cho r — oo ta c6

3 2ME
alk+1=M) = (n+3)(k+1) - == <.
Diéu nay kéo theo
3 3
k(gd — (n+ 5)6 —2M) 4+ (¢ —gM — (n + 5))(5 < 0. (3.32)

Néu ta lay
(gM —q+n+32)0

k>
g6 — (n+3)0 —2M’

) 2M .
thi ti gia thiet g > n + 2 + = ta c6 mau thuan. Nhu vay f;g; = f;g; v6i
moi i # j € {0,...,n}, tic la f = g. Dinh 1§ dugc ching minh. O
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Két luan Chuong 3

V6i muc dich nghién cttu mot s6 dang dinh 1y duy nhat cho dudng cong
chinh hinh trén hinh vanh khuyén, trong chuong nay t6i da thu dugc mot
s6 két qua chinh sau:

1. Chitng minh mot dang dinh 1y duy nhat kiéu Chen-Yan cho dudng cong
chinh hinh trén hinh vanh khuyén v6i muc tiéu la cac sieu mat (Dinh 1y 3.2).

2. Chitng minh hai dinh 1y duy nhat kiéu Fujimoto dudng cong chinh hinh
trén hinh vanh khuyén v6i muc tiéu la cac siéu méit (Dinh 1y 3.5 va Dinh 1y

3.6).
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Két luan

Trong luan 4n nay ching toi nghién cttu mot s6 dang Dinh 1y co ban véi
ham dém rat gon hay ham dém boi cat cut cho duong cong chinh hinh trén
hinh trén truong W va van dé duy nhat cho dudng cong chinh hinh trén
hinh vanh khuyén trong mat phang phtc C.

Cac két qua chinh ctia luan 4n bao gom:

1. Chitng minh hai dang Dinh 1y co ban thi hai cho duong cong chinh
hinh trén truong khong Acsimet v6i ham dém rat gon trong hai truong hop
muc tiéu 1a cac siéu phang & vi trf tong quat (Dinh 1y 1.7) v& & vi tri dudi
tong quat (Dinh 1y 2.4).

2. Xay dung mot dang Dinh 1§ co ban thit hai cho duong cong chinh
hinh trén truong phtc C trong truong hgp duong cong chinh hinh trén hinh
vanh khuyén khong suy bién dai s6 v6i ham dém boi cat cut két hop véi cac
siéu mat & vi tri tong quat (Dinh 1y 2.13).

3. Dua ra ba dinh Iy mdéi vé van dé duy nhat cho duong cong chinh
hinh trén hinh vanh khuyén véi muc tiéu la cac siéu méit & vi tri téng quat
(Dinh 1y 3.2, Dinh 1y 3.5 va Dinh Iy 3.6).

Chiing t6i dé xuit moét s6 huéng nghién ciu tiép theo:

1. Nghién cttu mot s6 Dinh 1§ co ban thi hai cho duong cong chinh
hinh véi rit gon trong cac truong hgp khac nhau ctia muc tiéu.

2. Stt dung cac két qua vé cac dang Dinh 1§ co ban thi hai véi rit gon

dé nghién cttu van dé duy nhat cho duong cong chinh hinh.
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