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Mot s6 ky hiéu va viét tat

tap cac so tu nhién

tap céac sb thuc

R, tap cac so thuc khong am

(X, p) khong gian metric

{a,} day cac phan tit ciia X

{T"a} day ldp cta anh xa T tai a

CB(X) tap tat ca cac tap con khac rong, déng va bi chan cta X
H(A, B) khoang cach Hausdorff

A:=B A dugce dinh nghia bing B

d(a, A) khoang cach tit diém a dén tap A

(X,D,K) khong gian b—metric manh

(X,E,C,K,p) khong gian b-TVS metric nén manh

TV S khong gian vecto topo

E khong gian vecto topo 10i dia phuong Hausdorff thuc
0 vecto goc trong khong gian F

C noén trong khong gian E



int C phan trong ctia nén C

< quan hé thi tu bo phan trén E

T:A—28 anh xa da tri T'

ACB A la tap con ctua B

N phép giao

Ax B tich Descartes ctia hai tap hop A va B

A bao dong cia A

Clo khong gian cédc ham lién tuc trén [0,1]

C[hl] khong gian cdc ham kha vi lién tuc cAp mot tren [0,1]

Ip anh xa dong nhat trén £

| flloo := Sl[lp] | f(¢)] chuan supremum ctia ham f trén Cj g
telo,1

0 két thac ching minh
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MG dau

1. Lich s nghién ctiu va 1y do chon dé tai

Nam 1922, S. Banach da chiitng minh mot dinh 1y noi tiéng ma ngay
nay ta thuong goi la "Nguyén Iy anh xa co Banach".
Dinh 1y 1. [3] Cho (X, p) la khong gian metric day diva T : X — X la

anh za. Gid si ton tai r € [0,1) sao cho
p(Ta, Tb) < rp(a,b) vdi moi a,b € X. (0.1)

Khi dé, T c6 diém bat dong duy nhat a € X va vdi moi a € X, day lap
{T"a} hoi tu dén a.

Cong trinh nay ctia S. Banach dugc danh gia hét sitc quan trong, né
md ra huéng nghién citu méi trong viéc phat trién Iy thuyét diém bat dong,
dé 1a Iy thuyét diém bat dong metric. Trong nhitng thap ky gan day, 1y
thuyét diém bat dong metric duge danh gia 1a mot trong nhitng thanh tyu
cia toan hoc. Ly thuyét diém bat dong da va dang thu hiat dude su quan
tam clia nhiéu tac gid trong va ngoai nudc thu duge nhiéu két qui quan
trong va c6 ting dung trong nhiéu linh vyc khac nhau ctia Toan hoc nhu
nghién ctu sy ton tai nghiém ctia phuong trinh vi phan, hé phuong trinh
tuyén tinh, phuong trinh tich phan,....

Nguyén 1y anh xa co Banach cho chiing ta mot diéu kien du dé mot
anh xa tit khong gian metric day dd X vao chinh né c¢6 diém bat dong

duy nhat. C6 rat nhicu tac gia da tim cach phat trién Nguyéen 1y anh xa
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co Banach v6i cac diéu kién co khac nhau va trong cac 16p khong gian
khac nhau. Chang han M. Edelstein [11] nam 1962, E. Rakotch [35, 36]
nam 1962, A. Meir va E. Keeler [28] nam 1969, Lj. B. Ciri¢ [6] nam 1974,
A. C. M. Ran va cong su [34] nam 2004, M. Berinde va V. Berinde [5]
nam 2007, G. L. Huang va X. Zhang [21] ndm 2007, T. Suzuki [56] ndm
2007, Sh. Rezapour va R. Hamlbarani [41] nam 2008, T. Suzuki [57] ndm
2009, W. S. Du [9] nam 2010, D. Wardowski [60] nam 2012, R. Pant [33]
nam 2016, S.-i. Ri [40] nam 2016 va nhiéu tac gia khac. Khi nghién citu
ve diem bat dong ctia anh xa, nam 1983, I. A. Rus [42] da gidi thieu khai
niém toan tir Picard va toan tit Picard yéu trong khong gian metric (c6
thé xem them trong [43], [44], [45], [46]). Kh&i quat khai niém d6 cho 16p
cac khong gian topo ta c6 dinh nghia sau:

Dinh nghia 1. Cho X la moét khong gian topo. Mot anh xa T : X — X
dugc goi 1 todn ti Picard yéu néu T c6 diém bat dong va véi mbi a € X,
day {T"a} hoi tu dén diém bat dong ctia T. Néu T 1a toan ti Picard yéu
va c6 duy nhat diém bat dong thi T' dudc goi 1a todn ti Picard.

T dinh nghia trén ta thay, toan ti Picard va toan ti Picard yéu
lien quan chat ché dén diém bat déng ctia anh xa, chang han anh xa co
Banach 1a mot toan tit Picard trén khong gian metric day du. Trong céac
cong trinh [42], [43], [44], [45], [48] ctia I. A. Rus, [5] cia M. Berinde va
V. Berinde v mot s6 cong trinh khéc, cic tac gid da nghién cttu mot s
tinh chat ciia toan ti Picard va toan tit Picard yéu lién quan dén tap cac
diém bat dong ctia 4nh xa don va da tri. Trong luan an nay, ching toi
tap trung nghién ctu vé sy ton tai clia cac toan tit Picard gan véi dieu
kien co. Cac két qua nghién citu theo huéng nay trong thoi gian gan day
dugc chia thanh ba van dé chu yéu:

1. Xay dung cac dieu kién dit dé mot anh xa 1a toan tit Picard hay toan

t1t Picard yéu trén 16p cac khong gian metric lien quan dén céc dieu kién co.



2. Xay dung mot s6 khong gian c6 cau tric duge md rong tir 16p khong
gian metric (ta thuong goi 1a khong gian metric suy rong) va xay dung cac
diéu kién du lien quan dén diéu kién co, dé mot anh xa la toan ti Picard
hay toan tit Picard yéu trén cic 16p khong gian nay.

3. Nghién cttu cac ting dung khac nhau cta cac 16p toan tit Picard va
toan ti Picard yéu.

Theo huéng nghién citu thit nhat, cac tac gid tap trung vao cai tién
diéu kién co Banach va xay dung céc diéu kién co méi dé mot anh xa la
toan tit Picard hay toan tit Picard yéu. Nam 1962, M. Edelstein [11] da
thiét lap diéu kien dd dé mot anh xa la toan ti Picard cho khong gian
metric compact: Vdi (X, p) la khong gian metric compact thi mot dnh za
T: X — X théa man p(Ta, Tb) < p(a,b) vdi moia,b € X,a # b, la toan
t Picard. O day, diéu kién co ctia M. Edelstein nhe hon diéu kién co cla
S. Banach, tuy nhién diéu kién vé khong gian lai nang hon. Tiép theo cong
trinh ctia M. Edelstein, da c6 nhiéu tac gid phat triéen Nguyen 1y 4nh xa co
Banach trong khong gian metric bing cach thay thé hing sé r trong diéu
kien (0.1) bdi hang s6, tham s6 hay ham s6 khac hodc gidi han diéu kien
(0.1) chi can ding v6i mot sd phan tit a,b € X. Chang han nhu A. Meir
va E. Keeler [28] thiét lap diéu kien dit dé anh xa 1 toan tit Picard trong
khong gian day du (X, p) dudi diéu kien: Véi moi € > 0, ton tai § > 0
sao cho € < p(a,b) < e+ kéo theo p(Ta,Th) < & vdi moi a,b € X; nam
2016, S.-i. Ri [40] thay thé hang s6 co bdi ham tham s6 va thu duge: Cho
(X, p) la khong gian metric day di va T : X — X la anh xa. Gid st ton
tai ham ¢ : (0,4+00) — (0,400) théa man p(t) < t,lim sup ©(s) < t vdi
moit > 0 va p(Ta,Th) < ¢(p(a,b)) vdi moi a,b € X.S}(ﬁhz’ do, T la todn
ti Picard. Mot s6 két qua khac xem trong [18, 54, 60].... Nam 2007, bang
cach st dung ham tham s6 khong tiang, T. Suzuki da thu dugc két qua

Sau.



Dinh ly 2. [56] Cho (X, p) la khong gian metric day di va dnh za T tu
X wao chinh né. Ham khong tang ¢ : [0,1) — (3,1] duge dinh nghia bdi

Gid st ton tai r € [0,1) sao cho
o(r)p(a, Tb) < p(a,b) kéo theo p(Ta,Tb) < rp(a,b),

vdi moi a,b € X. Khi do, T la toan ti Picard.

Viéc xay dung cac dieu kién co mdi, khac véi diéu kién co Banach ciing
thu hit duge nhidu tac gid. Chang han J. Goérnicki [16, 17], G. E. Hardy
va T. D. Rogers [19], S. Reich [37, 38, 39].... Trong luén an nay ching toi
quan tam dén 16p anh xa co Kannan. Cu thé, nam 1968, R. Kannan da
chiing minh.

Dinh ly 3. [22] Cho (X, p) la khong gian metric day di va dnh za T tu

1

X wao chinh né. Gid sit ton tair € [0,3) sao cho

p(Ta, Tb) < r(p(a, Ta)+ p(b,Th)) véi moi a,b € X. (0.2)

Khi do, T la toan ti Picard.

Anh xa théa man gia thiét ctia Dinh 1y 3 dudc goi 1a anh xa Kannan.
Vi du 2 trong [23], R. Kannan da chi ra mot trudng hop cu thé ctia anh
xa Kannan khong lién tuc, day 14 mot tinh chat khac vé6i cac anh xa co
Banach. Mot tng dung quan trong khéc ciia 4nh xa Kannan 1& c6 thé mo
ta tinh day du ctia khong gian metric theo tinh chat diém bat dong cta
dnh xa. Diéu nay dugc P. V. Subramanyam [55] chiing minh nam 1975,
cu thé 1a: “Khong gian metric (X, p) la day di néu va chi néu moi dnh
za Kannan déu c¢é diém bat dong duy nhat”. Cha ¥ ring 16p anh xa co

ctia Banach khong c¢6 tinh chat nay (xem [7]). Vi thé, 16p anh xa trong
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Dinh 1y 3 ngay lap tic da thu hat sy quan tam ctia nhiéu nha toan hoc,
chang han L. S. Dube va S. P. Singh [10], J. Gérnicki [16, 17], G. Hiranmoy
va cong sy [20] va nhieu tac gia khac.

Ki hiéu

1 1
S:{f:(0,00)—>[0,§):f(tn)—>§kéotheotn—>0khin—>oo},

1 1
H={p:(0,00) = [0,5) cp(ty) — 3 kéo theo t,, — 0 khin — oco}.

Bing viéc stt dung ham diéu khién trén, nam 2018, J. Gérnicki da thu
dudc cac két qua sau:
Dinh ly 4. [17] Cho (X, p) la khong gian metric day di va T : X — X
la mot anh za. Gid st ton tai ham f € 8 sao cho vdi méi a,b € X,a # b,
ta luon co

p(Ta,Tb) < f(p(a,b))(pla,Ta) + p(b,T)).

Khi do, T la toan ti Picard.
Dinh 1y 5. [17] Cho (X, p) la khong gian metric day di va T : X — X la
mot anh za. Gid st ton tai ham o € H sao cho vdi moéi a,b € X, a # b,

ta luon co

p(Ta,Tb) < ¢(p(a,b))(p(a, Ta) + p(b, Tb) + p(a, b)).

Khi do, T la todn ti Picard.

C6 thé thay két qua trén ctia J. Gornicki 1a sy mé rong va phat trien
Dinh 1y 3 ctia R. Kannan. Nam 2014, vé6i ¥ tudng két hop gitta dieu kién co
Banach va Kannan, K. Farshid va cac cong su [12] da thiét 1ap dieu kien
du dé anh xa la toan tit Picard yéu.

Dinh 1y 6. [12] Cho (X, p) la mét khong gian metric day di va dnh Ta

T: X — X théa man diéu kién
p(Ta, Th) < M(a,b)p(a,b) vdi moi a,b € X,
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pla,Tb) + p(b, T'a)
p(a,Ta)+ p(b,Th) + 1
(1) T la todan ti Picard yéu;

(2) Néu a,ij € X la hai diém bt dong khdc nhau cia T thi

trong dé M(a,b) = . Khi do

Nam 2017, Y. U. Gaba [14] da thiét 1ap két qua tuong tu ctia K. Farshid
va cac cong su trong khong gian G—metric. Cung v6i viéc nghién citu anh
xa Kannan don tri, trong thoi gian gan day c6 mot so6 tac gid nghién ctiu
anh xa Kannan da tri. Cho (X, D, K) la khong gian b—metric manh, ki
hieu CB(X) 1a tap hop tat ca cac tap con khac rong, déong va bi chan cia
X. Ham H xéac dinh béi

H(A, B) := max{supd(a, A),supd(a, B)},

aEB acA

trong d6 A, B € CB(X) va d(a, A) := infyea p(a,b), dugce goi 1a metric
Hausdorff tren C'B(X) cam sinh b6i b—metric manh D. Tuong tuy nhu
truong hgp dnh xa don tri, nam 1991, I. A. Rus [47] d& gi6i thiéu toan ti
Picard yéu da tri (c6 thé xem thém trong [50]). Khéi quat khai niém do
cho 16p khong gian b—metric manh ta c6 dinh nghia sau:
Dinh nghia 2. Cho (X, D, K) la khong gian b—metric manh. Anh xa da
tri T : X — CB(X) dudc goi 1a todn ti Picard yéu da trj néu T c6 diém
bat dong (tiic 1a ton tai phan tit @ € X sao choa € Ta) va véi méi a € X,
voi mdi b € Ta, ton tai day {a,} théa man:

(i) ap = a, a1 = b;

(ii) aps1 € Ta, v6i moin =0,1,...;

(iii) day {a,} hoi tu dén diém bat dong ctia X.
Néu T 1a toan tit Picard yéu da tri va c6 duy nhat mot diém bat dong thi

T duge goi la toan tu Picard da try.



Nam 1970, L. S. Dube va S. P. Singh [10] d&a chiing minh mot dang
cua Dinh 1y 3 cho truong hop anh xa da tri:
Dinh 1y 7. [10] Cho (X, p) la khong gian metric day di va dnh za da tri
lien tuc T : X — CB(X). Gid s ton tai s € [0,3) sao cho

H(Ta,Tb) < s(d(a,Ta) + d(b,Tb)) vdi moi a,b e X.

Khi do, T la todn ti Picard yéu da tri.

Ngoai cong trinh ctia L. S. Dube va S. P. Singh con ¢6 mot s6 cong
trinh ctia cic tac gid khac veé su ton tai clia toan ti Picard yéu da tri.
Chang han M. Berinde va V. Berinde [5], A. Felhi [13], I. A. Rus va cong
su [49] va mot s6 cong trinh khac.

Theo hudng nghién ctu thi hai, cac tac gia tap trung vao viéc xay
dung va nghién ciu tinh chat clia mot sé6 khong gian c¢6 cau tric tuong
tu hodc md rong tit khong gian metric va thiét lap cac diéu kien dua dé
mot anh xa 13 toan tit Picard hay toan ti Picard yéu trén cac khong gian
nay. Mot sé vi du tieu bicéu vé cac khong gian da xay dung la khong gian
b—metric [8], khong gian G—metric [14], khong gian 2—metric [15], khong
gian b—metric manh [24], khong gian metric rieng [26, 27] vA mot s6 khong
gian khac. Didc biét, nam 2007, L. G. Huang va X. Zhang [21] gi6i thiéu
khong gian metric nén bang cach thay tap so6 thuc R trong dinh nghia
metric thong thuong bang mot nén dinh huéng trong khong gian Banach.
Cac tac gia da thiét lap mot s6 diéu kien du dé anh xa 1a toan ti Picard
dudi gia thiét non chuan tic, cac két qua nay 1a md rong thuc su cla
Dinh 1y 1 va Dinh ly 3. Nam 2008, Sh. Rezapour va R. Hamlbarani [41] da
chting minh lai két qué ctia L. G. Huang va X. Zhang ma khong can tinh
chuan tic ctia nén. Nam 2014, khi nghién citu vé dinh 1y diém bat dong
trong khong gian b—metric manh, W. Kirk va N. Shahzad [24] dit ra cau

hoi: “Liéu moi khong gian b—metric manh X ¢6 tru mat trong mot khong



gian b—metric manh day di X’ hay khong?” Trong ([24], trang 128) céac
tac gid nhan xét rang, néu cau tra 10i 1a ¢6 thi moi anh xaco T : X — X
c6 theé mé rong thanh anh xa co 77 : X' — X’ ma 7" c¢6 duy nhat diém
bat dong trong khong gian b—metric manh day da. Cau héi trén duge tra
16i béi T. V. An va N. V. Dung [2] nam 2016.

Dinh ly 8. [2] Cho (X, D, K) la khong gian b—metric manh. Khi dé

(i) (X,D,K) c6 bo sung di;

(ii) Bo sung dii ciia (X, D, K) la duy nhdt theo nghia néu (X5, D, K1)
va (X3, Dy, Ks) la hai bo sung di ciia (X, D, K) thi ton tai mot song dnh
dang cu ¢ : X7 — X3 dong nhat trén X

Theo huéng nghién citu ting dung ctia toan tit Picard va toan tit Picard
yéu. Céc tac gid da tim dugc nhing tng dung sau sic cia cac dinh 1y diém
bat dong cho céc anh xa co suy rong trén cac khong gian c6 cau tric kieu
khong gian metric vao nhitng linh vyc khac nhau ctia Toan hoc. Mot s6
cong trinh c6 thé ke dén nhu ctia E. Berstovanska [4], V. Muresan [29, 30],
[. M. Oluru [31, 32], I. A. Rus [51, 52, 53], J. Wang va cong su [58, 59]....
T d6 cho thdy, viec tiép tuc phat trién va nghién ciu cac khong gian
metric suy rong, cling vdi cic tinh chat vé topo cho cac khong gian nay 1a
rat can thiét.

Su lua chon dé tai luan an: “Veé su ton tai toan ti Picard trong
mot s6 16p khong gian metric suy rong” clia ching toi nhiam lam
phong phiu cac két qua nghién cttu vé tinh chat ciia cic khong gian metric,
metric suy rong va cac diéu kién di cho anh xa 1a toan tit Picard va toan

tit Picard yéu trén cac 16p khong gian nay.

2. Muc dich va déi tuong nghién ciu

e Muc dich nghién citu



Muc dich thit nhat: Thiét lap mot sd diéu kien du dé anh xa 1a toan
tit Picard yéu trén khong gian metric day di.

Muc dich thi hai: Thiét lap mot sé diéu kien di dé anh xa 1a toan ti
Picard va toan tit Picard yéu trén khong gian b—metric manh.

Muc dich thd ba: Xay dung khong gian b-TVS metric nén manh va
nghién cttu mot s6 tinh chat ctia khong gian nay, dic biét 1a thiét 1ap mot
s6 diéu kién du dé anh xa 1a toan tit Picard va ching minh nguyen 1§ bo
sung du trong khong gian nay.

e D6i tugng nghién citu

Trong ludn an nay chung toi tap trung nghién cttu:

1. Khong gian metric, khong gian b—metric manh, khong gian b-TVS
metric né6n manh.

2. Toan tit Picard va toan tit Picard yéu.

3. Tong quan vé luan an

V6i cac muc dich trén, trong luan an nay ching té6i da thu duge mot
s6 két qua chinh nhu sau:

(1) Doi vdi muc dich thit nhat: Dya trén y tudng ctia Dinh 1§ 2 va
Dinh Iy 6, ching toi thiét lap dugc mot sé két qud mdéi vé dieu kien du
dé mot anh xa trong khong gian metric day du la toan ti Picard yéu nhu
sau:

Dinh 1y 1.1.1. Cho (X, p) la khong gian metric day di va T : X — X la
maot anh za. Gid st ton tai s6 o > 0 sao cho

1
Ep(a,Ta) < pla,b) kéo theo p(Ta,Tb) < M(a,b,a)p(a,b),

vdi mot a,b € X, trong do

(a,Tb) + p(b,Ta) + p(a,b)
2p(a,Ta)+ p(b,Th) +a
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Khi do
(1) T la toan tii Picard yéu;
(2) Néu a,b € X la hai diém bat dong khdc nhau cia T tha

Dinh 1y 1.1.1 ctia ching toi 1a mot dang dinh 1y diém bat dong ciia 4nh xa
phat trién tit diéu kién co Banach két hop véi co Kannan. Vi du 1.1.2 trong
luan an cho thay, 16p anh xa co trong Dinh 1y 1.1.1 v& 16p 4nh xa trong
Dinh 1y 6 1a khong trung nhau. Bang viéc st dung khoang cach Hausdorff,
chung t6i chiing minh mot dang Dinh 1y 1.1.1 cho truong hgp anh xa da
tri.

Dinh 1y 1.2.4. Cho (X, p) la khong gian metric day di va dnh za da tri
T:X — CB(X). Gid st ton tai o > 0 sao cho

1
§d(a,Ta) < pla,b) kéo theo H(Ta,Th) < P(a,b,a)p(a,b),

vdi mot a,b € X, trong do

d(a,Tb) + d(b,Ta) + p(a,b) B
20(a. Ta) + 0. Th) + o (@A) = suppla.b).

P(a,b,a) =

Khi do
(1) T la todn tii Picard yéu da tri;
(2) Néu a,b € X la hai diém bat dong ciia T thi

02(a, ) > %H(T&,Tb).

(2) Déi vdi muc dich thii hai: Bing viéc st dung cAc ham diéu khién,
nam 2021, ching toi ching minh mot dang két quéa ctia J. Gornicki [17]
cho khong gian b—metric manh.

Dinh ly 2.1.4. Cho (X, D, K) la khong gian b—metric manh day di va

anh xa T t X vao chinh né. Gid s rang ton tai ham f € 8 sao cho vdi
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moi a,b € X,a # b, ta luon co
D(Ta,Th) < f(D(a,b))(D(a, Ta) + D(b,Th)).

Khi do, T la toan ti Picard.
Dinh ly 2.1.6. Cho (X, D, K) la khong gian b—metric manh day di va
anh za T tiw X vao chinh né. Gid si rang ton tai ham o € H sao cho vdi

moi a,b € X,a # b, ta luon cé
D(Ta,Th) < ¢(D(a,b))(D(a,Ta) + D(b,Tb) + D(a,b)).

Khi do, T la toan ti Picard.

Dé thay, khi K = 1 thi Dinh 1y 2.1.4 nhan lai Dinh 1y 4 v& Dinh 1y 2.1.6
trd vé Dinh 1y 5. Hon nita, Vi du 2.1.5 va Vi du 2.1.7 cho thay 16p anh xa
théa man cac dinh 1y ctia ching t6i la md rong thuc sy 16p anh xa trong
cac Dinh 1y 4 va Dinh Iy 5.

Tiép theo, tit diéu kién co ctia Dinh 1y 2 va Dinh 1y 3 da goi ¥ cho
ching toi dé xudt khai niem Anh za Kannan-Suzuki trong Dinh nghia 3
va thiét lap dieu kién dt dé mot 4nh xa 1a toan ti Picard.

Dinh nghia 3. Cho (X, D, K) la khong gian b—metric manh. Ta néi rang

T:X — X 1a anh xa Kannan-Suzuki néu ton tai s € [0, %) thoa man
D(Ta,Tb) < s(D(a,Ta) + D(b,Tb)),

v6i moi a,b € X sao cho #5D(a,Ta) < D(a,b).
Dinh ly 2.1.8. Cho (X, D, K) la khong gian b—metric manh day di va
T la anh za Kannan-Suzuki. Khi do, T la toan tu Picard.

Tt Dinh 1y 2.1.8 ta c6 hé qua sau la diéu kien di dé 4nh xa la toan
tt Picard trén 16p khong gian metric day du.
Hé qua 2.1.9. Cho (X, p) la khong gian metric day diva T : X — X la

mot danh za. Gid st ton tai s € |0, %) thoa man
o(Ta, T) < s(pla, Ta) + p(b, TH)), 0.3
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vdi a,b € X sao cho 5p(a,Ta) < p(a,b). Khi do, T' la todn ti Picard.

C6 thé thay rang, trong Dinh 1y 3, gia thiét can diéu kien (0.3) thoa
man véi moi a,b € X, trong He qua 2.1.9 ctia ching t6i, dicu kién (0.3)
chi can théa man véi a, b € X sao cho 3p(a, Ta) < p(a,b). Tic la moi anh
xa théa man Dinh Iy 3 déu thoéa man He qua 2.1.9.

Dinh nghia 4. Cho (X, D, K) la khong gian b—metric manh. Ta néi rang

T: X — X la dnh za kiu Kannan-Suzuki néu
1
D(Ta,Th) < E(D(a, Ta) + D(b, Th)),

v6i moi a,b € X sao cho #5D(a,Ta) < D(a,b).

Két hop kiéu co ctia T. Suzuki [57] va ctia J. Gérnicki [16] ching toi
thu dugc két qua sau vé suf ton tai ciia toan tit Picard trong khong gian
b—metric manh compact.

Dinh ly 2.1.13. Cho (X, D, K) la khong gian b—metric manh compact
va T la dnh za kiu Kannan-Suzuki. Khi d6, T c6 diém bat dong duy nhat
a € X. Hon thé, néu T lién tuc thi T la todan ti Picard.

Vidu 2.1.16 chi ra rang dé T 1a toan t¢ Picard trong Dinh 1y 2.1.13 thi
tinh lien tuc clia anh xa 7" khong thé bo duge. Ngoai ra, dé thay ring 16p
anh xa théa man dinh 1y ctia J. Gérnicki thi ciing thdéa man diéu kién anh
xa kiéu Kannan-Suzuki. Két hop véi Vi du 2.1.14 cho thay Dinh 1y 2.1.13
1a md rong thuc sy két qua ctia Gornicki [16].

Dinh nghia 5. Cho (X, D, K) la khong gian b—metric manh va k € (0, %)
Anhxa T : X — CB(X) dugc goi 1a dnh ra Kannan-Suzuki da tri néu
ton tai s € (0, k) thoa man

H(Ta,Tb) < s(d(a,Ta)+ d(b,Tb)), (0.4)

v6i moi a,b € X sao cho wd(a,Ta) < D(a,b).

Nam 2021, chtng t6i mé rong Dinh 1y 7 ctia L. S. Dube va S. P. Singh
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trong khong gian b—metric manh day du duéi diéu kién ctia anh xa Kannan-
Suzuki da tri.

Dinh ly 2.2.2. Cho (X, D, K) la khong gian b—metric manh day di va
T la dnh za Kannan-Suzuki da tri. Khi do, T la todn té Picard yéu da tri.

C6 thé thay rang, trong Dinh 1y 7, gia thiét can diéu kien (0.4) thoa
man véi moi a, b € X, trong Dinh 1y 2.2.2 ctia chiing toi, diéu kién (0.4) chi
can théa man véi a,b € X sao cho #5d(a, Ta) < D(a,b). Tic 1a moi dnh
xa théa man Dinh 1y 7 déu théa man Dinh 1y 2.2.2. Két hgp véi Vidu 2.2.3
cho thay Dinh Iy 2.2.2 13 md rong thuc su két qua ctia L. S. Dube va S. P.
Singh [10)].

(3) Doi vdi muc dich thi ba: Ching t6i gidi thieu khai niéem khong
gian b-TVS metric né6n manh vad nghién ctu mot s6 tinh chat déi véi
khong gian nay. Hon nita, ching t6i mé rong két qua ctia Sh. Rezapour
va R. Hamlbarani [41] cho khong gian b-TVS metric nén manh day di véi
thit tu sinh béi nén (<) va chitng minh dinh 1y bo sung di cho 16p khong
gian nay. Cac két qua cu thé nhu sau:

Dinh ly 3.3.1. Cho (X, E,C, K, p) la khong gian b-TVS metric non manh
day di va anh za T : X — X. Gid st ton tai s € [0,1) théa man

p(Ta, Th) < sp(a,b) vdi moi a,b e X.
Khi do, T la toan ti Picard.
Dinh 1y 3.3.3. Cho (X, E,C, K, p) la khong gian b-TVS metric nén manh
day di va anh xa T : X — X. Gid st ton tai s € |0, %) théa man
p(Ta,Tb) < s(p(a,Ta)+ p(b,Th)) véi moi a,b € X.
Khi do, T la toan tu Picard.
Chu y rang, Dinh 1y 3.3.1 13 md rong ctia Dinh Iy 2.3 trong [41] va

Dinh Iy 3.3.3 14 md rong ctia Dinh 1y 2.6 trong [41]. Hon nita, Vi du 3.3.2

va Vi du 3.3.4 cho thay cac md rong dé 1a mdé rong thuc su.
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St dung tinh chat lan can ctia nén trong khong gian vecto topo 1oi
dia phuong Hausdorff thuc, chiing toi thiét lap Nguyeén 1y bo sung du cho
khong gian b-TVS metric né6n manh.

Dinh 1y 3.4.7. Cho (X, E,C, K, p) la mot khong gian b-TVS metric non
manh va nén C théa tinh chat lan can trong khong gian vecto topo loi dia
phuong Hausdorff thue E day di. Khi dé

(i) (X,E,C,K,p) c6 bo sung di;

(ii) Bo sung di cia (X, E,C, K, p) la duy nhdt theo nghia la néu
(X:,E,C, Ky, pt) va (X5, E,C, Ko, p3) la hai bo sung dii ciia (X, E,C, K, p)
thi ton tai mot song dnh ding cu ¢ : X; — X3 dong nhdt trén X.

Két qua trén cia chung toi trd 10i cho cau hoéi cia W. Kirk va
N. Shahzad [24] cho trudng hgp trong khong gian b-TVS metric nén
manh. Ngoai ra, Vi du 3.4.8 cho thay Dinh 1y 3.4.7 13 md rong thuc su
cua Dinh 1y 8.

Cac két qua chinh ctia luan an ching toi da cong bo trong cac bai bao
[A1], [A2], [A3], [A4] va [A5] trong danh muc céc cong trinh lien qua dén

luan an.

4. Phuong phap nghién ciu

Chung t6i sit dung phuong phap nghién cttu co ban: Trén co sé nghién
cttu cac tai lieu theo huéng nghién cttu, ching to6i phat hién cac van dé mé
c6 tinh thoi sy can phai gidi quyét va st dung cac kién thitc, ky thuat ctia
Giai tich ham, 1y thuyét diém bat dong va ly thuyét phuong trinh vi phan

de giai quyét cac van dé dit ra.
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5. Cau trac luan an

Luan an gom phan mé dau, ba chuong noi dung, két luan luan an va
danh muc tai lieu tham khao.

Chuong 1 ¢6 tén 1a Todn ti Picard yéu trong khong gian metric day
di. Trong chuong nay ching toi thiét lap diéu kien da dé mot anh xa la
toan tit Picard yéu trong khong gian metric day du. Cu thé, thiét lap hai
dinh 1y dé6i véi toan ti Picard yéu don tri va thiét 1ap hai dinh ly déi véi
toan tit Picard yéu da tri. Ngoai ra con c6 ciac hé qua tuong tng.

Chuong 2 ¢6 tén 1a Todn ti Picard va Picard yéu trong khong gian
b—metric manh. Nham thiét 1lap mot sd két qud veé toan ti Picard cho
mot s6 16p anh xa kiéu Kannan doi véi ham diéu khién, 4nh xa Kannan-
Suzuki, anh xa kiéu Kannan-Suzuki va toan ti Picard yéu cho anh xa
Kannan-Suzuki da tri trong khong gian b—metric manbh.

Chuong 3 véi tén Todn tié Picard va bo sung di doi vdi khong gian
b-TVS metric nén manh. Muc dich clia chting to6i trong chuong nay 1a de
xuat khai niem khong gian 0-TVS metric nén manh va mot sé6 tinh chat
trong khong gian nay. Hon nita, chiing toi thiét lap mot s6 diéu kien da dé
anh xa 1a toan tit Picard va Nguyén 1y bo sung di clia khong gian b-TVS
metric né6n manh.

Ngoai viéc cong bo trén cac tap chi, cac két qua chinh ctia luan an da
dugc bao cao tai:

e Seminar cia Bo mon Giai tich, Khoa Toan, Truong Dai hoc Su pham,
Dai hoc Thai Nguyén.
e Hoi théo To6i wu va tinh toan khoa hoc lan tht 19, Ba Vi, 22-24/04/2021.

Tac gia
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Chuong 1

Toan t1& Picard yéu trong khong

gian metric day du

Trong chuong nay, ching toi thiét lap mot s6 diéu kien di dé anh xa
14 toan tit Picard yéu don tri va toan tit Picard yéu da tri trong khong gian
metric day di. Cac két qua chinh ctia chuong nay duge chiing t6i cong bo

trong bai bao [A2] thuoc danh muc céc cong trinh lién quan dén luan an.

1.1. Toan t& Picard yéu don tri

Trong muc nay, ching téi thiét 1ap mot s6 diéu kien du dé anh xa la
toan tit Picard yéu don tri trong khong gian metric day du. Ngoai ra, mot

s6 vi du s6 dé minh hoa cho két qua 1y thuyét ciing dude thiét lap.

Dinh 1y 1.1.1. Cho (X, p) la khong gian metric day di va T : X — X la

maot anh za. Gid st ton tai s6 o > 0 sao cho

1
§p(a,Ta) < pla,b) kéo theo p(Ta, Tb) < M(a,b, a)p(a,b),

vdi mot a,b € X, trong do

p(a,Tb) + p(b,Ta) + p(a, b)‘

M(a,b,a) =
(a0, ) 2p(a,Ta) + p(b,Th) + «
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Khi do
(1) T la toan tii Picard yéu;
(2) Néu a,b € X la hai diém bat dong khdc nhau cia T tha

Chiing minh. (1) Lay ag € X tuy ¥, ta xay dung day {a,} bdi cong thiic
an+1 = Ta, v6i moi n > 0. Dat p, = p(an, apr1) v6i moi n > 0. T
1 1

§p(an,Tan) - Ep(a’fhan—f-l) < p(anu CLn_|_1), n=01,...

nén theo gia thiét, ta co

pnt1 = p(Tan, Tayi)

< M(an, a1, 0)plan, ars)
plan, Tani1) + planit, Tay) + play, an+1)
Qp(an; Tan) + ,O(Cln+1, Tan—i—l)
P(Cn, Any2) + pan, ani1) )

> P(Cn, Ani1)

,0 Qs an—i—l
2P(Gn, an—H) + p(an—i-l; an+2 +«

20(an, Gnt1) + p(Gns1, Gng2)

/N
~—~ —~ —~

Uy, A
2p(an; apt1) + plant1, ane2) + Platn, Gr1)
_ 2pn + Pn+1 )
= Pn, n=0,1,
200 + pni1 + @
Ta dat
2 n n
Cn = Pt Post n=201,...

200 + pos1 +
Khi d6 0 < ¢, < 1 va ppp1 < ¢ppp v6i moi n > 0. Dieu do chitng t6

Pn < Cp_1...C1CoPo, N = 1,2, ....

Do ham s6 f(t) = = la tang trén [0, +-00) nén ¢, < ¢,—1 véi moi n > 1.
Vi vay

Pn < cypo vOin > 1.
Béi ¢y € [0,1) nén

lim cjpo = hm pn = 0.
n—oo
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Mat khac, v6i moi m > n, ta co

plan, am) < plan, angr) + p(ani1; ne) + o+ plam-1, am)
= Pnt Pot1t o P
< Cp—1-.-CoPo + Cp...Copo + ... + Cp—2...CoPO
= (I4+cp+ ...+ Cm—2..Cn)Cp1...CoPo
< (T+co+ oo+ ey y...copo
< (14 + 0(2) + ...)Cr1.--Copo
= 7 _1 Cocn_l...copo
< 1_;000300-

Vi lim —¢"py = 0 nén
n—oo 1=¢o 0P0

lim p(an,a,) = 0.
7,M— 00

Dicu do ching t6 {a,} 1a mot day Cauchy trong X. Do tinh day du cta
X nén {a,} hoi tu vé mot diem a € X. Tiép theo, ta chi ra ring véi méi
n > 0, hoac la

1 1
§p(an,Tan) < p(an, a) hodc ép(Tan,TanH) < p(Tay,a). (1.1.1)

Bang phan ching, ta gid s rang ton tai n > 0 sao cho
1 1
pla,,a) < §p(an,Tan) va p(Tay,,a) < ép(Tan, Tani1).

Theo bat dang thiic tam giac, ta c6

pn = plan, Tay) < p(an,a) + p(Tay, a)
1 1
< =play, Tay,) + ip(Tan, Tan.1)

2
o1
- 2pn 2Pn+1 X Pn-

Dicu nay khong xay ra. Do do, tir (1.1.1) suy ra véi méi n > 0, hodc 1a
plans1, Ta) < M(ay,a, o)p(ay,a), (1.1.2)
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hoac

plansa, Ta) < M(ani1,a,@)p(ani1,a). (1.1.3)
Khi d6, hoac 1a (1.1.2) dang v6i vo han s6 ty nhién n hodc (1.1.3) ding
v6i vo han s tu nhién n. Gia st (1.1.2) dung vé6i vo han s6 ty nhien n, ta
c6 thé chon trong tap vo han dé day {n;} don diéu tang ngat. Tir d6 suy
ra day {a,,} 1a day con cta day {a,} va

p(a’nk7 Ta) + P(ankﬂa C_L) + P(anka a)
Qp(anlm a’nk+1) + p(a’7 Ta’) +a

plan, +1,Ta) < ( )p(ank, a) véi moi k.

Cho k — oo ta thu dugc ]}1_{1;10 an,+1 = Ta. Mat khac, do {a,,+1} hoi tu
dén @ nén Ta = a. Vay a la diém bat dong clia anh xa 7. Néu (1.1.3) ding
v6i vo han s6 ty nhién n, ching minh mot cach hoan toan tuong ti nhu
trén ta suy ra a la diém bat dong ctia anh xa 7. Vay T 1a toan ti Picard
yéu.
(2) Gia sit @, b 1a hai diém bat dong ctia T va a # b. Vi
0= %p(d,T&) < p(a,D)

nén theo gia thiét, ta co

p(@,b) = p(Ta,Tb) < M(a,b,a)p(a,b).

Diéu nay kéo theo

_ p(a, Tb) + p(b,Ta) + p(a,b o
p(a,b) < ( ( _) - (b Ta) + o )>-p(a,b)
2p(a,Ta) + p(b, Th) + o
_ 3p(a,b)
= p—
Do do
.«
a,b) > —.
p(a’7 ) 3
Dinh 1y dugc ching minh. 0
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Vi du 1.1.2. Cho X la tap hop c6 it nhat 2 phan ti. Ham p(a,b) duge
dinh nghia béi

0 néu a=>0,
p(a,b){ |

5 néu a#b.
Khi d6 (X, p) 1a khong gian metric day du.
Xét anh xa T : X — X duoce xac dinh béi Ta = a v6i moi a € X.

Véi a,b € X, a#b, ta co
1 2
p(Ta, Th) = 379" M (a,b)p(a,b).

Do d6 Dinh 1y 6 khong ap dung dugc.
Mat khac, v6i moi a,b € X,a # b, ta co
0= £pla, Ta) < plab) = 5
= —pla,Ta) < pla,b) ==
Qp 5 P 3

kéo theo

1 1 1
5 = p(Ta,Th) < M(a,b 1)p(a,b) = 1.z = =

Diéu d6 chitng t6 anh xa T théa man cac diéu kién ctia Dinh 1y 1.1.1 véi
a = 1. Hon nita, T 1a toan tit Picard yéu va néu a, b 1a hai diém bat dong

khac nhau cua 7' thi

Vidu 1.1.3. Gia st X = {0,1,2}. Xét metric d : X x X — [0, +00) x4c
dinh bdi

[\)
~—
I
\’O

p(o, 0) - /0<17 1) - :0<2a

p(07 1) - p(l, 0) -

p(072) - p(270) =
p(17 2) = 0(2, 1) =

Khi d6 (X, p) 1a khong gian metric day du.

N DN W N =
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Xét anhxa T: X - X b3iTO=0,T1 =1vwT2=1 Véia=1,

2p(2,T2) + p(1,T1) + 1

0,72) + p(T0,2) + p(0,2
M(0727a):p( T2) + p(T0,2) + p(0,2) _
2p(0,T0) + p(2,72) + 1
2,70) + p(T2,0) + p(2,0
M(Q,O,a):’o( T0) +p(12,0) +p(2,0) _ 7
2p(2,T2) + p(0,T0) +1 10

Bing kiém tra truc tiép, ta thay 7' théa man cac diéu kien ctia Dinh 1y 1.1.1.

ta co
T1 70,1 1

M(O’17Q>:p(0, ) + p(T0,1) + p(0, ):§,
20(0,70) + p(LLT1) +1 2

1,712 11,2 1,2 4
M(I,Q,Q):p( , T2) + p(T1,2) + p(1, ):_’
20(1,T1) 4+ p(2,72) + 1 3

2,71 72,1 2.1 4
M(2’17Q>:p(, )+ p(T2,1) + p(2, ):g’
7

6

7

D& thay T 1a toan tit Picard yéu v6i tap diém bat dong 1a {0,1} va

1 a 1
Z=p(0,1)> = = -.

Heé qua 1.1.4. Cho (X, p) la khong gian metric day di va T la dnh za tu
X wao chinh né. Gid st ton tai s6 o > 0 sao cho T théa man gid thiét cia
Dinh Iy 1.1.1. Khi d6 T c6 diém bat dong duy nhdt néu M (a,b, o) < 1 vdi
moi a,b € X.

Chiing minh. Theo Dinh 1y 1.1.1, T ¢6 diém béat dong. Néu a va b 1a hai
diém bat dong ctia T thi

1 _
0=5pa Ta) < p(a,b).
Theo gia thiét, ta c6

p(a,b) = p(Ta,Th) < M(a,b,o).p(a,b).
Diéu nay chitng to

(1— M(a,b,))p(a,b) < 0.

I
SN
o
)
o)
o
®

Do 0 < M(a,b,a) < 1 nén p(a,b) = 0. Diéu d6 ching t6 a

O

duge chitng minh.
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Vidu 1.1.5. Gid st X = {0,1,2} va p: X x X — R xac dinh béi

p(1,2) = p(2,1) =
Khi d6 (X, p) 1a khong gian metric day du.

Xét anh xa T: X — X b&i T0 = 0,71 = 0 va T2 = 0. Vi o = 2,
bang tinh toan tryc tiép ta ¢6 M(a,b,a) < 1 v6i moi a,b € X. Hon nita,
vi p(Ta, Tb) = 0 v6i moi a,b € X nén

p(Ta, Tb) < M(a,b,2).p(a,b) v6i moi a,b € X.

Vi vay T théa man cac diéu kién cia He qua 1.1.4 v6i o = 2. Dé thay, T
c6 diém bat dong duy nhat a = 0.

Dinh 1y 1.1.6. Cho (X, p) la khong gian metric day di va T : X — X la
mot anh xa. Gid st ton tai o > 0 théa man

1
Ep(a,Ta) < pla, b) kéo theo p(Ta,Th) < N(a,b,a)p(a,b),

vdi moi a,b € X, trong do

pla, Tb) + p(b, Ta) + p(a, Ta) + p(b, T'b) + p(a, b)
3p(a,Ta) + 2p(b,Th) + « '

N(a,b, ) =

Khi do
(1) T la todn tii Picard yéu;
(2) Néu a,b € X la hai diém bat dong khdc nhau cia T tha

vV

(0
a,b) > —.
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Ching minh. Lay ag € X tuy y, ta xay dung day {a,} b6i cong thiic

ani1 = Ta, v6i moi n > 0. Dat p, = p(an, ayr1) v6i moi n > 0. Do

1 1
ép(aanan) — §p(a’n7 a’n+1) < p(anu an—i-l)? n = 07 17

nén theo gid thiét, ta co

pni1 = p(Tan, Tays1) < N(a, ani1, @)p(an, ani1)
(p(an, ny2) + 20(an, ny1) + p(any1, Qo)
3p(an, ang1) + 2p(Ant1, Gpgo) +
( 3p(an, ant1) + 2p(an+1; anso)
= \Bp(an, ang1) + 2p(ant1, ang2) + @
(
0

> P, Gpi1)

) Pp(an, Gpgr)

3pn+2pn+1 -
).pn, n=01,...
3pn + 2pn11 + @

V6i moin >
_ 3pn + 2pn—|—1
3pn + 2pn1 + @

n
Khi d6 0 < ¢, <1 va ppe1 < ¢ppn v6i moi n > 0. Diéu nay ching to
Pn < Cppo, 1 =1,2,....

Chiing minh hoan toan tuong ti nhu chiing minh Dinh 1y 1.1.1, ta c6 két

luan cta dinh 1y. O

1.2. Toan t& Picard yéu da tri

Pinh nghia 1.2.1. Cho hai tap hop bat ki A, B va 28 1a ho tét ca céc
tap con ctia B. Mot anh xa T di tit tap hop A vio tap hop 28 duoce goi 1a
anh xa da tri tit A viwo B, ki hieula T : A — 25.

Pinh nghia 1.2.2. Cho anh xa da tri 7 : X — 2%. Diém a9 € X dugc
goi 1a diém bat dong ctia anh xa T néu ag € Tay.

Tiép theo, ching tdi chitng minh mot bo dé can thiét dé chiing minh
cho két qua chinh.
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Bo dé 1.2.3. Cho (X, p) la khong gian metric va A, B € CB(X). Khi dé
néu H(A, B) > 0 thi vdi méi ¢ > 1 va a € A, ton tai b € B sao cho

pla,b) < q- H(A,B).

Chitng minh. St dung didc trung cta infimum, véi € = (¢ — 1)H (A, B),
ton tai b € B sao cho
p(a,b) < d(a,B) +e.

Do dinh nghia ctia H(A, B) nén
d(a,B) < H(A, B).
Tit d6 suy ra p(a,b) < q - H(A, B). Bo dé dugc chitng minh. O
Dinh 1y 1.2.4. Cho (X, p) la khong gian metric day di va dnh za da tri
T:X — CB(X). Gid st ton tai « > 0 théa man
%d(a,Ta) < pla,b) kéo theo H(Ta, Th) < Pla, b, a)p(a,b),

vdi mot a,b € X, trong do

d(a,Tb) + d(b,Ta) + p(a,b)
A) = .
26(a,Ta) +06(b,Th) +a ’ 0(a, A) ilelg p(a,b)

P(a,b,a) =

Khi do
(1) T la todn ti Picard yéu da tri;
(2) Néu a,b € X la hai diém bat dong cia T th

p*(a,b) > —H(Ta,Tb).

w|

Chitng minh. (1) Lay ag € X tuy y va chon a; € Tay.
BuéGc 1. Néu H(Tag,Tay) = 0 thi Tay = Tay. Diéu doé ching t6 ap 1a
diém bat dong ctia T. Néu H(Tag, Tay) > 0 thi theo B6 dé 1.2.3, v6i méi

hi > 1, ton tai ay € T'a; théa man

p(al, CLQ) < h1H<Ta0, Tal).
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Budc 2. Néu H(Tay, Tas) = 0thi Ta; = Tay. Diéu d6 chiing t6 ay 1a diém
bat dong ctia T. Néu H(Ta1,Tas) > 0, st dung mot lan nita Bo dé 1.2.3,

v6i moi he > 1, ton tai ag € T'ay théa méan

p(ag, CL3) < th(TCLl, TCLQ).

BudGc n. Tiép tuc qua trinh tren, néu H(Ta,,_1,Ta,) = 0thi Ta, = Ta,.
Tt d6 suy ra, a, la diém bat dong ctia T. Néu H(Ta,_1,Ta,) > 0, béi

B6 dé 1.2.3 v6i méi h,, > 1, ton tai a,41 € Ta, thda man
plan, ani) < hpH(Tay 1, Tay).

Qua trinh trén cit thé tiép dién, néu tai budc thit k ma H(Tag_1,Tag) = 0
thi a;, 14 diém bat dong ctia T' va day lap {T"a} hoi tu vé aj. Néu khong,
ta sé thu duge day {a,} va day {h,} théa man a, € Ta,_1,h, > 1 va

plan, any1) < hnH(Tay,—1,Tay), n=1,2,....

Do %d(an_l,Tan_l) < plap_1,a,),n =1,2,... nén theo gia thiét, ta co
H(Tan—la Tan) < P(an—la Qn, a)p(an—la an)

(d(anl, Tay,) + d(ay, Tan—1) + plan_1,a,)
20(an—1,Tan—1) + 0(an, Ta,) + «

( d(an—1,Tay) + plan_1,ay)

20(an_1,Tay_1) + d(an, Ta,) + «

) Plan-1, an)

).p(an_l, a). (1.2.1)

Mat khéc, véi mdi phan tit b, € T'(a,), ta co

d(an—la Tan) + p(an—b an) < p(an—la bn) + P(an—l, an)
20(an—1,Ta,—1) + d(an, Ta,) + « h 2p(an_1,an) + plan, by) + «

2p(an—1,a,) + p(an, by)
2p(an717 an) + p(am bn) + Oé.

(1.2.2)
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Tir (1.2.1) va (1.2.2) ta c6

2p(an-1, an) + plan, by)
2p(ap—1,an) + plan, by) + «

H(Ta,—1,Tay) < ( ).p(an_l, Q).

L 2p(an—17 an) + p(ana bn)
Cn = ;
2p(ap—1,an) + p(an, by) + «
Khid6 0<e¢, <1va

n=12...

Pn < hpCupn_1, 6 day p, = p(an, ans1) véin=1,2, ...

Néu ta chon h, = \/% voin > 1 thi p, < +/¢,pn_1, v6i moi n > 1. Dieu
do kéo theo

pn < pnfl Va pn < \/CnCnfl...ClpO, n = ]_, 27 e

Chiing minh tuwong tu Dinh 1y 1.1.1, ton tai @ € X sao cho lim a, = a.

n—oo
Tiép theo ta chiing té rang, véi mdi n > 0, hoac 1a

1 1
Ed(an,Tan) < p(ay, a) hoic Ed(anH,TanH) < planst, a). (1.2.3)

Bang phan ching, ta gid st rang ton tai n > 0 sao cho

1 1
play,a) < §d(an,Tan) va papy1,a) < §d(an+1,Tan+1).

Khi dé, theo bat déng thiic tam giac, ta co

Pn = p(an7 an+1) < p(an, C_L) + p(anH, a)
1 1
< §d(an7 Tay,) + §d(an+1a Tan1)

1 1
< Ep(ana an—i—l) + él)(an—&—la an+2)

1 1

Diéu nay khong xdy ra. Nhu vay (1.2.3) dang v6i moi n > 0. Tu (1.2.3)
va gia thiét suy ra v6i méi n > 0, hodc 1a
H(Tay,,Ta) < Play,a,a)p(an, a), (1.2.4)
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hoac

H(Ta,1,Ta) < Plapst,a,a)p(anst, a). (1.2.5)

Khi do, hoac 1a (1.2.4) dung v6i vo han s6 tu nhién n hodc (1.2.5) ding
v6i vo han s6 tu nhien n. Gia st (1.2.4) dung véi vo han s6 ty nhién n. Ta
c6 thé chon trong tap vo han doé day {n;} don diéu tang ngat. Tit d6 suy

ra day {a,, } la day con cua day {a,} va

d(da TC_L) = bie%fa p(C_L, b) < p(ank+1a C_L) + bie%fdp(an’ﬁ—l? b)
= plap,41,a) + d(ap,+1,Ta)
< plang,a) + H(T'ay,, Ta)
_ d(an,,Ta) + d(a, Tay,,) + p(an,,a) _
< k) ) k k> .
< p(ankJrl) Cl) =+ ( 25((lnk, Ta,nk) n 5(6_1,, TC_L) + o ) p(anka Cl)
_ Qp(a’nk7 C_L) + d(C_L, Td) + p(a’nk+17 d) —
< n 9 — — . ne» )
p(a . a) " ( 2p(a”flk7 ank+1) + 5(@, Ta) + « > ,O(Cl k CL)

voi moi k > 1. Cho k — oo ta thu duge d(a,Ta) = 0. Diéu nay kéo theo
a € Ta. Vay a la diem bat dong clia anh xa T. Néu (1.2.5) ding véi vo
han s6 tit nhién n, chitng minh mot cach hoan toan tuong tit nhu trén ta
suy ra @ la diéem bat dong ctia &nh xa 7. Vay T la toan t Picard yéu da
tri.

(2) Gia st @ va b 1a hai diém bat dong khac nhau ciia T'. Vi

1 _
0= Ed(a,TaL) < p(a,b)

nén theo gid thiét, ta co

H(Ta,Tb) < P(a,b,

N

Tit d6 suy ra p?(a,b) > %H(TC_L, Tb). Dinh 1y dugc chiing minh. O
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Vi du 1.2.5. Gid st X ={0,1,2} va p: X x X — [0,+00) dugc dinh

nghia badi
L P
Khi d6 (X, p) 1a khong gian metric day du.
Xét anh xa T': X — C'B(X) dugc xac dinh béi 70 = {0}, 71 = {1}
va T2 = {1,2}. Véi a = 2, ta c6

H(T0,T1) = H(T0,T2) = H(T1,T2) = 2,

va
_d(0,T1) +d(1,T0) + p(0,1)
PO,1,2) = 20(0,T0) +6(1,T1) +2 5
P(0,2,2) = d(0,72) +d(2,70) + p(0,2) 3
T 20(0,T0) +0(2,T2) +2 2
P(1,2.2) — d(1,72) +d(2,T1) + p(1,2) _

25(1,T1) + 0(2,T2) + 2
Bang kiém tra truc tiép, ta co %d(a,Ta,) < p(a,b) v6i moi a,b € X. Mt
khac,

(T0,T1) <

I\

H P(
H(T0,T2) < P(0,2,2).p(0,2) = 3,
H P(1

2,2).p(1,2) = 2.

Do d6 H(Ta,Tb) < P(a,b,a)p(a,b), véi moi a,b € X. Vi thé T thoa

(T1,T2)

man tat ca cac diéu kién ctia Dinh 1y 1.2.4 v6i o = 2. Hién nhién 7" 1a toan
tit Picard yéu da tri véi tap diém bat dong la {0,1,2} v néu a, b 1 hai
diém bat dong khéac nhau ctia T thi

H(Ta,Tb).

OOI[\D

p*(a,b) >
Hé qua 1.2.6. Cho (X, p) la khong gian metric day di va dnh za da tri
T:X — CB(X). Gid st ton tai s6 a« > 0 sao cho T théa man gid thiét
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ctia Dinh lyj 1.2.4. Khi d6 T c6 diém bat dong duy nhdt néu P(a,b,a) < 1

vdi moi a,b € X.

Ching minh. Theo Dinh 1y 1.2.4, T ¢6 diém bét dong a. Néu b ciing 1a
diém bat dong cta T, thi

1
0= 5d(a,Tc‘L) < p(a,b).
Theo gia thiét, ta c6

H(Ta,Tbh) < P(a,b,a).p(a,b).

Do p(a,b) < H(Ta, Tbh) nén suy ra

(1 — P(a,b, a))p(d, b)

/N

0.

Dicu dé chiing t6 p(a,b) = 0. Do dé @ = b. Vi vay T c6 diém bat dong
duy nhat. ]

Dinh 1y 1.2.7. Cho (X, p) la khong gian metric day di va danh za da tri
T:X — CB(X). Gid st to

n tai a > 0 thoa man
1
§d(a,Ta) < pla, b) kéo theo H(Ta,Th) < Q(a,b,a)p(a,b),

v, mot a,b € X, trong do

d(a,Tb) + d(b,Ta) + d(a,Ta) + d(b,Tb) + p(a,b)
30(a,Ta) + 2§(b, TH) + «

Q(a,b, o) =

Khi do
(1) T la todn tid Picard yéu da tri;
(2) Néu a,b € X la hai diém bat dong cia T thi

P2(a,b) = %H(T&,Tb).

Chiing minh. Chting minh tuong tu nhu chiing minh Dinh 1y 1.2.4. 0
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1.3. Két luan chuong 1

Chuong 1 ciia luan an dat dugc cac két qua sau:

e Thiét lap Dinh 1y 1.1.1 va Dinh 1y 1.1.6 1 cac diéu kien da dé anh
xa 1 toan tit Picard yéu don tri trong khong gian metric day du.

e Thiét lap Dinh 1y 1.2.4 va Dinh 1y 1.2.7 1a cac diéu kien du dé anh
xa 1a toan tit Picard yéu da tri trong khong gian metric day du.

e Dua ra cac Vidu 1.1.2, Vidu 1.1.5 v& Vi du 1.2.5 dé minh hoa cho

cac két qua tuong ting.
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Chuong 2

Toan ti¥ Picard va Picard yéu trong

khong gian b—metric manh

Trong chuong nay, ching toi thiét lap mot s6 diéu kien di dé anh xa
14 toan tit Picard don tri va toan tit Picard yéu da tri trong 16p khong gian
b—metric manh. Két qua chinh ctia chuong dugc viét dya trén bai béo [Al]

va bai bao [A4] trong danh muc cac cong trinh lien quan dén luan an.

2.1. Toan t& Picard don tri

Trong muc nay, ching t6i md rong cac két qua ciia J. Gécrnicki [16, 17]
va cua R. Kannan [22] cho khong gian b—metric manh. Tru6e tién, ching

toi nhac lai mot s6 khai niém trong khong gian b—metric manh.

Dinh nghia 2.1.1. [24] Cho X la mot tap khéac rong va s6 thye K > 1.

Ham D : X x X — [0; +00) duge goi la b—metric manh trén X néu:

(
(D2) D(a, D(b,a) v6i moi a,b € X;

(D3) D(a, D(a,c) + KD(¢,b) v6i moi a,b,c € X.

Khi d6, bo ba (X, D, K) dugc goi la khong gian b—metric manh.

D1) D(a,b) = 0 néu va chi néu a = b;
b) =
b) <

Dinh nghia 2.1.2. [24] Cho (X, D, K) la khong gian b—metric manh,
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{a,} 1a mot day céc phan tt trong X va a € X. Khi do:
(i) Day {a,} dugc goi 1a hoi tu dén a néu lim D(a,,a) = 0. Ta ki
n—o0

hiéu lim a,, = a hoac a,, — a khi n — oo.
n—oo

(ii) {a,} dugc goi la day Cauchy trong X néu lim D(a,,a,) = 0.

n,M—>00

(iii) Khong gian b—metric manh (X, D, K) dugc goi 1a khong gian
b—metric manh day di néu moi diy Cauchy trong X 1a hoi tu.

(iv) Khong gian b—metric manh (X, D, K) dugc goi 1a khong gian
b—metric manh compact néu moi day trong X déu chita mot day con hai tu.
Ménh dé 2.1.3. [24] Cho {a,} la mot ddy cdc phan tii trong khong gian

b—metric manh (X, D, K) va gid st

(o]
Z D(a;,a;11) < 00.
i=1

Khi do {a,} la mot day Cauchy.

2.1.1. Toan ti& Picard cho mét sbé 16p anh xa kiéu Kannan d6i
v6i ham diéu khién
Ta ki hiéu cac 16p ham diéu khién sau day:

1 1
8={f:(0,oo)—>[0,§):f(tn)—>§kéotheotn—>0khin—>oo}.

1 1
H={p:(0,00) = [0,§) cp(ty) — : kéo theo t, — 0 khin — co}.
St dung 16p cac ham diéu khién trén chung t6i thiét lap diéu kien du
dé anh xa 1a toan ti Picard.

Dinh ly 2.1.4. Cho (X, D, K) la khong gian b—metric manh day di va
anh za T t X vao chinh né. Gid st rang ton tai ham f € 8 sao cho vdi

moi a,b € X va a # b, ta luon cé
D(Ta,Th) < f(D(a,b))(D(a,Ta) + D(b,Tb)).
Khi do, T la toan ti Picard.
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Chitng minh. Chon ag € X va ta dinh nghia day {a,} trong X bdi cong
thtic a,41 = Ta, v6i moi n > 0. Néu c6 mot s6 tif nhién n ndo dé thdéa man
Uni1 = Gy thi a, 1a diém bat dong cia 7. Do do6, gia st rang a,.1 # an
voi moi n > 0. Ta dat D, = D(ay, apy1) v6i moi n > 0. Theo gia thiét, ta

P

CO

Dn—|—1 = D(an—l—lp an+2) = D(Tana Tan—i—l)
< (D(am an+1)) (D(ana Tan) + D(an—i—la Tan+1))
< D(an, Tan) + D(an+1, Tan+1))

I
—~ —~

N RN S

Dn + Dn+1), n — O, ]_,

Tu d6 suy ra D1 < D, v6i moi n > 0. Diéu d6 ching t6 {D,} 1a mot
day gidm cac s6 thyc khong am va bi chan dudi. Do d6, ton tai sd thuc

n > 0 sao cho lim D, = n. Gia st n > 0. Theo gia thiét, ta c6

n—od
D(ani1, any2) < f(D(an, an+1))(D(an7 1) + D(anqa, an+2))7

v6i moi n > 0. Tu do suy ra

Dn—H

" < f(D,), n=0,1,....
Dn+Dn+1 f( )

Chon — oo, ta thu duge lim f(D,) > 1. Béi f € Snen lim D, = n = 0.
n—o0

n—oo 2
Mat khac, v6i m # n, ta c¢6

D(an+17 aerl) S f<D<an> am)) (D(ana an+1> =+ D(amv aerl))

1
Cho n,m — oo ta duge lim D(ani1,ame1) = 0. Vay {a,} 1& mot day
n,Mm—00

Cauchy trong X. Do tinh day du ctia X nén ton tai @ € X sao cho

lim a, = a. Khi d6 v6in > 1, ta c6
n—o0

D(Ta,a) < D(Tap,Ta)+ KD(Tay,,a)
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< f(D(an,a))(D(ay, Ta,) + D(a, Ta)) + KD(ap1,a).

T do suy ra

#(D(a,.a)) K
T fD(ama) " T 1= f(Dlana)

v6i moi n > 1. Cho n — oo ta duge T'a = a.

D(Ta,a) < D(any1,a),

Gia stt b cling la diém bat dong ctia T. Theo gia thiét, ta c6
D(a,b) = D(Ta,Th) < f(D(a,b))(D(a, Ta) + D(b, Tb)) = 0.

Vi vay D(a,b) = 0 hay a = b. Vay T c6 diém bat dong duy nhit a € X.
Do do, T' 1a toan tit Picard. Dinh ly duge chimg minh. ]

Vidu 2.1.5. Ly X = {0,1,2} va D : X x X — [0, +00) x4c dinh bdi

D(0,1) = D(1,0) = %
D(0,2) = D(2,0) = 6,
D(1,2) = D(2,1) = 5

Xét anh xa T : X — X dugc dinh nghia b6i 70 =0,71 =0,1T2 =1,
ham f € 8 duge cho bdi f(t) = e¥,t > 0 va £(0) € [0,3). Khi do
(X,D,K = 2) la khong gian b—metric manh day di nhung khong la
khong gian metric vi

6= D(2,0) > D(2,1) + D(1,0) = %

Do do6, Dinh 1y 4 khong ap dung duge. Mat khac, ta cé

—

1

™)

D(T0,T1) = D(0,0) = 0 < ie — (D(0,1))(D(0,T0) + D(1,T1)).

D(T1,T2) = D(0,1) = = < Zle‘é" — f(D(1,2))(D(1,T1) + D(2,T2)),

1
2
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1
D(T2,T0) = D(1,0) = 3 < %
Do dé, anh xa T théa man tat ca cac dicu kieén ctia Dinh 1y 2.1.4. D& thay

= f(D(2,0))(D(2,T2) + D(0, TO)).

T 1a toan tu Picard.

Dinh ly 2.1.6. Cho (X, D, K) la khong gian b—metric manh day di va
anh za T tu X vao chinh né. Gid st rang ton tai ham ¢ € H sao cho vdi

moi a,b € X va a # b, ta luon cé
D(Ta,Th) < ¢(D(a,b))(D(a,Ta) + D(b,Tb) + D(a,b)).
Khi do, T la toan ti Picard.

Chiing minh. Lay ay € X va ta dinh nghia day {a,} trong X bdi cong thrc
an+1 = Ta, v6i moi n > 0. Néu ton tai so6 tir nhién n sao cho a,+1 = a,
thi a,, 1a diem bat dong ctia T. Do do, ta gid st rang a,+1 # a, véi moi

> 0. bat D,, = D(ay, apy1) v6i moi n > 0. Theo gia thiét, ta co

Dy 1 D(anﬂ, an+2) = D(Tan, Tan+1)

/N

an; an—H ( (ana Tan + D(an—l—la Tan—H) + D<an7 an—i—l))

p(D
1
§ (D(am an—i—l) + D(an+17 an+2) + D(ana an—i—l))

A\

1
3 (2D + Dn+1)

Tu do6 suy ra Dy, 11 < D, v6i moi n > 0. Vi vay {D,} 1la mot day gidm céc

s6 thuc khong am va bi chan dudi. Do d6 ton tai s6 thiyc > 0 sao cho

lim D, =n

n—oo

Gia st rang n > 0. Bdi gia thiét, ta c6
D(an—Ha an+2) < @(D(ana an—H)) <2D(am an—H) + D(an—Ha a’ﬂ+2)>7

v6i moi n > 0. Dieu d6 ching t6

DnJrl
2Dn + Dn+1

< (D), n=0,1, ...
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Cho n — oo ta thu duge lim ¢(D,,) > z. B6i ¢ € H nén n = 0. Vi vay

1
3

n—oo
lim D,, = 0. Mat khéc, v6i m # n, ta c6
n—oo
D(ans1,ame1) < o(D(ap, am))(D(an, ani1) + D(am, ami1) + D(ay, am))
1
< §<D(ana an+1) + D(Clm, aerl) =+ KD(ana an+1)
+D(an+17 am+1) + KD(a/m7 am+1)) .
Do do,
K+1
D(ani1, Gma1) < ; (Dn + Dm) v6i moi m # n.
Cho n,m — oo ta duge lim D(ani1,ame1) = 0. Vay {a,} 1& mot day
n,M—00
Cauchy trong X. Do tinh day dua cta X nén ta c6 lim a, = a € X. Khi
n—oo
do,

D(Ta,a) < D(Ta,,Ta)+ KD(Tay,a)
< @(D(ay, EL))(D(an, Ta,) + D(a,Ta) + D(a,, C_L))

+

KD(an41,a) véi moi n > 1.

Tu do ta co
p(D(an, a)) p(D(an, a))

D(Ta,a) < D, —D(a,,a
T80 < T Bama) " T 1= oDlama) 2
K
+ D(ap41,a) v6i moi n > 1.

1 —o(D(an,a))
Cho n — oo ta thu ducc T'a = a.
Gia st b ciing 1a diém bat dong ctia T. Theo gia thiét, ta cé

D(a,b) = D(Ta,Th) < %(D(a,Td) + D(b, Tb) + D(a,b)).
Diéu nay tuong duong véi
%D(a, b < %(D(a,Ta) + D(,Th)) = 0.
Tit d6 suy ra D(a,b) = 0 hay @ = b. Vay T c6 diém bat dong duy nhét.
Vay, T' la toan tit Picard. Dinh 1y dugc ching minh. O]
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Vi du 2.1.7. Xét khong gian b—metric manh day du (X, D, K) va anh
xa T trong Vi du 2.1.5. Hién nhién, Dinh 1y 5 khong ap dung dugc.

Ta xay dung ham ¢ € H béi () = Le¥,t > 0 va (0) € [0,1). Khi
do,

D(T0,T1) = D(0,0)
_ < %e — (D(0,1))(D(0,T0) + D(1,T1) + D(0, 1)),

D(T1,T2) = D(0,1)

_ % - %e‘é’ — o(D(1,2))(D(1,T1) + D(2,T2) + D(1,2)),

D(T2,T0) = D(1,0)

_ % - ;_i = o(D(2,0))(D(2,T2) + D(0,T0) + D(2,0)).

Nhu vay, anh xa 7T’ théa man tat ca cac diéu kién ctia Dinh 1y 2.1.6. Hién

nhién, T 1& toan t1t Picard.

2.1.2. Toan tit Picard cho anh xa Kannan-Suzuki

Dinh 1y 2.1.8. Cho (X, D, K) la khong gian b—metric manh day di va
T la anh za Kannan-Suzuki. Khi do, T la toan ti Picard.

Chiing minh. Lay ag € X, ta xay dung day lip {a,} trong X bdi cong
thic a,.1 = Ta, v6i moi n > 0. Dat D,, = D(ay, ay11) v6i moin > 0. T

1 1

—D(CI,n,TCLn) = K——|—1

K+1 D(anaan-i-l) < D(anaan—i—l),

v6i moi n > 0, nén theo gid thiét ta co6

Dn—H - D(an—i—la an—|—2) - D(Tam Tan—i—l)

N

s(D an, Ta,) + D(an—|—17Tan+1))

S(D A, Cln+1 + D(an+1a an+2))
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— $(Dy+ Dyyi), n=0,1,...

T do suy ra

S

Dyt < D, = hD,, v6i moin >0, & day h — % €10,1).
— S

1—s

Diéu d6 chiing t6 ring
Dn < hnD(), n = 1,2,

Do do, ta co

iDnéDgihn<OO
n=1

n=1
Theo Ménh deé 2.1.3, {a,} 1a mot day Cauchy trong X. Vi X la khong

gian b—metric manh day du nén ton tai a € X sao cho lim a, = a.

n—o0
Tiép theo, ta sé chi ra rang véi moi n > 0, hoac la
1
K——HD(CL”7 TCLn) < D(an, d) (211)
hoac
1
K—_HD<TCLn, Tan+1) < D(TCLn, C_L) (212)

That vay, bang phan chiing, ta gid st réang ton tai n > 0 sao cho

D(ap,a) < D(a,, Tay,) va D(Tay,,a) < D(Tay,, Tay1).

K+1 K+1

Khi dé, theo bat déng thic tam giac, ta co

D, = D(a,,Ta,) < D(ay,a) + KD(Ta,,a)
1

K
——D(a,, Ta,) + ——=D(Tap, Tay,
<K+1 (a a)+K+1(a Uns1)

1 K
— D, + ——D,
ki1 Tt

1 Kh
D, +——D, < D,,

<—n
K+1 K+1

diéu nay khong xay ra. T d6 va tir giad thiét ta co, hodc 1a
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D(api1,Ta) < s(D(an, Ta,) + D(a, Ta)) (2.1.3)

hoac

D(anto,Ta) < s(D(ans1, Tans1) + D(a, Ta)), (2.1.4)
véi moi n > 0. Khi d6, ho#c 1a (2.1.3) ding vé6i vo han s6 ty nhien n hoiic
(2.1.4) dung véi vo han s6 ty nhien n. Gia st (2.1.3) dang v6i vo han so
tur nhién n, ta c6 thé chon trong tap vo han d6 day sb tu nhien {n;} don
diéu tang ngit. Suy ra, day {a,,} & mot day con cta day {a,} va véi mdi

k>1taco

D(ap+1,Ta) < s(D(an,,Tan,,)+ D(a,Ta))
< s(D(an,,a) + 2K D(ap,41,a) + D(an,+1,Ta)).

Bat dang thiic nay tuong duong véi

S

D(apn,11,Ta) < (D(an,,a) + 2K D(an,41,a)) véi k> 1. (2.1.5)

1—s
Cho k — oo trong bat dang thic (2.1.5) ta thu duge D(a,Ta) = 0. Diéu
d6 kéo theo T'a = a. Vay a la mot diém bat dong ctia T. Néu (2.1.4) ding
v6i vo han s6 tir nhién n thi chiing minh mot cach hoan toan tuong ty nhu
trén ta suy ra @ la mot diem bat dong ctia anh xa 7.

Gié stt rang b cling 1a mot diém béat dong ctia T va a # b. Vi

1 o -
Fran 1D(a,Ta) < D(a,b)

0=
nén theo gia thiét, ta co
D(a,b) = D(Ta,Tbh) < s(D(a,Ta) + D(b,Tb)) = 0.

Tit d6 suy ra D(a,b) = 0 hay @ = b. Diéu nay mau thuin véi a # b. Do
do6, T c6 diem bat dong duy nhat @ € X. Vay T la toan tit Picard. Dinh
Iy duge chitng minh. O
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Hé qua 2.1.9. Cho (X, p) la khong gian metric day diva T : X — X la

mot anh ra. Gid si ton tai s € |0, %) théa man
p(Ta,Tb) < s(p(a, Ta) + p(b, Th)),
vdi moi a,b € X sao cho 3p(a,Ta) < p(a,b). Khi d6, T la todn tii Picard.

Trén Cjg 1) khong gian cac ham lien tuc thuoc [0, 1], ta trang bi metric

p:Cpa x Co — [0, +00) duge dinh nghia béi

p(a,b) = sup |a(t) — b(t)| v6i a,b € Cy .
t€[0,1]

Khi d6 Cjqy la khong gian metric day da. Ta dat
X = {ae€Cypy :|a(t) —ag| <k véimoit € [0,1]},

6 day k € (0,%) va ag la s6 thyc cho trude. Tu X la khong gian con

dong ctia Cpq) nén suy ra (X, p) la khong gian metric day dia. Sit dung
He qua 2.1.9, ching toi thiét lap diéu kien da cho sy ton tai duy nhat

nghiém ctia mot 16p phuong trinh vi phan véi diéu kién ban dau.

Dinh 1y 2.1.10. Gia st f : [0,1] x X — R la mot ham thuc lién tuc thda

mdn cac dieu kién sau day:
|[f(t,a) = f(t,b)] < Kla(t) — b(2)] (2.1.6)
vdi moi (t,a), (t,0) € [0,1] x X va
|f(t,a)|] < k vdi moi (t,a) € [0,1] x X. (2.1.7)

Khi do, bai toan phuong trinh vi phan Cauchy

{ E_%OT i (Z’;’Oa) (2.1.8)

c6 nghiém duy nhat a trén X .
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Chitng minh. Lay tich phan hai vé cta (2.1.8), ta c6

:ag+/f
0

Do do6, viéc tim nghiém ctia (2.1.8) tuong duong v6i viée tim diém bat

dong cta anh xa T : X — X dugc dinh nghia béi

t
:a0+/f (2.1.9)
0

Chu y rang, néu s € [0,1] va a € X kéo theo |a(s) — ag| < k, vi thé
(s,a) € [0,1] x X. Do f lalién tuc trén [0, 1] x X suy ra tich phan (2.1.9)
va anh xa T ton tai véi moi a € X. Ta ching t6 7' 1a mot anh xa tit X
vao chinh n6. That vay, tur (2.1.7) va (2.1.9), ta ¢6

t t
Ta(t) — ao| = | / £(s,a)ds] < / £ (s, a)|ds < k
0 0

v6i moi t € [0, 1]. Do d6, Ta € X v6i moi a € X. Vi vay, T 1a mot dnh xa
tit X vao chinh n6. Mat khéc, dp dung (2.1.6) ta ¢

t

p(TCL, Tb) = Sup ‘ (f(sv a) - f(S, b))d8|

t€[0,1) .

< k sup |a(t) — b(t)]. (2.1.10)
t€[0,1]

Hon nita, lai ¢6
¢
p(a,Ta) + p(b,Th) = sup |a(t) —ag — /f s,a)ds|
t€0,1]
0
t€[0,1]

t
+ sup |b(t) —ag — /fsbds\
0
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t

> sup |a( / (s,b))ds]

t€[0,1] .
> sup |a — inf / (s,a) (s,b))ds
s Ja(t) ~0(0)| = i | )

> sup [a(t) = b(t)] — sup | ( (s,a) — f(s,0))ds|

t€[0,1] t€[0,1] .
= sup |a(t) — b(t)| — p(Ta,TH). (2.1.11)
t€[0,1]

Theo (2.1.10) va (2.1.11), ta suy ra

k

Ta,Th) < ——
p( CL, b) 1_k

(p(a,Ta) + p(b,Tb)) = r(p(a, Ta) + p(b,T0)),

6 day r ;= ﬁ € (0,1). Theo He qua 2.1.9, ton tai duy nhat a € X sao
cho @ = Ta. Diéu nay chiing t6 a 1a nghiém duy nhat ctia bai toan (2.1.8)
trén X. Dinh Iy dugc chiing minh. 0

L6p céc ham diéu khién phu thuoe tham s6 F, duge xay dung bdi:
F,={¢:(0,00) = [0,q) : ¥(t,) = q kéo theo t, — 0 khin — oo},

& day ¢ € (0 ,2) St dung ham diéu khién phu thudc tham sbé cho anh
xa Kannan-Suzuki, chung toi thu dugc két qué sau day cho khong gian

b—metric manh.
Dinh 1y 2.1.11. Cho (X, D, K) la khong gian b—metric manh day di va
dnh za T : X — X. Gid st ton tai ham 1 € F, thoa man

1

—~ D(a,Ta) < D(a,
K"—l (a7 a‘) (ab)

kéo theo
D(Ta, Tb) < ¥(D(a, b))(D(a, Ta)+ D(b, Tb)),
voi moi a,b € X,a # b. Khi do, T la toan ti Picard.
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Chitng minh. Lay ay € X, ta dinh nghia day {a,} trong X béang cong
thtic a,.1 = Ta, v6i moi n > 0. Néu ton tai so tif nhién n ndo do6 sao cho
Uni1 = Gy thi a, 1a diém bat dong cia 7. Do do6, gia st rang a,.1 # an

v6i moi n > 0. Ta dat D,, = D(ay, apy1) v6i moi n > 0. Tu

1 1
K——I—lD(an’Tan) = K——I—lD(an’ ant1) < D(an, ant1),
v6i moi n > 0, nén theo gia thiét ta c6

Dyy1 = D(any1,ant2) = D(Tay, Tan)

W(D(an, ani1)) (D(an, Tay,) + D(ap1, Tan+1))
q(D(an, Tay) + D(an+1, Tan+1))

q(Dn + Dn+1), n=0,1,...

N

A\

Do do

Dyiy < %Dn — hD,, &day h — % € (0,1).
—q

Diéu d6 chiing to
D, < hnDo, n=172,...

T do suy ra
ZDn < D()Zhn < +o00.
n=1 n=1

Ap dung Ménh dé 2.1.3, ta suy ra {a, } 1a mot day Cauchy trong X. Vi X

13 day dt nén ton tai a € X sao cho lim a, = a € X.
n—o0

Tiép theo, ta chitng t6 rang véi moi n > 0, hoic 1a

1 1
K—HD(an,TCLn) < D(an, d) hOE_iC K+

1D(Tam TanJrl) D(Tam )
(2.1.12)

Bang phan chiing, ta gid sit rang ton tai s6 tu nhién n > 0, sao cho

D(ap,a) <

D(ay,Tay,) va D(Ta,,a) <

D(Tay, Tay1).

K+1 K +1
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Khi dé, theo bat déng thic tam giac, ta co

D, = D(a,,Ta,) < D(ay,a)+ KD(Tay,,a)
1 K
——:D T ——D(Ta,,T
< K+1 (an, Tan) + K +1 (T'an, T'ay 1)
1 K
D 4+
K+1 T K+1

< D,.

Dn+1

Diéu nay khong thé xay ra. Do do, tit cac bat dang thiic trong (2.1.12) véi

moi s6 tu nhién n > 0 ta c6, hoic 1a
D(api1,Ta) < Y(D(ay,a))(D(ay, Ta,) + D(a, Ta)), (2.1.13)
hoac
D(api2,Ta) < Y(D(ay+1,a))(D(ans1, Tans1) + D(a@, Ta)). (2.1.14)

Khi do, hoac 1a (2.1.13) dung v6i vo han s6 tu nhién n hodc (2.1.14) diung
voi vOo han s6 tu nhien n. Gid st rang (2.1.13) dung v6i vo han s6 tu
nhién n, ta c6 thé chon trong tap vo han d6 day {n;} don diéu ting ngat.

Tu d6 suy ra day {a,, } 1a day con cua day {a,} va v6i mdi k > 1, ta c6

D(ank+17 TC_L) < ¢<D<ank> d)) (D(anm Tank) + D(C_L, Td))
< q(D(an,,a) + 2K D(ay,+1,a) + D(an,+1,Ta)).
Diéu nay tuong duong véi
D(an41,Ta) < %(D(ank,a) + 2K D(ay,+1,a)) voi moi k > 1.
—q
Cho k — oo ta dugc klim Un,+1 = Ta. Dieu nay ching t6 Ta = a. Néu
—00
(2.1.14) dang véi vo han s6 ty nhién n, ching minh mot cach hoan toan
tuong tu nhu trén ta suy ra a la diém bat dong clia anh xa 7.
Gia st b ciing 1a diém bat dong ctia 7. Khi dé, do

1 _

— __~_D(a,Ta) < D@,b),
0 il (a,Ta) (a,b)

44



nén theo gia thiét, ta co

D(a,b) = D(Ta,Th) < v(D(a,b))(D(a,Ta)+ D(b,Tb)) = 0.

Diéu d6 ching t6 a = b. Vi vay, T c¢6 diém bat dong duy nhét a € X. Do
do, T' la toan tit Picard. O

Vi du 2.1.12. Cho X = {0,1,2} va ham D : X x X — [0,400) dugc
dinh nghia béi D(a,b) = (a — b)?. Khi dé (X, D, K = 3) la khong gian
b—metric manh day du.

Xét anh xa T': X — X dugc dinh nghia b6i T0=1,T1=1,T2 =10
va ham ¢ xdc dinh béi ¢(t) = Le¥,t > 0,9(0) € [0,1). Khi d6 ¢ € F.
Dé dang kiém tra dugc T théa man cac diéu kién ctia Dinh 1y 2.1.11. Hién

nhién, T 1a toan tit Picard.

2.1.3. Toan ti Picard cho anh xa kiéu Kannan-Suzuki

Dinh ly 2.1.13. Cho (X, D, K) la khong gian b—metric manh compact
va T la dnh za kiéu Kannan-Suzuki. Khi dé, T c6 mot diém bat dong duy

nhat a € X. Hon thé, néu T lién tuc thi T la todn ti Picard.

Ching minh. Dat
n=inf{D(a,Ta):a € X}.

Khi d6 ton tai day {a,} trong X thoa man 7}1_)1{.10 D(ayn,Ta,) =n > 0. Do
X 1 compact, khong mat tinh tong quat, gia st {a,} hoi tu dén c € X va
{Ta,} hoi tu dén u € X. Ta sé chi ra rang n = 0. That vay, gia st n > 0.
Vi

lim D(ay,,u) = D(c,u) = lim D(a,,Ta,) =17

n—oo n—oo

nén ta co thé chon ng € N sao cho

K+1 K+ 3
K—Ln < D(ap,u) va D(ay, Tay,) < 7 i 277,
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v6i moi n > ng. Do do, ta co

1 K +3 K+1
=~ D(an, Tay) < < =y < D(an,u),
K1l To) < ey m i S ka2 < Plam )

v6i moi n > ng. Theo gid thiét, ta co

|
D(Tay, Tu) < 5 (D(an, Tay) + D(u, Tu)).

v6i moi n > ng. Cho n — oo, ta thu duge
1
D(u,Tu) < 5(77 + D(u, Tu)).

Dicu nay kéo theo D(u, Tu) < n. Stt dung dinh nghia ctia 1, ta thu duge

D(u,Tu) = n. T 5D (u, Tu) < D(u,Tu) nén ta c6

D(Tu, T?u) < %(D(u,Tu) + D(Tu, T?u)).

Diéu d6 chiing to
D(Tu, T?u) < D(u,Tu) =7,
diéu ndy mau thuan véi dinh nghia ctia n. Vi vay n = 0.
Tiép theo, ching t6i chiing minh 7" c6 mot diem bat dong. Dé ¥ ring,
néu c6 sé tu nhien ny € N ndo d6 théa man a,, = Ta,, thi a,, 1& mot
diém bat dong ctia 7. Do d6, ta c6 thé gia si a, # Ta, v6i moi n € N. T

n =0 ta ¢6 ¢ = u, dicu nay kéo theo {T'a,} hoi tu dén c¢. Hon ntta, ta co

D(c,T?a,) < D(c,Ta,)+ KD(Ta,, T?a,)
< D(c,Tay,) + KD(a,,Ta,) véi moi n > 1.

Cho n — oo ta suy ra day {T%a,} hoi tu dén c.

Néu c6 mot sé tu nhien n € N sao cho

1
K +1

thi ta co

D(ay,Tay,) = D(ay,c) va D(Ta,,T?a,) > D(Tay,,c)

K +1

D(a,,Ta,) < D(ay,c)+ KD(Tay,c)
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1 K
< —D n7T n —D T n7T2 n
Tl (a a)+K+1(a an)
< D(ap,Tay,).

Diéu nay khong thé xay ra. Vay, hoic 1a

1

K—HD(CI,”, Tan) < D(an, C) hOéC

K+1DﬂhmT%M<lXﬂ%m)

dtung v6i moi n € N. Theo gia thiét, hoic 1a

1
D(Ta,,Tc) < §(D(an, Ta,) + D(c,Tc)) (2.1.15)
hoac
1
_MW%J@<§@UWJ%@+Dmﬂﬂ, (2.1.16)

ding v6i moi n € N. Do d6, mot trong hai truong hgp sau day luén dung:
(1) Ton tai mot tap con vo han cac phan ti I C N sao cho (2.1.15) dung
vl moin € I.
(2) Ton tai mot tap con vo han cac phan tit J C N sao cho (2.1.16) ding
vl moi n € J.
Trong truong hop thit nhat, ta c6
D(c,Tc) = lim D(Ta,,Tc)

nel,n—o00

1
< lim =(D(an,Tay,)+ D(c,Tc))

nel,n—oo

1
= §D(c, Tc).

Diéu nay chitng t6 T'c = c.
Trong trucng hop tha hai, ta cé

D(c,Tc) = lim D(T%a,,Tc)

neJn—oo
1

< lim =(D(Ta,,T?a,)+ D(c,Tc))

neJn—oo

1
= §D(c, Tc).
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Diéu nay chitng t6 T'c = c.
Vay T'c = c trong ca hai trusng hop, suy ra @ = c 1a diém bat dong
ctia T. Gia st ring ton tai b € X, b # @ thoéa man Th = b. Khi dé, do

1 3 B I
0= K—HD(CL’TCL) < D(a,b)

nén theo gia thiét, ta co
1 L
D(a,b) = D(Ta,Th) < 5(D(@,T&) + D(b,Tb)) =0,

diéu nay khong x4y ra. Vi vay, diem bat dong @ ctia T la duy nhat.

Bay gio, ta gid st rang 7' 14 anh xa lien tuc. Lay ap € X va dinh
nghia day lap a,+1 = Ta, véi moi n > 0. Néu ton tai sé tir nhién ng thoa
MAN Gyt 1 = Ap, thi a,, 13 mot diem bat dong ctia T. Do d6 a,, = a, diéu
nay kéo theo a, = a v6i moi n > ny. Vay T"a — a khi n — oo. Ta gia sit
rang a,.1 # a, v6i moi n € N. Dat D,, = D(ay, a,y1) v6i moi n € N. Do

1 1
K—HD(an, Tan) = K——HD<a”’ Canrl) < D(Cln, Canrl), n — O, ]_,

nén theo gia thiét, ta co

Dn—|—1 = (an—l—la an+2) = D(Tana Tan—i—l)

D(a,, Tay,) + D(an+1,Tan+1))

(
(D Ay Apg1) + D(an+17an+2))
(

D, + Dn+1) v6i moi n € N.

N~ =D — U

Tu do6 suy ra D, 11 < D, v6i moi n € N. Diéu nay ching t6 {D,} 1a day

gidm cac s6 thyce khong am, do d6 né hoi tu. Ta dit

lim D, =b> 0.

n—oo

Xét truong hop b > 0. Do tinh compact cia X nén day {a,} chia

mot day con {a,, } sao cho a, — ¢ € X khi i — co. B6i T 1a lién tuc, ta
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co

0 <b=lim D, = lim D(a,, Ta,,) = D(c,Tc).

1—00 1—00

Do —=D(c,Tc) < D(e,Tc) nén suy ra

K11
2 1 2
D(Tec, T c) < §(D(C’ Tc)+ D(Tc, T c)).

Diéu nay ching t6 D(Tc, T?c) < D(c,Tc). Hon nita, &nh xa T 1a lién tuc

nén ta co

0<b= hm Dy, 1 = lim D(ay, 41, Gp,+2) = lim D(Ta;, T?a;)
i—00

1—00

:DUhT%y<D@T@:a

diéu nay khong xay ra. Vay b = 0. Néu ton tai ng € N sao cho a,, = a thi
a, = G véi moi n = ng. Do d6 T"a — @. Ta c6 thé gia st rang a, # a véi

moi n € N. Béi vi 0 = 2= D(a, Ta) < D(a,a,) véi moi n > 1 nén ta c6

K+1
D(a,a,+1) = D(Ta, Tay)

1
5( a,Ta) + D(ay, Tay))
1

=D ny Un
5 (@n, an+1)
1

= n VOl moi n > 1.
2

Cho n — oo ta suy ra a, = T"a — a. Vay T la toan tit Picard. O

Vi du 2.1.14. Cho X = {0,1,2} va ham D : X x X — [0,4+o00) dugc
dinh nghia béi

D(0,0) = D(1,1) = D(2,2) =0, D(0,1) = D(1,0) = =

D(0,2) = D(2,0) =6, D(1,2) = D(2,1) = 5.

Xét anh xa T : X — X ducgce dinh nghia béi 70 = 0,71 =0va T2 = 1.
Dé thay (X, D, K = 2) la khong gian b—metric manh compact nhung
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khong 1a metric compact vi 6 = D(2,0) > D(2,1) + D(1,0) = 4. Do
do, Dinh 1y 2.2 ctia Gérnicki ([16]) khong ap dung duge. Tuy nhién, ta dé
dang kiém tra dugc 7' théa méan céac dieu kien ctia Dinh 1y 2.1.13 va T' c6
diém béat dong duy nhat @ = 0. Hon nita, v6i méi a € X thi T"a = 0 véi

moi n = 2. Do do T la toan tit Picard.

Heé qua 2.1.15. Cho (X, p) la khong gian metric compact va T : X — X

la mot anh za thoa man
1
p(Ta, Tb) < - (p(a, Ta) + p(b, b))

vdi moi a,b € X sao cho 3p(a,Ta) < p(a,b). Khi d6, T c6 diém bat dong

duy nhat a € X. Hon nita, néu T lién tuc thy T la todn tii Picard.

Viduy 2.1.16. Cho X = [—4, —3]U{0}UI[3,4], ham p : X x X — [0, +00)
duge dinh nghia bdi p(a,b) = |a — b| v6i moi a,b € X. Ta dé dang thay
rang (X, p) 1a khong gian metric compact. Xét anh xa T : X — X duge
dinh nghia bai

(4 9 .
;‘L , néu a € [—4,—3),
Ta=< 0, néu a € {-3,0,3},
—4 9 .
\ aa—_—;, neu a € (3,4],

voi a € X. Ta c6 Ta € (3,4] v6i moi a € [—4,—3) va Ta € [—4,—3) véi
moi a € (3,4]. Do d6, T' 1a mot anh xa di tit X vao chinh né va théa méan
(1) T khong lién tuc tai a = —3 va a = 3.
(2) Néu a < =3 thi Ta > 3 va |Ta| < |al.
(3) Néu a > 3 thi Ta < —3 va |Tal < |al.
Néu a, b € [3,4] thi

1 1 —4a +9
-l Ta) = =g — ——— =

_1a2+2a—9
2 a-—2
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> 1
> |a—b| = p(a,b).
Tuong tu, néu a,b € [—4, —3] thi 1p(a, Ta) > |a — b| = p(a,b).
Bay git, ta kiém tra p(T'a,Tb) < 3(p(a,Ta) + p(b, Tb)) la ding néu

(a,b) € X x X thoa man mot trong hai truong hgp sau:
Trudng hop 1: a =0 va b# 0. Néu b € {—3,3} thi Th = 0. Do do,

1
p(T0,Tb) =0 < 5(,0(0, T0) + p(b,Th)) = =
Néu b > 3 hoac b < —3 thi

p(T0.T8) = [T5] < (1] + TH)) = 1 (1p — Tb)

(p(0,T0) + p(b,Tb)).

DO | r—tl\DI =

Vi vay,
1
p(T0,Th) < 2( p(0,T0) + p(b, Th)) véi moi b # 0,

va

1
p(Ta, T0) < §(p(a, Ta) + p(0,70)) véi moi a # 0.

Truong hop 2: a < —3va b > 3. Néua = —3 thi

p(T(=3),Tb) = |Tb| < =(3+ |[b—Tb]|)

—N | =

— ~(p(=3,T(=3)) + p(b, Th)),

[\

v6i moi b > 3. Néu b = 3 thi
1
p(Ta,T3) = [Ta| < 3 (la — Tal) < £ (p(a,Ta) + p(3,T3)),
v6i moi a < —3. Néua < —3 va b > 3 thi

5 (pla Ta) + p(b.Th) = >(Ta — a-+ b~ Th)

1 4a+9 1 4b—09
= _ _ S
gz VTRt 5)
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>4a+9+4b—9
a+ 2 b—2
=Ta—Tb=p(Ta,Th).

Do d6 T thoa man tat cd cac dieu kién trong Hé qua 2.1.15 tru tinh lien
tuc clia anh xa 7. Dé dang thay rang T c6 diém bat dong duy nhat @ = 0.
Hon ntta, néu a ¢ {—3,0,3} thi day {T"a} khong hoi tu dén a = 0. Do
do6 T khong la toan tit Picard.

Chiing minh hoan toan tuong tu nhu ching minh Dinh ly 2.1.13, ta
thu dugc két qua dudi day.

Dinh 1y 2.1.17. Cho (X, D, K) la khong gian b—metric manh compact

va anh xaT : X — X thoa man

D(Ta,Th) < %(Dm, Ta) + D(b,Th) + D(a,b))

vdi a,b € X sao cho #7D(a,Ta) < D(a,b). Khi dé, T c6 diém bit dong

duy nhat a € X. Hon thé, néu T la anh xa lién tuc thy T la todn té Picard.

2.2. Toan ti¥ Picard yéu cho anh xa Kannan-Suzuki

da tri

Cho (X, D, K) la khong gian b—metric manh. Ki hieu CB(X) la tap
hop tat ca cac tap con khac rong, déng va bi chan ctia X. Ham H xéc
dinh bdi

H(A, B) := max{supd(a, A);supd(a, B)},

aceB acA
trong d6 A, B € CB(X) va d(a, A) := infye 4 D(a, b) dudc goi 1a metric
Hausdorff tren C'B(X) cam sinh béi D.
Chiing minh tuong tu nhu ching minh B6 dé 1.2.3, ta thu dudgc.
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B

(@)

de

2.2.1. Gid st rang (X, D, K) la khong gian b—metric manh va

A, B € CB(X). Néu H(A,B) > 0 thi vdi moi h > 1 va a € A ton tai
b € B sao cho

D(a,b) < h-H(A,B).
Dinh ly 2.2.2. Cho (X, D, K) la khong gian b—metric manh day di va

T:X — CB(X) la anh za Kannan-Suzuki da tri. Khi dé T la todn ti
Picard yéu da tri.

Chiing minh. Lay ag € X va ta chon a; € Tay.

Budce 1. Néu H(Tay,Tay) = 0 thi Tag = Tay. Dieu dé ching t6 a; la

diém bat dong T. Néu H(Tag, Tai) > 0 thi theo Bo dé 2.2.1, v6i mbi
hi > 1, ton tai ay € T'a; théa man

D(al, CLQ) < h1H<Ta0, TCLl).

Bué6c 2. Néu H(Tay, Tas) = 0 thi Ta; = Tay. Chiing t6 as 1a diém bat

dong ctia T. Néu H(Tay,Tay) > 0, stt dung mot 1an nita B dé 2.2.1, v6i
moi hy > 1, ton tai as € T'ay théa man

D(CLQ, CL3) < th(TCLl, TCLQ).

Budc n. Ct tiép tuc qua trinh trén, néu H(Ta, 1,Ta,) = 0 thi ta c¢6
Ta,_1 = Ta,, suy ra a, la diem bat dong ctia T. Néu H(Ta,,_1,Ta,) > 0,

theo B6 dé 2.2.1 v6i méi h,, > 1, ton tai a,41 € Ta, thda man

D(an, ans1) < hyH(Ta, 1, Tay).
Qua trinh trén ct thé tiép dién, néu tai bude thi k md H(Tay_1, Tay) = 0
thi a; 13 mot diém bat dong va day lap {T"a} hoi tu vé aj. Néu khong,
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ta thu duge hai day {a,} va {h,},>1 théa man a, € Ta,_1,h, > 1 va

D(ap,an+1) < hyH(Tap—1,Tay), n=1,2,.... (2.2.1)
T
a1 Tan 1) < —— D ) < D )
an— 9 an— ~ a”fL— 9 a”fL X an— ) an )
K+1 ! USK11 L L

v6i moi m > 1, nén theo gia thiét ta c6

H(Tay-1,Ta,) < s(d(an—1,Ta,_1)+ d(an, Tay))
< s(D(ap—1,an) + D(an, an+1)) véin > 1.(2.2.2)

Két hop (2.2.1) va (2.2.2), ta c6
D(an, ans1) < hns(D(an_l, a,) + D(ay, anH)), n=1,2,...

Ta ¢6 thé chon h, = % > 1 véi s € (0,k) va 0 < k < 5. Khi do, ta thu
dugce
k k
D, < 7 an 1, 6 day T % <1va D, = D(ap,aps1), n=1,2,...
T do suy ra
k n
Dn < <m) D(), v6i n = 1.
Do do
k n
Do y3 () < oo

z z L

Theo Ménh dé 2.1.3, {an} 14 mot day Cauchy trong X. Béi X day du nén

ton tai @ € X théa man lim a, = a. Tiép theo, ta chi ra rang v6i moi
n—oo

n > 0, hoac la

1 1
K—Hd(an,Tan) < D(ay, a) hodc 1

d(ans1, Tant1) < D(apgr,a).
(2.2.3)

Bang phan ching, gid sit rang ton tai sé tu nhién n > 0, sao cho

D(an,a) <

d(an, Tay) va D(api1,a) < d(ans1, Taniq).

K+1 K+1
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Khi dé, theo bat déng thic tam giac, ta co

D, = D(an,an+1) < D(ay,a) + KD(apyi1,a)

1 K
——d(a,, T'a,) + ———
< +1(a a)+K+1

1 K

D(ana an+1) + K—HD(an—i—la an+2)

d(an+17 Tan-i—l)

N

< Dn-

Diéu nay khong xdy ra. Do do, tir (2.2.3) va gid thiét, véi méi n > 0,
hoac la
H(Tay,,Ta) < s(d(ay, Ta,) + d(a, Ta)), (2.2.4)
hoac
H(Taypi1,Ta) < s(d(antr, Tansr) + d(a, Ta)). (2.2.5)
Khi do6, ho#c 1a (2.2.4) dung vé6i vo han s6 tu nhien n, hodc (2.2.5) ding
v6i vo han s6 tu nhien n. Gia st (2.2.4) dung v6i vo han s6 ty nhién n, ta
c6 thé chon trong tap vo han doé day {n;} don diéu tang ngit. Tit d6 suy

ra day {a,,} 1a day con ctua day {a,} va v6i méi k > 1, ta c6

d(a,Ta) = ble%“faD(a b) < KD(ap,+1,a) + biel%rfa(an’“ﬂ’ b)
KD(a’nkJrl) ) + d(ankJrl) Ta’)
KD(ap, +1,a) + H(Ta,,,Ta)

KD(an,11,a) + s(d(an,, Tan,) + d(a, Ta)).

N

VAN

Diéu nay tuong duong véi

I K _
d(a, Ta) < 1—_SD(CLnk, CL) + —

d(ay,,Tay,) véi moi k > 1.

Lay giéi han hai vé ctia bat dang thic tren khi k& — oo, ta thu dugc
d(a,Ta) = 0. Dieu nay kéo theo a € Ta. Néu (2.2.5) diung véi vo han s6
tu nhién n, chitng minh moét cach hoan toan tuong tu nhu trén ta suy ra

a la diém bat dong ctia anh xa 7. Vay T la toan ti Picard yéu da tri. O
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Vidu 2.2.3. Giast X = {1,2,3}, K =3va D: X x X — [0,00) dugc
dinh nghia béi

D(1,2) = 1,D(1,3) = 4,D(2,3) = 2va D(1,1) = D(2,2) = D(3,3) = 0.
Xét anh xa T : X — C'B(X) duge xac dinh béi
T1=1{2},T2 = {2}, 73 = {1,2}.

Khi d6 (X, D, K) la khong gian b—metric manh day di nhung khong la
khong gian metric béi vi D(1,3) > D(1,2) + D(2,3). Do d6, Dinh 1y 7
khong ap dung duge. Mat khac, ta ¢
H(TL.T2) = H({2}.{2}) = D(2.2) = 0
H(T2,73) = H({2},{1,2}) = D(2,2) =0,
H(T1,T3) = H({2),{1,2)) = D(2,2) =0

Dé dang kiem tra dugc 7" théa man tat ca cac diéu kien ctia Dinh 1y 2.2.2 va

T 1a toan tit Picard yéu da tri.
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2.3. Két luan chuong 2

Chuong 2 ciia luan an dat dugc cac két qua sau:

e Thiét lap Dinh 1y 2.1.4, Dinh 1y 2.1.6 1a cac md rong thic su clia
Dinh 1y 4 va Dinh 1y 5.

e Thiét lap Dinh Iy 2.1.8, He qua 2.1.9, Dinh 1y 2.1.11 1& cac diéu kién
du dé anh xa la toan ti Picard trong khong gian b—metric manh day di.

e Thiét lap Dinh 1y 2.1.13 1a cac diéu kien du dé anh xa la toan ti
Picard trong khong gian b—metric manh compact. Két qua nay 1a md rong
két qué ctia J. Gornicki [16].

e Thiét lap Dinh 1y 2.2.2 1 diéu kién dua dé anh xa 13 toan ti Picard
yéu da tri trong khong gian b—metric manh day du. Két qua clia ching

toi 1a md rong két qua ciia L. S. Dube va S. P. Singh [10].
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Chuong 3

L e

Toan ti¥ Picard va bo sung dua dbi
vGi khong gian b-TVS metric nén

manh

Trong chuong nay, ching t6i gidi thiéu khong gian 0-TVS metric nén
manh. Sau d6, chung t6i md rong két qua ctia Sh. Rezapour va R. Haml-
barani [41] trong khong gian nay. Phan cudi chuong, danh dé thiét lap
Nguyén 1y bo sung di clia khong gian b-TVS metric nén manh. No6i dung
chinh ctia chuong duge viét dya trén cac bai bao [A3] va [A5] trong danh

muc cac cong trinh lién quan dén luan an.

3.1. Tinh chat lan can cua nén

Dinh nghia 3.1.1. [21] Cho F la khong gian vecto topo 161 dia phuong
Hausdorff thyc, 6 14 vecto goc cia E va C C E. Ta noéi, tap C' 1a nén clia
E néu:

(i) C la tap dong, khac rong, C' # {0};

(ii) ax + by € C v6i moi x,y € C, a,b 1a cac s6 thuc khong am;

(iii) &N (=C) = {6}
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Dinh nghia 3.1.2. [21] Cho FE la khong gian vecto topo 16i dia phuong
Hausdorff thiyc va néon C' C E v6i phan trong khac rong. Ta dinh nghia

quan hé tha ty bo phan < trén E sinh bdi nén C' nhu sau
r,y€E:x<ynéuy—xeC.
Néu z <y vax # y thita viet x < y. Néu y — 2z € int C' thi ta viét = < y.

Trong cac phan tiép theo, ta luon gid st F 1a khong gian vecto topo
10i dia phuong Hausdorff thitc va < 13 quan hé thi tu bo phan trén E sinh
bdi né6n C' c6 phan trong khac rdng. Tt dinh nghia ctia nén C' va quan hé

thtt t bo phan trén F, ta dé dang ching minh dugc mot s tinh chat sau.

Meénh dé 3.1.3. Cho C la mot non trong E. Khi doé
(i) C+C =C;
(ii) int C' 4+ C = int C;

(iii) int C + int C = int C;

(iv) Vdi moia € int C va 8> 0 thi fa € int C.

Meénh dé 3.1.4. Cho C la mot non trong E. Khi do
(i) Neua 2bwvac=dthha+c=b+dwvdimoiab,c,decFE,;
(i) Néua < bvac<d thha+c<<b+dvdi moia,b,c,de E;
(iii) Néua < b vac < d thi a+ c < b+ d vdi moia,b,c,d € E,
(iv) Neua 2 da,a€ Cva0<A<1thha=0.

Meénh dé 3.1.5. Cho C la mot non trong E. Khi doé
(i) Néeua 2bvab < ¢ thi a < ¢ vdi moi a,b,c € F;
(ii) Néu a < b va b = c thi a < ¢ vdi moi a,b,c € E
(iii) Néu a < b va b < ¢ thi a < b vdi moi a,b,c € E.

Ménh dé 3.1.6. [1] Gid sie € intC,0 < a, va lim a, = 0. Khi dé, ton

n—oo

tai N € N sao cho a, < e vdi moin > N.
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Dinh nghia 3.1.7. [25] Cho C' la mot nén trong E. Ta noi rang nén C
théa man tinh chat lan can néu véi moéi lan can U cia 6 trong E c¢6 mot
lan can V' cua 6 trong E sao cho

V+CO)n(V-0C)cCU.
Dinh nghia 3.1.8. [25] Cho C' 14 mot nén trong E. Ta néi rang B C F
1a tap sinh ctia nén C' va viét C' = cone(B) néu

C={th:be B,t>0}.
Néu B khong chiia diem goc 6 va mdi ¢ € C\{#} déu ton tai duy nhat
b e B,t > 0sao cho ¢ =1tbthi B dugc goi la co s6 ctia nén C.
Nhan xét 3.1.9. Néu nén C' c¢6 mot co sd 161, dong va bi chan thi nén C
théa man tinh chat lan can (xem Menh dé 1.8 trong [25]).
Vi du 3.1.10. Cho F = R,C = R,. Khi d6 C théa man tinh chat lan
can.
Meénh dé 3.1.11. Gid st rdng nén C théa man tinh chat lan cin. Khi do
vdi moi lan can U cia 0 trong E, ton tai phan té e € E,0 < e sao cho

Cne—-C)cU.

Chiing minh. Do C théa méan tinh chat lan can nén theo Dinh nghia 3.1.7
ton tai mot lan can V cla 6 trong E sao cho

V+CO)n(V-0C)cCU.
Vi int C' # () nén ta c6 thé chon a € E,0 < a. Tit lim %a = 6 suy ra ton

n—oo

tai s6 ng sao cho

—a €V v6i moi n = ny.

n
Date:nioa.KhidéeeEﬁ«eva

CNne-C)c(V+CO)Nn(V-C)cCU.
Meénh dé duge ching minh. O
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B6 dé 3.1.12. Gid s non C théa man tinh chat lan can trong khong gian
vecto topo loi dja phuong Hausdorff thuc E. Cho {u,}, {v,},{a.} la cdc

day trong E sao cho a, = u, =X v, vdi moin > 1 va

lim v, = lim a, = 0.
n—oo n—oo

Khi do lim wu,, = 6.

n—oo
Chitng minh. Gia st U 1a mot 1an can bat ky cia 6 trong E. Vi nén C
théa man tinh chat lan can nén ton tai mot lan can V ctia 0 trong F sao

cho

V+CO)n(V-C)cU.

Do lim v, = lim a,, = 6 nén ton tai ng sao cho v, a, € V véi moin > ny.

Mat khac, vi a, < u, =X v, v6i moi n > 1 nén ta co

véi moi n > 1. Diéu d6 ching t6 u,, € (V +C)N(V — C) v6i moi n > ny.

Do do, u,, € U v6i moi n > ng. Vi vay lim u, = 6. O
n—oo

Vi du 3.1.13. Gia sit E = Cj;; v6i chuan

LA =11 lloo + 11 e

vanon C ={f € E: f(t) > 0,Vt € [0,1]}. Khi d6 nén C khong thdéa méan
tinh chat lan can. That vay, xét f,(t) = L va g, (t) = 2 v6i moi t € [0, 1].
Khi d6 6 < f,, = g, v6i moi n va lim g, = 6. Mat khac, ta ¢6

n—oo

! n—1 1 4t .
| foll = max — + max t""" =1+ — > 1 v6i moi n > 1.
te0,1] n t€[0,1] n

Do dé f, khong hai tu dén . Theo Bo dé 3.1.12, suy ra nén C khong cé

tinh chat lan can.
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3.2. Khong gian b»-TVS metric n6n manh

Dinh nghia 3.2.1. Cho X la mot tap khéc rong va K > 1. Anh xa
p: X x X — E dude goi 1a mot b-TVS metric nén manh trén X néu
(d1) 6 < p(a,b) v6i moi a,b € X
va p(a,b) = 6 néu va chi néu a = b;
(d2) p(a,b) = p(b,a) véi moi a,b € X;
(d3) p(a,b) < p(a,c)+ Kp(c,b) v6i moi a,b,c € X.
Khi dé (X, F, C, K, p) dugce goi la mot khong gian b-TVS metric nén manh.

Dinh nghia 3.2.2. Cho (X, F,C, K, p) 1a khong gian b-TVS metric nén
manh va {a,} 14 mot day cdc phan tit ciia X. Ta néi rang

(i) a 1a gi6i han cia day {a,} néu véi moi e € E, § < e, ton tai 0
tu nhién ng sao cho p(a,,a) < e véi moi n > ng. Ki hiéu 1a a,, — a hodc
lim a, = a.
n—o0

(ii) {a,} 14 day Cauchy néu v6i moi e € F, § < e, ton tai s6 ty nhién
ng sao cho p(ay, a;,) < e véi moi n, m = ny.

(iii) Néu moi day Cauchy la hoi tu trong X thi (X, E,C, K, p) dugc
goi 14 khong gian b-TVS metric nén manh day du.

Tiép theo, ching t6i chiing minh mot s6 tinh chat trong khong gian
b-TVS metric nén manh véi thit tu sinh béi nén C' trong khong gian vecto

topo 1oi dia phuong Hausdorff thuc E.

Bo dé 3.2.3. Cho (X, E,C, K, p) la khong gian b-TVS metric non manh
va {a,} la mot day cic phan ti cia X. Khi dé, ta co:

(i) Néu {a,} hoi tu dén a € X thi {a,} la day Cauchy.

(ii) Néu {a,} hoi tu dén a € X va {a,} hoi tu dén b € X thi a = b.

Chiing manh. (i) Gia st lim a,, = a € X. Khi d6, véi méi e € F,0 < e

n—oo
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ton tai sO6 tu nhién ng sao cho

(an, 0) < = V& p(anm, 0) < = v6i moi n,m >
play,a 2va,0am,a 2KV1moln,m/n0.

Khi do, ta co
pan, an) = play, a) + Kp(any,a) < e véi moi n,m > ny.

Vay {a,} la mot day Cauchy.
(ii) Gid st e € F,0 < e. Vi lim a, = a, lim a, = b nén v6i moi
n—oo n—0o0
k > 1, ton tai so6 tu nhién ngy sao cho

e
2kK

e
plan, a) < o5 V2 plan,b) K

v6el moi n = ny.
Khi do,
pla,b) <X plap,a) + Kp(a,,b) < % v6i moi n > ny.

Diéu d6 chiing to
%—p(a,b) € C v6imoi k > 1.
Cho k — oo va do C' déng nén ta c6 —p(a,b) € C. Vay p(a,b) = 0 hay

a = b. Bo dé duoc chitng minh. O

Bo dé 3.2.4. Cho (X, E,C, K, p) la khong gian b-TVS metric nén manh,
non C' théa man tinh chat lan can va {a,}, {b,} la hai day trong X. Khi
do

(i) lim a, = a € X néu va chi néu lim p(a,,a) = 6.

(ii) {a,} la mot day Cauchy néu va chi néu lim  p(an, an) = 0.
Nn,M—00
(iii) Néu lim a, =a € X va lim b, =b € X th

lim ,O(Cln, bn) - p(au b)

n—oo
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Chiing minh. (i) Gid st lim a, = a € X. V6i U la mot 1an can tuy y cia

n—oo

0 trong E. Do C c¢6 tinh chat lan can nén theo Ménh dé 3.1.11, ton tai
e € E, 0 < e sao cho
CNne—-C)cU.

Vi lim a,, = a € X nén ton tai so6 tu nhién ng sao cho
n—oo

pla,,a) < e véi moi n > nyg.
Tu do suy ra
play,a) € e —int C' C e — C v6i moi n > ny.

Do do
play,a) € CN(e—C) véi moi n > ny.

Vay p(an,a) € U v6i moi n > ng. Tt d6 suy ra lim p(a,,a) = 6.
n—oo
Ngugc lai, gid st lim p(a,,a) = 6. V6i moi ¢ € E,0 < e, khi d6 ton
n—oo

tai mot lan can U cua 6 trong E sao cho
e—U CintC.
Vi lim p(a,,a) =6 nén ton tai s6 tu nhién ny sao cho
p(an,a) € U véi moi n > ny.
Diéu nay chitng to

e — play,a) € int C' v6i moi n > ny.

Tu d6 suy ra p(a,,a) < e véi moi n > ng. Do d6 lim a, = a.
n—oo

(ii) Gid st {a,, } 1a mot day Cauchy. Cho U 1a mot lan can ctia 6 trong
E. T Meénh de 3.1.11, ton tai e € E,0 < e sao cho

Cne—-C)cU.
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Vi {a,} la day Cauchy nén ton tai s6 tu nhién ng sao cho
PG, ap) < e voi moi n,m = ny.
Kéo theo
plan, an) € e —int C' C e — C' v6i moi n,m > ny.
Do do6
plan, an) € CN(e—C) véi moi n,m > ny.

Vay p(an, ap) € U v6i moi n,m > ny. Nghia la lim  p(ay, a,) = 6.

n,m—

Ngugce lai, gid st lim  p(a,,a,) =60. Véi e € E,0 < e. Khi do, ton

n,M—>00
tai mot lan can U cua 6 trong E sao cho

e—U CintC.

Tu lim p(a,,a;,) =60 nén ton tai s6 tu nhién ng sao cho
Nn,M—+00

pan, ay,) € U v6i moi n, m = ny.
Kéo theo
e — plan, ay) € int C' v6i moi n,m > ny.

Diéu d6 ching t6 p(an, a,) < e véi moi n,m > ng. Do d6 {a,} 1a mot
day Cauchy.

(iii) Ta co,

p(anabn) Kp(a’nva’) +p<a7b)+Kp(bn7b)a

pla,b) = Kp(ay,a)+ play,b,) + Kp(b,,b) véi moi n > 1.

BN

Kéo theo

_K(P(ana a) + p(bn, b)) = pla,b) — p(an, by) = K(P(am a) + p(bn, b))

véi moi n = 1. T lim (p(an,a) + p(by, b)) = 0 va béi Bo dé 3.1.12, ta c6

n—oo
nh_g)lo (p(a, b) — p(an, bn)) =0.
Do d6 lim p(ay,,b,) = p(a,b). O

n—oo

65



Nhan xét 3.2.5. Cha y rang trong [21], Bo dé 3.2.4 dugdc chiing minh
duéi diéu kien C' 1a noén chuan tic trong khong gian Banach, & day ching
toi gid thiét C' 1a nén théa man tinh chat lan can trong khong gian 16i dia
phuong Hausdorff thyc. Vi du sau cho thay Bo dé 3.2.4 khong con ding

néu nén C' khong c6 tinh chat lan can trong E.

Vidu 3.2.6. Gia st F = C’[lo ) VOi chuan

1A= Nf oo =+ 1 Nl oo-

Xétnon C = {f € E: f(t) >0 v6imoit € [0,1]}. Khi d6 nén C khong
6 tinh chat lan can (xem Vi du 3.1.13).
Giast X ={0,2:n>1} vap: X x X = E dudc xac dinh béi

0, néu a = b,
pah) =3 1f, = ful. néwa#be {41}
fn, néua#be {%, 0},
6 day fo(t) =L véimoit €[0,1] van > 1.
Dé dang kiém tra dugc d 1a b-TVS metric nén manh trén X véi K = 1
va (X, E,C, K =1, p) la khong gian b-TVS metric nén manh. Hon nia,

ta co

1 I

p(=.0) = fo = L voimoin>1,

n n

dday Ip € EbéiIp(t) =tvéit € [0,1]. Tit lim & = 6, theo Ménh dé 3.1.6,
n—oo

v6i moi e € .0 < e, ton tai s6 tu nhién ng sao cho

— K e v0l mol n = ny.

n
Vi vay, p(+,0) < e v6i moi n > ng. Do d6 lim + = 0. Mat khéc, ta c6
n—oo
1 t" n—1 1 4 .
|lp(=,0)=0|| = ||fn.—0| = max —+max t"" =1+— > 1véi moin > 1.
n te0,]] n - tel0,1] n

Do d6 p(%, 0) khong hoi tu dén 6 trong E. Vay Bo dé 3.2.4(i) khong con
dang.
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3.3. Toan tu Picard trong khong gian 6-TVS metric
nén manh
Dinh ly 3.3.1. Cho (X, E,C, K, p) la khong gian b-TVS metric non manh
day di va anh za T : X — X. Gid st ton tai s € [0,1) théa man
p(Ta, Th) = sp(a,b) vdi moi a,b e X.
Khi do, T la toan ti Picard.

Chitng minh. Chon ag € X, ta dinh nghia day {a,} trong X béi cong
thic a,1 = Ta, v6i moi n > 0. Dat p, = p(an, a,41) véi moi n > 0. Theo
gid thiét, ta c6

Pn+1 = p(an+1a an+2) = p(Tan, Tan—H)

= Sp(am anJrl) = SPn,

v6i moi n > 0. Suy ra

Prn+1 =X Spn, n=0,1,....

Dieu d6 kéo theo
on 3 8"py, n=1,2,....

V6i m > n, ta co

PN

p(an, am) = Kp(an, angr) + .o+ Kp(am—2, am-1) + plam-1, anm)

Kpn+ Kppi1 + ... + Kppm—2 + pm-1

PN

K(s"po+ " po+ .. + 8™ 2po) + 5" py

K(1+s+s*4+ .. 48" 2)s"pg 4+ 5™ g
K
1—s
Dat Ag, ) = %s”po + 5™ 1py v6i m,n > 1. Khi do6

PN

s"po+ s po.

Apmy — plan, ay) € C véim,n > 1.
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Véi e € E,0 < e tuy ¥, khi d6 ton tai lan can U cia 6 trong E sao cho

e—UCintC. Vi lim A, ,,) = 6 nén ton tai s6 tu nhién ngy sao cho
m,n—00
A(nmy € U v6i moi m,n = ng.
Diéu nay kéo theo
e — Apm € e — U Cint C véi moi m,n = ny.

Tu do suy ra

€ — ,O(Clm am) - (6 - A(n,m)) + (A(n,m) - p(&m am))

€ intC' 4+ C =int C véi moi m,n = ny.
Diéu d6 chiing t6
p(an, am) < e véi moi m,n = ny.

Suy ra {a,} 1a mot day Cauchy trong X. Vi X day di nén ton taia € X

sao cho lim a, = a. Tiép theo ta chi ra rang @ la diém bat dong ctia 7.

n—oo
That vay, vi lim a, = @ nén v6i mdi k > 1, ton tai s6 tu nhién ny
n—oo
sao cho
(a0,0) < 50— VA (a1, @) < o
an, @ —— va p(ap,1,a —,
PRan s | LU WK

v6i moi n > ng. Khi do, ta c¢o

p(Ta,a) 2 p(Ta,Ta,)+ Kp(Tay,a)

e
< S,O(C_L, Cln) + Kp(an+17 C_L> < Ea

v6i moi n > ng. Do dé £ — p(Ta,a) € C' véi moi k > 1. Mat khac, do
£ — 0 khi & — oo va C déng nén ta 6 —p(T'a,a) € C. Diéu nay chiing
té p(Ta,a) = 0 hay Ta = a. Vi vay, a la diém bat dong ctia T.

P!

i4 st b ciing 1a diém bat dong ctia 7. Khi d6, ta c6

p(a,b) = p(Ta,Tb) = sp(a,b).
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Tt d6 suy ra @ = b. Vay T c6 diém bat dong duy nhét. Do d6, T 1a toan
ti Picard. O

Vi du 3.3.2. Cho X = {0,1,2}, E = R? va
C={(a,b) e E:a>0,b>0}.
Ham d : X x X — E dugc dinh nghia béi
pla,a) =0 véiae X, p(a,b) =p(b,a) véi moia,b e X

va

p(0,1) = (4,4), p(0,2) =p(1,2) =(1,1).
Xét anh xa T' : X — X xac dinh béi T1 = T2 = T0 = 0. Ro rang
(X, E,C, K = 3,p) la khong gian b-TVS metric nén manh day di nhung

khong 1a khong gian metric nén vi
p(0,2) +p(2,1) = (2,2) =2 (4,4) = p(0,1).

Do d6, Dinh 1y 2.3 trong [41] khong ap dung duge. Tuy nhién, dé dang
kiém tra dudc tat ca cac gia thiét ctia Dinh 1y 3.3.1 théa man va T 1a toan

t1f Picard.

Dinh 1y 3.3.3. Cho (X, E,C, K, p) la khong gian b-TVS metric nén manh

day di va anh xa T : X — X. Gid si ton tai s € |0, %) théa man
p(Ta, Tb) < s(p(a,Ta)+ p(b,Th)) véi moi a,b € X.
Khi do, T la toan ti Picard.

Chiing minh. Lay ag € X, ta xay dung day lap {a,} trong X bdi cong
thic a1 = Ta, v6i moi n > 0. Dat p, = p(ay, aye1) v6i moin > 0. Theo

gid thiét, v6i moi n > 0 ta c6

Pn+1 = ,O(Cln+17 an+2) = p(Tana TanJrl)
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= 3(p(an; Tan) + p(an—i—l: Tan—i—l))

- S(p(ana an—H) + p(an—l—b an—|—2)) - S(pn + pn—i—l)-

Diéu d6 chiing t6 ring
Pn = h"py v6i moi n > 1.

Vi m,n > 1, ta co

p(am7an) 1Y Tay—1,Ta,— 1)

PN

s(p(am—1, Tan_ 1)—|—p(an 1, Ly, — 1))

(
(o

s(p(am-1, am) + plan-1,a,))
(

PN

S{(Pm—1+ Pn— 1)
Dat By ) := s(pm-1 + pp—1) v6i m,n > 1. Khi d6
By — p(am, ay) € C v6i moi m,n > 1.

Véi e € E.0 < e tuy ¥, khi d6 ton tai lan can U cla 6 trong E sao cho

e—UCintC. Vi lim B, ;) =0 nén ton tai so6 tu nhién ng sao cho
m,n—0o0

By,my € U v6i moi m,n = ny.
Diéu nay kéo theo
e — Bm) € e — U Cint C v6i moi m,n > ny.

Tu do suy ra

€ — ,O(CLn, am) - (6 - B(m,n)) + (B(mm) - P(@m, an))

€ intC' 4+ C =int C véi moi m,n > ny.
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Diéu d6 chiing to
p(am, a,) < e véi moi m,n = ny.

Suy ra {a,} 1a mot day Cauchy trong X. Vi X day di nén ton taia € X
sao cho lim a, = a.
n—oo

Tiép theo ta chi ra ring a la diem bat dong ctia 7. That vay, vi

lim a, = @ nén véi mdi k > 1, ton tai s6 duong ny sao cho
n—oo

v6i moi n > ng. Khi do, ta co

p(Ta,a) < p(Ta,Ta,)+ Kp(Tay,,a)
< s(p(a,Ta)+ play, Ta,)) + Kp(Tay,, a),

v6i moi n > 0. Tu do suy ra

1
IO(TC_L7C_L) = 1—s (Sp(ana an+1) + K:O(an+17 C_L))
~ € i € . €
2%k 2k K

v6i moi n > ny. Do do6, £ — p(Ta,a) € C véi moi k > 1. Mat khéc, do
£ — 0khi k — oo va C déng nén ta c6 —p(Ta,a) € C. Diéu nay chiing
t6 p(Ta,a) = 0 hay Ta = a. Vi vay, a la diém bat dong ctia T.
Gi4 stt b cling 1a diém bat dong ctia 7. Khi d6, ta c6
p(a,b) = p(Ta,Tb) < s(p(a, Ta) + p(b,Tb)) = 6.
Diéu nay kéo theo @ = b. Vay T la toan tit Picard. O
Vi du 3.3.4. Cho X = {0,2,3}, E =R? va

C={(a,b) e E:a>0,b> 0}.
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Ham d : X x X — E dugc dinh nghia béi
pla,a) =6 =(0,0) véi a € X,

p(3,0) = p(0,3) = (3,3), p(2,0) =p(0,2) = p(2,3) = p(3,2) = (1,1).
Xét anh xa T : X — X xéc dinh b6i T0 = T2 = T3 = 0. R6 rang
(X, E,C, K =2,p) la khong gian b-TVS metric nén manh day dt nhung

khong 1a khong gian metric nén vi
p(0,2) +p(2,3) = (2,2) = (3,3) = p(0,3).

Do d6, Dinh 1y 2.6 trong [41] khong ap dung duge. Tuy nhién, dé dang
kiém tra dugc tat ca cac gia thiét ctia Dinh 1y 3.3.3 thoa man va 7' 14 toan

¢ Picard.

3.4. Bo sung du cua khéng gian b-TVS metric nén

manh

Dinh nghia 3.4.1. Cho (X, F,C, K, p) 1a khong gian b-TVS metric nén
manh. V6iag € X vae € F,0 < e, tap con

B(ag,e) :={a € X : plap,a) < e}

ctia X dugce goi 1a hinh cau mé tam ag ban kinh e. Ta ndéi rang:

(i) Mot tap A C X 13 md néu v6i mdi a € A, ton tai e, € F,0 < e,
sao cho B(a,e,) C A. Mot tap B C X 1a déng néu phan bl ctia n6 1a tap
ma.

(i) Giao cla tat ca cac tap dong chita A 1a bao dong ctia A, ki higu

la A. Tap A duoe goi la trit mat trong X néu A = X.

Nhan xét 3.4.2. Néu (X, E,C, K, p) la khong gian b-TVS metric nén
manh. Khi dé céc khang dinh sau day la ding:
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(i) Tap 0 va c& khong gian X 1a cac tap md va cling 13 cac tap dong.

(ii) Hinh cau m& B(ag, e) la tap md, hinh cau déng B(ag, e) 1a tap
dong, & day B(ag,e) :=={a € X : p(ag,a) X e}, e€ E,0 < e, a9 € X.

(iii) Hop cua cac tap mé 1la md, giao cta cac tap dong la déng.

(iv) Giao clia mot s6 hitu han cac tap md 1a md, hop clia mot s6 hitu

han cac tap dong la dong.

Meénh dé 3.4.3. Ddy cdc phan ti {a,} cia X la hoi tu dén a trong
(X, E,C, K, p) néu va chi néu moi tap md W chita a, ton tai so ty nhién

no sao cho a, € W vdi moi n = ny.

Ching minh. Gia sit 7}1_}1120 a, = a va W la mot tap md chia a. Khi do,
ton tai e € E,0 < e sao cho B(a,e) C W. Do nli_{{)loan = @ nén ton tai s6
tu nhién ng sao cho p(a,a,) < e véi moi n = ny. Do d6 a, € W v6i moi
n = nyg.

Ngugc lai, véi moi e € F, 0 < e, hinh cau B(a, e) 1a tap mé chia a.

Theo gia thiét, ton tai s6 ti nhién ng sao cho a,, € B(a,e) v6i moi n > ny.

Do d6 p(a,a,) < e véi moi n > ny. Vay lim a, = a. O

n—oo

Ménh dé 3.4.4. Cho A la mot tap con ciia khong gian b-TVS metric
non manh (X, E,C, K, p). Khi dé, a € A néu va chi néu ton tai mot day

{a,} C A sao cho lim a, = a.
n—oo

Ching minh. Gid sita € A. Khido vé6imdin >1,e € E,0 < e, ta c6

B(a,—)NA # 0.

S|

V6i méi n > 1, ta chon a, € B(a, £) N A. Dieu nay chimg t6 {a,} C A va
lim a,, = a. Ngugc lai, gid st ton tai day {a,} C A sao cho lim a, = a.
n—oo _ R _’n,—>OO _

Ta chi ra a € A. That vay, bang phu dinh, gia st a € X\A. Vi X\A la
tap md, khi d6 ton tai s6 tu nhién ng sao cho a,, € X\f_l vl moi n = nyg.

Diéu nay mau thuan véi {a,} C A. O
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Meénh dé 3.4.5. Cho A la tap con cia khong gian b-TVS metric non
manh (X, E,C, K, p). Khi dé6 A la tap tro mat trong X néu va chi néu vdi
moia € X vae€ E,0 < e, ton tgi b € A sao cho p(a,b) < e.

Chitng minh. Gia st A la tru mat trong X. Choa € X vae € E,0 < e,
tit Bo dé 3.4.4, ton tai day {a,} C A sao cho nh_)n(glo a, = a. Diéu nay ching
t6, ton tai s6 tu nhién ng sao cho p(a, a,) <K e véi moi n > ny. Dat b = a,, .
Khi do, ta ¢6 p(a,b) < e.

Nguoc lai, gid st a € X va 0 < e. V6i mdi n > 1, ton tai b, € A sao
cho p(by,a) < <. Ching t6 {b,} C A sao cho lim b, =a. Dodé a € A

n—oo

va A la tru mat trong X. O

Dinh nghia 3.4.6. (i) Anh xa f : X — Y tit mot khong gian b-TVS
metric nén manh (X, E,C, K, p) dén mot khong gian b-TVS metric nén
manh (Y, E,C, K, p') dugdc goi 1a phép dang cy néu

o' (f(a), f(b)) = p(a,b) véi moi a,b € X.

(ii) Mot khong gian b-TVS metric nén manh day du (X*, E, C, K*, p*) dugc
goi 14 bd sung du ctia khong gian b-TVS metric nén manh (X, E, C, K, p)

néu ton tai mot phép dang cy f : X — X* sao cho f(X) = X*.

Dinh 1y 3.4.7. Cho (X, E,C, K, p) la mot khong gian b-TVS metric non
manh va non C théa tinh chat lan can trong khong gian vecto topo 101 dia
phuong Hausdorff thuc E day di. Khi dé

(i) (X,E,C,K,p) cé bo sung di;

(ii) Bo sung di cia (X, E,C, K, p) la duy nhdt theo nghia la néu
(X3, E,C, Ky, pt) va (X3, E,C, Ko, p3) la hai bo sung di cia (X, E,C, K, p)

thi ton tai mot song dnh dang cu ¢ : X; — X3 dong nhdt trén X.

Chaing minh. (1) Ky hieu S 1 tap tat ca cac day Cauchy trong khong gian
(X, E,C, K, p). Ta dinh nghia mot quan hé ~ trén S nhu sau:
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Véi {a,}, {b.} € S, ta néi {a,} ~ {b,} néu ILm plan, b,) = 6. Dé

dang kiém tra dudc quan hé ~ 1a quan hé tuong duong trén S. Goi

X' ={a" = [{an}] : {an} € S},
§ day a* = [{a,}] 1a 16p tuong duong cua {a,} dudi quan hé tuong duong
~ va dinh nghia ham p* : X* x X* — E bdi

p (a*,0%) = lim p(ay,,by).

n—oo

Trudc tién, ta chi ra rang lim p(a,,b,) ton tai. That vay, véi mdi n, m ta
n—oo

co

PN

Kp(an, am) + p(am, bn)
= Kp(an, am) + p(am; bpm) + Kp(bpm, by).

p(an, bn)

Diéu nay chitng to
p(an, bn) — p(am, bm) = Kp(ay, am) + Kp(by, by) v6i moi n, m.
Tuong tu, ta co
PGy b)) — plan, by) 2 Kp(ay, an) + Kp(by, by,) v6i moi n, m.
Vi vay
—K (p(an, am)+p(bm, ba)) = plan, by)—plam, bn) = K (p(an, am)+p(bm, bn)),
v6i moi n, m. Hon nita, do
lim —K(p(an, an) + p(bm,by)) = lim K (p(an, am) + p(bm,by)) =0,

n,M—»00 n,M—»00

nén tit B6 dé 3.1.12, ta c6

lim  (p(an, by) — p(am,bm)) = 0.

1n,M—+00

75



Do d6, {p(a,,b,)} 1a mot day Cauchy trong E. Vi E la day di nén
lim p(ay,,b,) ton tai. Tiép theo, ta chi ra rang p* la xac dinh. That vay,

n—oo
néu {a,} ~ {c,} va {b,} ~ {v,} thi
lim p(a,,c,) = lim p(b,, v,) = 6.

n—oo n—oo

Tu quan hé

plan, bn) = Kp(ay, c,) + plcn, vn) + Kp(vy, by)

va quan hé

p(Cn,vn) = Kp(cn, an) + p(an, by) + Kp(by, v,),

xay ra v6i moi n > 1, nén ta c6

—K (plan, cn)+p(vn, by)) = plan, by)—p(cn, vn) = K (p(an, ¢n)+p(vn, by)),
v6i moi n > 1. Tt Bo dé 3.1.12, ta ¢6

lim p(ay,,b,) = lim p(c,, v,).

n—oo n—oo

Vay ham p* 1a xac dinh. Ta chiing minh p* 1a 0-TVS metric nén manh trén

X*. Tt tinh dong ctia C' va 0 = p(ay, b,) v6i moi n, suy ra

6 < lim p(a,,b,) = p*(a*,b").

n—>00
Néu p*(a*,b*) = 6 thi lim. p(an,b,) = 6. Diéu nay tuong duong véi
{a,} ~ {b,} va do d6 a* = b*. Vi p(an,b,) = p(by, a,) v6i moi n nén ta
c6 p*(a*, b*) = p*(b*,a*). Cudi cung

p(a*,b%) lim p(ay, by)

n—oo

=< lim ,O(Cln, Cn) + K lim p(cn, bn)
n—00 n—00
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6 day {a,} € a*,{b,} € b* va {c,} € ¢*. Vi vay, p* 1la b-TVS metric nén
manh trén X*.

V6i méi a € X, ta dat f(a) = [{a,a,...}] € X*. Tu

p*(f(a), f(b)) = lim p(a,b) = p(a,b) v6i moi a,b € X,

n—o0
nén ta c6 f la phép dang cu tit (X, E,C, K, p) vao (X*, E,C, K, p*).

Tiép theo, ta ching minh f(X) trit mat trong X*. That vay, vdi
e €intC vaa* = [{a,}] € X* ta c6

lim p(ap,an,) = 0.
n,M—00

Theo Meénh dé 3.2.4, v6i mdi ¢ > 1, ton tai nf sao cho p(ay, an) < £ véi
moi n,m > nf). T do6 suy ra

* * . € ..
0 2 p*(flay),a”) = lim p(a,,a,) = - vl > 1.

n—oo
Do d6 lim p*(f(a,:),a*) = 0 suy ra lim f(a,;) = a*. Diéu nay ching t6
i—00 0 i—00 0
f(X) 1a trt mat trong X*.
Bay gig, ta ching minh khong gian (X*, F, C, K, p*) la day du. Gia
stt {a,} 1a mot day Cauchy trong X*, ¢ day a' = [{al'};] v6i {al'}; € S,
Ta co
lim p*(a,,a;) =0.
7n,M—00

Vi f(X) la tru mat trong X* nén v6i mdi n, ton tai b, € X sao cho

* * €

Diéu nay kéo theo

0 < P(bn: bm) - p*(f(bn)a f(bm))
= Kp*(f(bn),ay) + p"(ay, f(bw))
< Kp*(f(by),a:) + p(a,a) + Kp*(aZ,, f(bn))



e e
<L —+ —+p(a,a’) véi moi n,m > 1.
(e an) : >

Do limy, 00 (% + < 4 p(ar, ar,)) = 0 néen ta c6 lim, ;o0 p(by, b)) = 6.
Diéu nay chiing t6 {b,} 1a mot day Cauchy trong (X, E,C, K, p). Dat
b* = [{b,}] € X*. Khi d6 ta c¢6

0 = p*(a;kp b*) = Kp*(@; f(bn)) + p*(f(bn)u b*)

e
< —+ lim p(by,,by,) v6i moi n > 1.
n mM—00
Cho n — oo, ta thu dugce

lim p*(a}, b") = 0.

n=>00
diéu nay ching to
lim a, =0b".
n—>00
Vay (X*, E,C, K, p*) 1a day du.
(ii) Ta chitng minh tinh duy nhat ctia bo sung du.

Gia st (X, B, C, Ky, p}) va (X3, E,C, Ky, p) 1a hai bo sung du ctia
(X,E,C,K,p), f1 : X — Xfva fo: X — X la cac dang cy. V6i mdi
a; € X, ton tai {a,} C X sao cho nh_{glo fi(a,) = a}. Diéu do6 ching
t6 {fi(a,)} 1a mot day Cauchy trong X7. Vi fi la ding cu néen {a,} la
mot day Cauchy trong X. Béi fy 1a dang cu, khi d6 {f2(a,)} 1a mot day
Cauchy trong X3. Do vay, ton tai a3 € X3 sao cho nh_)rglo folay) = a3.

Bay gio, ta dinh nghia ¢ : X7 — X3 bdi ¢(a}) = a3. Ta ching minh
¢ 1a song anh. That vay, lay mot phan tt bat ky b5 € X;. Khi d6 ton
tai {b,} C X sao cho nhﬁn(;l(j f2(bn) = 5. Vi fo 1a dang cu, {b,} 1a mot day
Cauchy trong X. Vi fi 1a dang cu, {f1(b,)} 14 mot day Cauchy trong X;.
Diéu d6 ching t6 ton tai b} € X sao cho 7"}1—%10 f1(b,) = b}. Vay ¢(by) = bs.
Suy ra ¢ la song anh. Mat khéc, v6i moi a*, b* € X véi 711520 fi(a,) = a*

va li_)rn f1(b,) = b*, b6i Menh dé 3.2.4, ta c6
o) = T gl filba)
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= lim p*(an, by)
ZIM@U() 1(0n))
= pa(e(a’), p(b%)).

Diéu d6 ching t6 rang ¢ 1a mot song 4nh déng cy dong nhat tren X. [

Vidu 3.48.Giast X =QFE=R>C={(t,00 e E:t>0},K >1va
p: X x X — E béi

p(a,b) = (Ja — b,0) v6i moi a,b € X.

Vi (X, E,C, K, p) khong la khong gian b-metric manh. Do d6 Dinh 1y 8
khong ap dung duge. D& dang kiém tra duge (X, E, C, K, p) 1a khong gian
b-TVS metric nén manh. Vi C' ¢6 mot co s6 1oi dong 1a B = {(1,0)} nén C
théa man tinh chat 1an can. Do d6, tat ca cic gia thiét trong Dinh 1y 3.4.7
dugc théa man. Hon nita, ta c6 (X* =R, E = R?, C, K, p*) 1a bd sung du
cia (X, E,C, K, p), § day p*(a*,b*) = (|a* — b*|,0) v6i moi a*,b* € X*.
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3.5. Két luan chuong 3

Trong chuong nay, ching toi thu duge cac két qua sau:

e Gidi thieu khong gian b-TVS metric nén manh. Chitng minh mot
s6 tinh chat trén khong gian nay.

e Thiét lap Dinh 1y 3.3.1 va Dinh 1y 3.3.3 1a cac diéu kien du dé anh
xa 1a toan tit Picard trong khong gian b-TVS metric nén manh day du.

e Thiét lap Nguyen 1y bo sung di ctia khong gian b-TVS metric nén

manh.
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KET LUAN CHUNG

Luan an nghién citu vé sy ton tai mot s6 16p toan Picard yéu va toan
t Picard trén khong gian metric va metric suy rong.

Cac két qua chinh ctia luan an bao gom:

1. Thiét lap mot s6 dieu kien du dé anh xa la toan tit Picard yéu don
tri va toan tit Picard yéu da tri trong khong gian metric day du.

2. Thiét lap mot s6 diéu kien da dé anh xa 1a toan tit Picard va toan
tit Picard yéu da tri trong khong gian b—metric manh.

3. Gidi thieu khong gian b-TVS metric nén manh va thiét 1ap mot s
diéu kien du dé anh xa la toan ti Picard trong khong gian nay.

4. Thiét lap Nguyén 1y bo sung du ctia khong gian b-TVS metric nén
manh.

Chiing t6i de xuat mot sé huéng nghién ciu tiép theo cho
két qua ctia luan an nhu sau:

1. Nghién citu toan ti Picard va toan ti Picard yéu cho cac khong
gian metric suy rong khong day du.

2. Nghién cttu mot s6 tng dung clia toan tit Picard va Picard yéu vao
cac bai toan vé sy ton tai nghiém ctia phuong trinh vi phan, hé phuong
trinh tuyén tinh, phuong trinh tich phan.

3. Nghién cttu bai toan can bang khong cong tac trong tro choi trén

khong gian metric suy rong.

81



DANH MUC CAC CONG TRINH CUA NGHIEN CcUU SINH
LIEN QUAN DEN LUAN AN

[A1] Hieu Doan (2021), “A new type of Kannan’s fixed point theorem
in strong b-metric spaces”, AIMS Mathematics , 6(7), 7895-7908.
(SCIE)

[A2] Doan Trong Hieu and Bui The Hung (2022), “Some fixed point
theorems for weakly Picard operators in complete metric spaces and
applications”, Commun. Korean Math. Soc. Vol. 37, No. 1, 75-89.
(ESCI, Scopus)

[A3] Doan Trong Hieu, Bui The Hung, Muhammad Sirajo Abdullahi,
Poom Kumam (2022), “On Answer to Kirk-Shahzad’s Question for

Strong b-TVS cone metric spaces”, Science and Technology Asia,

Vol. 27, No. 1, 20-30. (Scopus)

[A4] Ha Tran Phuong, Bui The Hung and Doan Trong Hieu (2023),
“Fixed point theorems of Kannan type contractive mappings in strong

b-metric spaces”, submitted to Miskolc Mathematical Notes. (SCIE)

[A5] Bui The Hung and Doan Trong Hieu (2023), “Picard operators in
strong bD-TVS cone metric spaces”, submitted to East-West Journal

of Mathematics.

82



Tai liéu tham khao

[1] Alimohammady M., Balooee J., Radojevic S., Rakocevic V., Roohi M.
(2011), “Conditions of regularity in cone metric space”, Appl. Math.
comput., 217, 6359-6363.

2] An T. V., Dung N. V. (2016), “Answers to Kirk-Shahzad’s questions
on strong b-metric spaces”, Taiwanese J. Math., 20(5), 1175-1184.

[3] Banach S. (1922), “Sur les opérations dans les ensembles abstraits et

leur application aux équations intégrales”, Fund. Math., 3, 133-181.

[4] Berstovanska E. (2003), “Qualitative behavior of an integral equation
related to some epidemic model”, Demonstratio Math. XXXVI (3),
603-609.

[5] Berinde M., Berinde V. (2007), “On a general class of multi-valued
weakly Picard mappings”, J. Math. Anal. Appl., 326, 772 —782.

[6] Ciri¢ Lj. B. (1974), “A generalization of Banach’s contraction princi-
ple”, Proc. Amer. Math. Soc., 45, 267-273.

[7] Connell E. H. (1959), “Properties of fixed point spaces”’, Proc. Amer.
Math. Soc., 10, 974-979.

[8] Czerwik S. (1993), “Contraction mappings in b-metric spaces”’, Acta
Math. Inform. Univ. Ostraviensis., 1, 5—11.

83



9]

[10]

[14]

[15]

[16]

[17]

[18]

Du W. S. (2010), “A note on cone metric fixed point theory and its
equivalence”, Nonlinear Anal., Theory Methods Appl., 72, 2259-2261.

Dube L. S., Singh S. P. (1970), “On multivalued contractions map-
pings”, Bull. Math. de la Soc. Sci. Math. de la R. S. Roumanie, 14,
307-310.

Edelstein M. (1962), “On fixed and periodic points under contractive
mappings”’, J. London Math. Soc., 37, 74-79.

Farshid K., Mujahid A., Simona C. (2014), “Two new types of fixed
point theorems in complete metric spaces”, Abs. Appl. Anal., Vol.

2014, Article ID 325840, 1-5.

Felhi A. (2016), “On multi-valued weakly picard operators in Haus-
dorff metric-like spaces”, International Journal of Analysis and Appli-

cations, 11(2), 168-182.

Gaba Y. U. (2017), “Fixed point theorems in G- metric spaces”, J.
Math. Anal. Appl., 455, 528-537.

Gahler S. (1963), “2-Metrische Raume und ihre topologische struktur”,
Math. Nachr., 26, 115-148.

Gérnicki J. (2017), “Fixed point theorems for Kannan type mappings”,
J. Fized Point Theory Appl., 19, 2145-2152.

Gornicki J. (2018), “Various extensions of Kannan’s fixed point theo-

rem”, Fixed Point Theory, 18, 569-578.

Gordij M. E., De La Sen M., Cho Y. J. (2017), “On orthogonal sets
and Banach fiexd point theorem”, J. Fized Point Theory Appl., 21,
1-11.

84



[19] Hardy G. E., Rogers T. D. (1973), “A generalization of a fixed point
theorem of Reich”, Canad. Math. Bull., 16, 201-206.

[20] Hiranmoy G., Lakshmi K. D., Tanusri S. (2018), “On Kannan-
type contractive mappings”’, Num. Func. Anal. Optimization., DOI
10.1080/01630563.2018.1485157.

[21] Huang L. G., Zhang X. (2007), “Cone metric spaces and fixed point
theorems of contractive mappings”, J. Math. Anal. Appl., 332, 1468—
1476.

[22] Kannan R. (1968), “Some results on fixed points”, Bull. Calcutta Math.
Soc., 60, 71-76.

[23] Kannan R. (1969), “Some results on fixed points-II", Amer. Math.
Monthly, 76(4), 405-408.

[24] Kirk A., Shahzad N. (2014), “Fixed Point Theory in Distance Spaces”,
Springer, Cham.

[25] Luc D. T. (1989), “Theory of Vector Optimization”, Lectures Notes in
Economics and Mathematical Systems, Springer Verlag, Berlin, Ger-

many, Vol 319.

[26] Matthews G. S. (1992), “Partial metric topology”, Reseach Report
212, Department of Computer Science University of Warwick.

[27] Mathews G. S. (1994), “Partial metric topology”, Ann. New York
Acad. Sci., 728, 183-197.

28] Meir A., Keeler E. (1969), “A theorem on contraction mappings”, J.
Math. Anal. Appl., 28, 326-329.

85



[29] Muresan V. (2003), “Volterra integral equations with interations of
linear modification of the argument”, Novi Sad J. Math., 33, 1-10.

[30] Muresan V. (2004), “Existence, uniqueness and data dependence for
the solutions of some integro-differential equations of mixed type in

Banach space”, J. Anal. Appl., 23, 205-216.

[31] Olaru I. M. (2010), “An integral equation via weakly Picard opera-
tors”, Fized Point Theory, 11(1), 97-106.

[32] Olaru I. M. (2010), “Generalizations of an integral equation related to
some epidemic models”, Carpathian J. Math., 26, 92-96.

[33] Pant R. (2016), “Fixed point theorems for generalized semi-quasi con-

tractions”, J. Fized Point Theory Appl., 19, 1581-1590.

[34] Ran A. C. M., Reuring M. C. B. (2004), “A fixed point theorem in
partially ordered sets and some applicationts to matrix equations”,

Proc. Amer. Math. Soc., 132, 1435-1443.

[35] Rakotch E. (1962), “A note on contractive mappings”, Proc. Amer.
Math. Soc., 13, 459-465.

[36] Rakotch E. (1962), “A note on locally contractive mappings”, Bull.
Res. Council Israel Sect, 10, 188-191.

[37] Reich S. (1971), “Kannan’s fixed point theorem”, Boll. Un. Mat. Ital.,
4(4), 1-11.

[38] Reich S. (1971), “Some remarks concerning contraction mappings”,

Can. Math. Bull., 14, 121-124.

[39] Reich S. (1972), “Fixed points of contractive functions”, Boll. Un. Mat.
Ttal., 5(4), 26-42.

86



[40] Ri S-i. (2016), “A new fixed point theorem in the fractal space”, Inda-
gationes Mathematicae, 27, 85-93.

[41] Rezapour Sh., Hamlbarani R. (2008), Some notes on the paper “Cone
metric spaces and fixed point theorems of contractive mappings”, J.

Math. Anal., 345, 719-724.

[42] Rus 1. A. (1983), “Generalized contractions”, Univ. Cluj-Napoca,
Preprint (3), 1-30.

[43] Rus 1. A. (1984), “Bessaga mappings”, Proc. Collog. Approz. Opti-

mazation, Cluj-Napoca, 165-175.

[44] Rus 1. A. (1987), “Picard mappings: results and problems”, Univ. Cluj-
Napoca, Preprint 6, 55—64.

[45] Rus I. A. (1988), “Picard mappings 1.”, Studia Univ. Babes-Bolyai 33,
70-73.

[46] Rus 1. A. (1989), “Basic problems of the metric fixed point theory
revisited”, Studia Univ. Babes-Bolyai, 34, 61-69.

[47] Rus 1. A. (1991), “Basic problems of the metric fixed point theory
revisited (I1)”, Stud. Univ. Babes-Bolyai, 36, 81-91.

(48] Rus I. A. (1993), “Weakly Picard mappings”, Comment. Math. Univ.
Carolin, 34(4), 769-733.

[49] Rus I. A., Petrusel A., Sintamarian A. (2001) “Data dependence of
the fixed points set of multi-valued weakly Picard operators”, Stud.

Univ. Babes-Bolyai, Math., 46, 111-121.

[50] Rus I. A., Petrusel A., Sintamarian A. (2003) “Data dependence of the
fixed points set of multi-valued weakly Picard operators”, Nonlinear

Anal., 52, 1947-1959.

87



[51]

[52]

[53]

[54]

[58]

[59]

Rus I. A. (2003), “Picard operators and applications”, Sci. Math.
Japan, 58(1), 191-219.

Rus I. A., Muresan A. S., and Muresan V. (2005), “Weakly Picard
operators on a set with two metrics”, Fized Point Theory, 6(2), 323

331.

Rus I. A., Petrusel A., Serban M. A. (2006), “Weakly Picard operators:
Equivalent definitions applications and open problems”, Fixed Point

Theory, 7, 3—22.

Sawangsup K., Sintunavarat W., Cho Y. J. (2020), “Fixed point theo-
rems for orthogonal F'—contraction mappings on O—complete metric
spaces”, J. Fized Point Theory Appl., https://doi.org/10.1007 /s11784-
019-0737-4

Subrahmanyam P. V. (1975), “Completeness and fixed points”,
Monatsh. Math., 80, 325-330.

Suzuki T. (2007), “A generalized Banach contraction principle that
characterizes metric completeness”, Proc. Amer. Math. Soc., (136),

1861-1869.

Suzuki T. (2009), “A new type of fixed point theorem in metric spaces”,
Nonlinear Anal., 71 , 5313-5317.

Wang J., Xiang X., Wei W. (2010), “A class of nonlocal impulsive
problems for integrodifferential equation in Banach spaces”, Results

Math., 58, 379-397.

Wang J., Zhou Y., Medved M. (2012), “Picard and weakly Picard oper-
ators technique for nonlinear differential equations in Banach spaces”,

J. Math. Anal. Appl., 389, 261-274.

88



[60] Wardowski D. (2012) “Fixed point of a new type of contractive
mappings in complete metric spaces”, Fized Point Theory Appl.,

doi:10.1186/1687-1812-2012-94, 6 pages.

89



