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Introduction

1. History and significance of the problem

Nonlinear partial differential equations appear in many physical, chemical and biological pro-
cesses, such as heat transfer processes, wave propagation in fluid mechanics, chemical reactions,
population modeling in biology, etc. The study of these classes of equations has an important
role in science and technology, so it has been attracting the attention of many scientists around
the world. Until the 20s of the 20th century, solutions to equations, systems of partial differential
equations were most commonly understood as classical solutions, i. e. solutions requiring differen-
tiability in the ordinary sense up to the order of the equations, this makes it very difficult to prove
the correctness of this problem, especially the smoothness of solution depending on the geometric
structure of the considered domain. The introduction of the concept of a generalized solution was
a methodologically central turning point in the study of equations, systems of partial differential
equations, and their related variational problems. Some domestic authors have achieved profound
results in the study of equations, systems of nonlinear degenerate elliptic equations, degenerate
parabolic equations and degenerate hyperbolic equations. The obtained results are: existence and
non-existence of solutions of boundary value problems for degenerate elliptic equations, existence
of solutions, asymptotic behavior of solutions to degenerate parabolic equations, existence of so-
lutions, asymptotic behavior of solutions to degenerate hyperbolic equations. As we all know,
one of the most studied elliptic operators is the Laplace operator in space RV:

Pu 0%u 0%u

Au=—+5+..++5.
ozt 03 oz

Research on the existence or non-existence of non-trivial solutions of semi-linear equations
containing the Laplace operator has been carried on by many mathematicians since the mid-

twentieth century.

S. I. Pohozaev considered the boundary value problem:

Au+ f(u) =0 in £, (1)
u=0 on 0,

with € is a bounded domain in RV (N > 2),
flu) = Au+ |ul"u.

We see that u = 0 is the trivial solution of the problem. S. I. Pohozaev gave an identity which is
now named after him. Up to now, the research on existence of non-trivial solutions of boundary
value problems containing elliptic operators is relatively complete. Similar problems arise for
equations containing degenerate elliptic operators.
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In 2012, P.T. Thuy and N. M. Tri considered the Dirichlet problem for the following second-

order degenerate elliptic equation

—P,pu+ f(u) =0 in €, (2)
u=0 on 0f),
where
Posu= Agu+ Ayu+ |z |y ALu, with o, 8 >0, (3)

Q2 is a bounded domain in RM+N+Ns o ¢ RN ¢ ¢ RN » ¢ R™, with smooth boundary

99, f(u) = ulu|*~!. The condition for non-existence of non-trivial solutions of Problem (2) is

N, 2 . ~
v > ~B—+ and Q is P, 4,- star, Ny g = N1+ Na+ (1 + a + 8)N:

Naop—2

Also in the same year, A. E. Kogoj and E. Lanconelli, studying the more general second order
degenerate elliptic equations containing the operator A, gave Pohozaev’s identity and proved
the existence of weak solutions and smoothness of weak solutions of the following problem by the
method of variation

Au—nu+ f(X,u)=0 in €Q, (4)
u=0 on S,

where Q is a bounded open set in RY, n > 0 and A,u will be defined later in Chapter I,
Section 1.1.1.

In 2016, C. T. Anh and B. K. My studied the existence of solutions of Problem (4) with
n = 0 under the condition that f : Q x R — R is a continuous function satisfying the following

assumptions:

o [(X,0)=0, lim L8 025 = 2 (9r 1= Ni2),

|| —+oo €177 Y N=2 N-2
o lim FXO 9 uniformly in X € Q, where F(X, u) = [f(X
oo Kl
1=+ 0
e limsup \(flf) < py uniformly in X € Q, with p; being the first eigenvalue of the operator
lg]—0

-A, in the domain €2 with the homogeneous Dirichlet boundary condition;
e There exist C, > 0,0 > 0 satisfying:
H(X,s) <O0H(X,t)+ C,,Vs,t e R,0 < |s] < [t]|, VX € Q,
where H(X,u) = uf(X,u) — F(X,u).

Then Problem (4) always has a weak nontrivial solution. Besides, since the 80s of the last century,
many authors have studied the fourth order semi-linear elliptic equation containing the Laplace

operator A

A%y = f(z,u) =0, x € Q C RV, (5)

u=0,u=0, z€ 0,
where f(z,0) = 0. Some sufficient conditions for the behavior of the function f(X,u) with respect
to the variable u have been given by the authors to guarantee either the non-existence of a non-

trivial solution of Problem (5) or the existence of at least one nontrivial solution. However, to
our knowledge, there are no studies for fourth order degenerate elliptic equations.
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In 2005, Fall Djiby by using the solution tail estimation method, has proved the existence of
a global attractor in the space H'(RY) x L?(R") of the following problem

ug + Bus +u = Au+ f(X,u), X e RV t >0,
u(X,0) = ug(X),u(X,0) = uy (X),

where 3 is a positive constant, ug(X) € HY(RY),u;(X) € L2(RY). Function f(X,¢) is defined
by:

b 5_ f(X,f) = 5 + hl(g) - h2(X)7h2(X) € L2<RN)7
e hy € CHR,R), 1 (0) = 0,h ()¢ > CF(§) > 0,V€ € R, where C' is a positive constant,
£
F(§) = fhl(T)dT
0

ha(§)

e 0 < limsup < 00

|§]—o00

In 2014, A. E. Kogoj and S. Sonner studied the following problem for a class of degenerate
hyperbolic equations

(X, 1)+ Mie = Pagu(X,8) + fu(X,8), X eQt>0,
U(X, t) =0, Xeot>D0, (6)
U(X, O) - UO(X)vut(Xv 0) - UI(X)a

where  is a bounded region with smooth boundary in RY, P, 5 is the operator defined in (3),

A is a positive constant and f(§) satisfies the conditions:

o [f(&1) = f(&)] < Cl&r — &[(1 + &P + &), (7)
with C>0,0< p < 52—, Nag =N+ Ny+ (a+ 8+ 1)Ns — 2;
e limsup @ < 1, (8)
[t| =400

with s being the first eigenvalue of the operator -F, s in the domain 2 with a homogeneous

Dirichlet boundary condition.

Then Problem (6) has a global solution and a global attractor. From the above said, we see
that there are some results for the class of degenerate elliptic equations, hyperbolic degenerate
equations. However the results obtained are still few and many open problems need to be studied.
The open problems that we are interested in this thesis include:

e Study conditions for existence and non-existence of non-trivial solutions of Dirichlet’s prob-
lem for fourth order degenerate elliptic equations containing the operator A% in some cases

of nonlinear functions.

e Study the existence and uniqueness of global integral solutions; the large time behavior of the
solution (through the notion of global attractors) of Problem (6) containing the degenerate
elliptic operator P, g in the whole space and the existence of the global attractor when the
equation has an additional term ~(X)u and the right hand side f(X,wu) depends on the
variable X.



For the above reasons, we have chosen the research topic for our thesis as “Some properties of
solutions of a class of equations containing strongly degenerate elliptic operators”.

2. Research purposes

e Content 1: Study conditions for the existence and non-existence of solutions of Dirichlet’s
problem for fourth order semi-linear equations containing the Ai-Laplace operator in bounded
domains with the following problems: non-existence of strong non-trivial solutions; existence of

weak non-trivial solutions.

e Content 2: Study the large time asymptotic behavior of semi-linear damped hyperbolic
equations containing strongly degenerate elliptic operators F, 3 in the whole space with the fol-
lowing problems: existence and uniqueness of global integral solutions; existence of a compact

global attractor and its structure.
3. Object and scope of the study

The object of the thesis is to consider boundary value problems and the initial boundary
value problems for differential equations containing the degenerate elliptic operator A, which is

defined by

where «; are functions that satisfy some conditions that are described in details in the dissertation.
4. Research Methods

e To study the existence of weak solutions, we use the method of variation and general

theorems of critical point theory.

e To study the non-existence of strong solutions, we establish suitable Pohozaev-type identities

for the operator A?Y and exploit the geometric structure of the domain under consideration.

e To study the unique existence of global integral solutions, we use methods and tools of
Nonlinear Functional Analysis: Galerkin approximation method, suitable forms of compact lem-
mas, lemmas dealing with nonlinear terms. To study the asymptotic behavior of the solution and
the existence of a global attractor, we use the methods of infinite dimensional dynamic system
theory. In particular, these are the method of asymptotic a priori evaluation and the method of

evaluating the tail part of the solutions.
5. The results obtained and the significance of the project
The thesis has achieved the following main results.

e For the Dirichlet problem in a bounded domain for a degenerate elliptic equation of the



fourth order, sufficient conditions are given so that no strong non-trivial solutions exist; proofs
are presented for the existence of a weak solution of the problem with a number of conditions on

the growth of the nonlinear term. This is the content of Chapter 2.

e For a damped hyperbolic equation containing the strongly degenerate elliptic operator P, 3
in RV, sufficient conditions are presented for the existence and uniqueness of a global integral
solution. Proofs are given for the existence of a compact global attractor and the descriptions of

its structure. This is the content of Chapter 3.

The results of the thesis are new, have scientific significance and contribute to completing
the study of the existence of solutions in bounded domains of the boundary value problems for
degenerate elliptic equations of the fourth order and the asymptotic shape of the solution of

damped hyperbolic equations containing degenerate elliptic operators in the whole space.
6. Thesis structure

In addition to the introduction, overview, conclusion, recommendation, list of published works

and list of references section, the thesis consists of 3 chapters

Chapter 1: Prepare some necessary knowledge for the following chapters. In this chapter
we present the operator A, some properties, examples and some additional knowledge (some
function spaces and some embedding theorems); present some results on the critical points; global

attractors and their properties.

- Chapter 2: Present existence and non-existence of non-trivial solutions of semi-linear A%—
Laplace equations in bounded domains. In this chapter, we study the existence and non-existence
of non-trivial solutions to the Dirichlet problem for fourth order semi-linear equations containing
the operator A%:

Aiu:f(:v,u) in Q w=0u=0 on 09Q,

where v is the unit outward normal at boundary points of 2. This chapter consists of three
parts: the first part presents the Pohozaev identity for the operator A%. The second part gives
some results on the non-existence of non-trivial strong solutions. The third part deals with the

existence of non-trivial weak solutions.

Chapter 3: Show the large time behavior of solutions of damped semi-linear hyperbolic equa-
tions which contain strongly degenerate operators in the whole space. In this chapter, we study
the existence of a compact global attractor of the semi-group of Cauchy problems for semi-linear

degenerate hyperbolic equations. This chapter consists of two parts. The first part presents the



existence and uniqueness of global integral solutions. The second part gives the conditions for
the right hand side and the linear term of the equation, then reduces the equation to a system of

first order equations, and finally proves the existence of a global attractor in the space S?(R™Y).



Chapter 1

Preparatory knowledge

In this chapter, we present some concepts and results for the following chapters. Specifically
we present: the definition of the degenerate elliptic operator A, some function spaces, embedding
results, some results of the method of variation and the theory of critical points, the mountains

pass theorem, semi-groups, global attractors and some other complementary knowledge.



Chapter 2

Solution of the boundary value problem
for a degenerate elliptic equation of the

fourth order

In this chapter we replace the variable X in Chapter 1 with the variable z and study the

Dirichlet problem for a fourth order equation containing the operator Ag as follows:

A2u= f(xr,u) in Q,

(2.1)
u=0,u=0 on 09,

where Q C RY is a bounded smooth domain, v = (v, -+ ,vy) is the unit outward normal on the
boundary 9Q and A2 := A, (A,).

The obtained results are theorems on the non-existence of non-trivial strong solutions and
the theorems on the existence of non-trivial weak solutions with some conditions imposed on the

nonlinear function f(z,¢).

The content of this chapter is based on Article [2] in the list of the author’s scientific works

related to the thesis.

2.1 Pohozaev’s identity and the non-trivial strong solution theorem

In this section we will additionally assume that v; € C*(RY), j =2, ..., N with N > 4. Put

N
i=1

The operator T' can also be thought of as the vector T' = (612104, ..., ExTN Oy ). The first major

result in this section is the following proposition.
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Proposition 2.1. Suppose that u € C*(Q) N C*(Q) and A2u € L'(Q2). Then

/ [ T(w) A2+ T(A ) A ] dz = (N —2) / (V. Vo A u)da

Q Q
+ / [T(u)(VWAvu, vy) + T(Au)(V,u, V7>] ds
Rly)
- [V, A )T 23)
Rlo)
where T is the vector field, (-,-) stands for the Euclidean inner product, v = (v1,-+- ,vn) is the
unit outward normal on 0L and v, = (y1vh, -+, YnVn), dS is the area element of OS).

Definition 2.1. A domain €2 is called d;-starshaped with respect to the origin if 0 € € and

(T,v) > 0 at every point of Jf.

Definition 2.2. A function u € C*(Q) N C3(Q) is called a strong solution of Problem (2.1)
if A2u= f(x,u) in Q, u=09,u=0o0ndQand f(u,u(x)) € L'(Q).
If uw = 0 then w is called the trivial solution of Problem (2.1).

Proposition 2.2. Suppose that f(z,£) = f(&) and f(0) = 0. Suppose that u € CH(Q)NC3(Q)

is a strong solution of Problem (2.1). Then the function u satisfies the identity

/(NF(u)— N;‘l Flu))de =3 /\A ul? (T, )dS. (2.4)

Q o0

Theorem 2.1. Suppose that f(z,£) = f(£), f(0) = 0 and Q is o;-starshaped with respect to the

origin and

NF(&)—uff@) <0, VE#0.

Then Problem (2.1) has no non-trivial solution u € C*(Q) N C3(Q).

Theorem 2.2. Suppose that f(z,&) = [P € and N >4, Qs 0;-starshaped with respect to

the origin and
- N+ 4
P> = :
N —4

Then Problem (2.1) has no non-trivial solution u € C*(Q) N C3(Q).

Example 2.1. Suppose that B;(0) C R3 is the ball of radius 1 with the center at the origin.

Then the problem

(2.5)

(%

[

2 2 2
+a (aayz,—i- >> w=|ulPu in B(0),
82 =0 on 8B1< )
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has no strong non-trivial solution because here we have v, = 1, 75 = 3 = 22, N=1+ 2(14+2) =

7 N+4

N i %, By (0) is d;-star shape with respect to the origin and the growth order of the right

hand side is 4 which is greater than %

2.2 Some results on existence of weak solutions of degenerate elliptic

equations of the fourth order

In this section, we will further assume that v;(z) € CYRY), N > 4 and present some
existence results of solutions and multiple solutions of Problem (2.1) with appropriate conditions

of the nonlinear function f(z,¢).

Definittion 2.3. A function u € 55(2)(9) is called a weak solution of Problem (2.1) if the

identity

/AvuAygpdx — /f (x,u(x)) pdz =0
0

Q

is satisfied for every ¢ € 533((2) To find the weak solutions of Problem (2.1), we find critical
points of the energy functional ® defined as follows:

wm:%/mwﬁm—/F@mm. (2.6)

Q Q

Lemma 2.1. Suppose that f :  x R — R is a Carathéodory function such that there exist
€ (2,20), filz) € LP(Q), f2(z) € L*(Q), where pi/(pr —1) < 2],pp2/(p2 — 1) < 2], p1 >

max{1, %} pe > 1 satisfying

1f(2,6)] < fi(x) + fo(z) |€]P" almost everywhere in Q x R
Then ®1(u) € 01(5333(9),}1%) and

(ID'I(u)(v):/f(x,u)vdx

Q

for allv e Sif)(Q), where

@Mm:/F@quFxﬁ if

Q

We assume that f: 2 x R — R is a Carathéodory function satisfying:

(A1) There exist p € (2,27), fi(z) € LP(Q), fa(x) € LP(Q), where py/(pr — 1) < 20, ppa/(p2 —
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1) <27, p1 > max{l, m}, p2 > 1, such that

|f(x,6)] < fi(x) + fo(z) [P almost everywhere in - © x R;

(A2) %irr(l) @ = 0, uniformly for x € Q.
%

(A3) |§1|1H1 ‘F%Lf)‘ = 00, for almost every x € (),
—00

F(z,&) >0 forall (x,8) € Q X R;

(A4) There are constants p > 2 and r; > 0 such that

ph(x,8) < &f(x,€)  forall (x,€) € QX R, [§] =1y

(A’4) There are constants Cy, 79 > 0 and £ > max{1, %} such that
|F(z,&)|" < Colé|*"F(=,8), V(2,6) € AxR, [§] =1,

where

Fla, ) = 3 (w6 — F(z, &)

(A5) f (z,€) is an odd function in &.

From Lemma 2.1 and the fact that f satisfies the condition (A1), then the energy functional & is
well defined on 533(9) Furthermore, ® € C’l(Si:S(Q),R) and

&' () (v) = / Aulvde — Q/ F (2 u) vz

Q

for all v € Sig(Q) From the definitions of weak solutions and the derivative of ®, the critical
points of ® are weak solutions of Problem (2.1). The main results of this section are the following

two theorems.

Theorem 2.3. Assume that f satisfies (A1)-(A3) and (A4). Problem (2.1) has a non-trivial
weak solution. Furthermore, if the condition (A5) is satisfied, Problem (2.1) has infinitely many

non-trivial weak solutions.

Theorem 2.4. Assume that f satisfies (A1)-(A3) and (A’4). Problem (2.1) has a non-trivial
weak solution. Furthermore, if the condition (A5) is satisfied, Problem (2.1) has infinitely many

non-trivial weak solutions.

Lemma 2.2. Assume that [ satisfies (A1), (A3) and (A4). Then the energy functional

satisfies the condition (C). for every ¢ € R over 53(2)(9)
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Lemma 2.3. Suppose that f satisfies the conditions (Al), (A3) and (A’4). Then ® satisfies

the condition (C'). for every ¢ € R over 53[2)((2)

Lemma 2.4. Suppose that (A1) and (A2) are satisfied. Then there exist o, p > 0 satisfying

O(u) >a, Yue 53:8(9)7 HUHS?YZ(Q)(Q) =/r

Lemma 2.5. Assume that (Al) and (A3) are satisfied. Then, for each finite dimensional

subspace X C Si:g(Q), there exists a number R = R(X) > 0 such that

Example 2.2. The problem

2
(a_2 +at (aa—;g + 88—;2)) u = |u[*>v in a bounded domain  C RV,

(2.7)
u = a—:j =0 on 0N

has infinitely many non-trivial weak solutions. Just like in Example 2.1 here we have v = 1, v, =

v3 =122 N =1, % = % and the growth order of the right hand side is 3 which is less than 13—1

W~



Chapter 3

Long time behavior of solutions to
semilinear hyperbolic equations
involving strongly degenerate elliptic

differential operators

The content of this chapter is based on Article [1] in the list of the author’s scientific works

related to the thesis.

3.1 The unique existence of integral solutions

3.1.1. The problem and function spaces

In this chapter we study the following problem:

utt—l—)\ut—l—’y(X)u = Pa,lgu+f<X,U),t>O, (31)
X = (z,9,2) € RM x RM x R .= RV,

U(X,O) = uO(X)>ut(X70) :ul(X)> (32)
where )\ is a positive constant, uy(X) € S}(RY), u,(X) € L2(RY) and

P su = Agu+ Ayu+ 2% y|P AL,

N N N;
~ 02 L 0? SN ou 0%u
A, = —, A, = —, A, = —, U = —, =,
; 2 Y ; 0y Loz T o T e

Ny e No B
o = (Zx?) yl = (Zy?) La>0, >0
i=1 j=1

Na,ﬁ IN1+N2+(1+OC+§)N3>2

13
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Suppose that v(X), f(X, ) satisfy the following conditions

i) v : RY — R is a function that satisfies the following property:
(i1) For each 6 € (0,00) there is a constant Cp € (0, 00) such that for all u € S}(RY),

/WWW%WWXSMM%wﬁLWWﬂwy (3.3)

RN

(i3) There is a constant \g > 0 such that for all u € S}(RY),

Vsl + [ ACOMGPAX 2 Ao e, 3.4)
RN

i)
fRVxR—-R
(X, = [(X,€)

is a function satisfying the Carathéodory condition, i. e. for each £ € R the mapping X — f(X,¢)

is Lebesgue measurable almost everywhere in RY, and the mapping £ — f(X, ) is continuous.

The primitive of f with respect to the variable u is defined by

£
P8 = [ fOxndr
0
and f satisfies the following properties:
(f1) f(X,0) = h(X) € L*(RY);

(fo) For all X € RY and &,& € R

|f(X, &) = [(X, &) < Cil& — & (9(X) + &7 + (&) (3.5)
with 0 < p < =2— and g : RY — R is a measurable function such that for all u € S}(RY)
o,
[ 18COPOPAY < Gl (3.6)
RN

where (', Cy are positive constants.
(f3) There are measurable functions g1, go : RY — R, g1, g» € L*(RY) satisfying

f(X,u)u < g1(X) fora. e., X € RY u € R, (3.7)

F(X,u) < go(X) fora. e, X e RY u € R. (3.8)

The notation LP(RY) stands for the set of all measurable functions v : RY — R satisfying

1

p

mmmw:wp</mawu><m,
YeRN

B(Y)
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where Y e RYN and BY)={X e RV : Y < X <Y +1,,1. = (1,1,...,1)}, p > 1. The following

lemma shows a sufficient condition for the function 7 so that it satisfies the condition (i;).

Lemma 3.1. Assume that p > 1 and ¢ € LE(RY).

Ny . L
(i) If p> 2”3 then there is a constant C' € (0,00) satisfying

J1COIPAX < C ullyan, for all e SHRY),
RN

Ny, . .
(i3) If p > Tﬁ then for each 6 € (0,00) there is a constant Cy € (0, 00) satisfying

/ SCONu(X)PAX < 0 |ulZan + Collul2agn, for all u € SHRY),

RN

The norm equivalence is shown in the following lemma.

Lemma 3.2. Suppose that 7y satisfies the condition i) and 0 < k < A\g,0 < 8 < 1. Then for
every u € S3(RY)
Cr Jullsz@vy < Ve pull fogay + /V(X)!u(X)IQdX — £ [l @ry <
RN

112
< s HuHsf(RN) )

where C; = min{(Ao — £)(1 — 0)/2(Ao + 0 + Cy), (Ao — £)/2}, Cs = max{1+6,0+Cy} and 6, Cy
defined in (3.3).

Lemma 3.3. Suppose that 7 satisfies the condition i). For all u,v € S}(RY) define
((u, U))S%(RN) = (VOC,@U, va,ﬁU)L2(RN) + (vu, U)LQ(RN).

Then ((,-))szn) is a scalar product on S2(RYN) and the norm defined by this scalar product is

equivalent to the usual norm on S?(RY).

3.1.2. Existence and uniqueness of integral solutions

Lemma 3.4. The conjugate operator of the operator A is the operator A* defined as follows
. 0 I
Pa,ﬁ - fy(X)I 0

D(A*) = { ( i/i ) X1 € SHRY), Pogx —7(X)x € LQ(RN)} :

with

From this lemma and Stone’s Theorem, there exists a Cy-semi-group e*4 on H.
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Lemma 3.5. Suppose that f(X,&) satisfies the condition ii). Then the following statements

are true.
a) The Nemytskii mapping

FiSHRYN) — LX(RM)

-~

u = fW)(X) = f(X,u(X))
is Lipschitzian on every bounded set of S?(RY).
b) The mapping
ffrH — H

* Pp— O
U — fU):= ( —Av(X) + f(X, u(X)) )

is Lipschitzian on every bounded set of H.

We will now convert Problem (3.1)-(3.2) to a Cauchy problem for a system of first order

equations. Let v(X,t) = u,(X,t) and

[ u(X,t) - 0 I
U‘<v<x,t>>’A_(Paﬂ—’Y<X” 0>’
) B 0 [ uo(X)
U)X 1) = < — (X, 1)+ F(X, u(X,1)) ) o= ( up (X) ) ’

where [ is the unitary operator on S?(RY). Then Problem (3.1)-(3.2) is equivalent to the following

problem for a system of equations of the first order

U .
- =AU+ (), (3.9)

U(0) = Up. (3.10)

Let H = S}(RY) x L?(RY), then H is a Hilbert space with the inner product

(2

The domain D(A) of operator A is given by

SRS

>> = ((u7ﬂ))8§(RN) + (U7E)L2(RN)-

D(A) = { ( Z ) v € SERY); Py gu— y(X)u € LQ(RN))} :

Definition 3.1. Let 7" > 0,7 € R. A continuous mapping U : [0,T7) — H is called an

integral solution of Problem (3.9)-(3.10) if it is a solution of the integral equation

t
U(X,t) :etAUo—i—/e(tS)Af*(U(X, s))ds, te0,T).
0
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If U is differentiable almost everywhere on [0, T') together with U, and AU belonging to L;, ([0, T), H)

loc

and satisfies the differential equation

dU

e = AU + f*(U) almost everywhere in (0,7) and U(0) = Uy,

then U is called a strong solution of Problem (3.9)-(3.10).

Proposition 3.1. Assume the conditions i) and ii) are satisfied. Then for any R > 0 there
exists T = T(R) > 0 small enough such that for Uy € H, ||Up|; < R, Problem (3.9)-(3.10) has

one and only one integral solution that satisfies

t

U(X,t) = eAtU0+/eA<t—5>f*(U(X, s))ds, te[0,7),

0

on the interval [0,T). The solution can be expanded on [0,7) and we have either T = +00 or

lim [[U(., )], = +oc.
t—1—

Lemma 3.6. Assume the conditions i) and ii) are satisfied. Then the solution u(t) of

Problem (3.1)-(3.2) satisfies
lullZz gy + el Fogary < M, VE>0, (3.11)

where M is a constant that depends only on the data ~(X),g(X),g1(X),g2(X) and R when
||U0||§§(RN) + HulHi?(RN) < R
Theorem 3.1. Suppose that @), ii) are satisfied and Uy € H. Then Problem (3.1)-(3.2)

has a unique global solution U € C([0,00); H). Furthermore, for each fized t the mapping Uy +—
S(t)Up := U(t) is continuous on H.

3.2 The existence of a compact global attractor in S3(RY) x L*(RY)

Lemma 3.7. Suppose that i),ii) are satisfied and B is the aforementioned bounded set in H.
Then for each solution -U(t) = (u(X,t),u:(X,t)) of Problem (3.9)-(3.10) along with the original

data Uy € B we have

T
2 _
Jim o / / WP+ (XD + Vo pu(X. 0P )dXdE =0, (312)

0 |X|as>R
where

1
’X|a”3 = [|gj|2(1+a+,3) + \y[2(1+°‘+5) +(1+a “'B)Q‘ZP] 2TFath)
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Lemma 3.8. Assume i),ii) and U, — U in H. Then for each t > 0 we have

SHU, —~ SHU in H. (3.13)

Lemma 3.9. Assume i),ii) and let {U,}°, be weakly convergent to U in H. Then

lim limsup ||S(T)U, — S(T)U||5 = 0. (3.14)

T—+00 postoo

We present the main results of this chapter as follows.

Theorem 3.2. Assume i), ii). Then {S(t)}i>o is asymptotically compact in H, that is, for
all bounded sequences {U,}>2 | in H and any non-negative sequence {t,}>° , satisfying t, — 400

when n — +o00, then from {S(t,)U,}5°, we can extract a subsequence that converges in H.
The following theorem confirms the existence of a global attractor of semi-group S(t) in H.

Theorem 3.3. Assume i), it). Then the semi-group S(t) generated by Problem (3.9)-(3.10)

has a global attractor Apg in H.
We consider the dynamic system (H, S(¢)) which was described in Section 3.2. We denote by
Ny the set of stationary states of this system, i. e.
No = {(v,0) € H := —P,gu+v(X)u= f(X,u), X € RV}.

Assume U(t) is an orbit. Then U(t) is a full orbit if

lim dist(U(t),No) = lim dist(U(t), Ny) = 0.

1——00 i——400

The unstable manifold of this dynamic system will be determined by
W (No) = [ W"(uo,0),

where W*(ug,0) = {(u,v); S(t)(up,0) = (u,v) when ¢t — +oo}. Below is a theorem on the exis-

tence of a compact and connected global attractor together with the description of its structure.

Theorem 3.4. Assume i) and ii). Then the dynamic system (H,S(t)) is associated with
Problem (3.1)-(3.2) is a gradient and asymptotically compact system, and at the same time there
is a connected compact global attractor A. Furthermore, A = W*(Ny) and A is the unstable

manifold of this dynamic system.
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CONCLUSIONS AND RECOMMENDATIONS

Conclusions

The main results achieved in the thesis include:

1. For fourth order semi-linear equations containing the Ai—Laplaee: Give the Pohozaev integral
identity of the Dirichlet problem, thereby prove the non-existence of non-trivial solutions in
0;-star domains when the right hand sides grow, with respect to u, greater than %; at the

same time, prove the existence of weak solutions, establish multiple solutions of the problem

provided that the nonlinear terms grow, in terms of u, less than %. Thereby, it has been
shown that the value % is the critical value of the growth order of the right-hand sides in
terms of u.

2. For hyperbolic equations containing the strongly degenerate elliptic operator P, 3: Give
sufficient conditions for the linear and nonlinear terms of the equation to ensure the unique
existence of the global integral solution; the existence of a connected compact global attractor

in the space S?(RY) x L*(R"), and describe its structure.

Recommendations for further research

Regarding the topic of the thesis, the following issues are open and in our opinion are of

interest:

1. Study conditions for existence of solutions of the above boundary problems in unbounded

domains.

2. Study the properties of global attractors such as: dimensionality, continuous dependence on

parameters, smoothness, ...

3. Study the existence of solutions and asymptotic behavior of degenerate hyperbolic equations
with different boundary conditions, such as heterogeneous boundary conditions, Neumann
boundary conditions, mixed boundary conditions, nonlinear boundary conditions, ... To do
this, it is necessary to construct the corresponding weighted spaces, Sobolev type embedding

theorems.
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4. Study the existence of regressive and uniformly attractors when the nonlinear terms depend

on the time.

5. Practical application models.
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