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MOT SO QUY UGC VA Ki HIEU
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phéap tuyén ngoai don vi trén bien 00

vy, = (M1, ...,7vvn) phép tuyén lien quan dén toan tit A,



MO DAU

1. Lich s van dé va li do chon dé tai

Céac phuong trinh dao ham riéng phi tuyén xuat hién nhiéu trong
cac qua trinh cta vat 1y, hoa hoc va sinh hoc, chang han céc qua trinh
truyén nhiét, qua trinh truyén séng trong co hoc chat 16ng, cic phan
tmg hoa hoc, cac md hinh quan thé trong sinh hoc, v.v. Viéc nghién citu
nhitng 16p phuong trinh nay c6 y nghia quan trong trong khoa hoc va
cong nghe, chinh vi thé né da va dang thu hit duge sy quan tam cla
nhiéu nha khoa hoc trén thé gigi. Cac bai toan doéi véi phuong trinh hay
hé phuong trinh dao ham riéng thuong c6 nguon goc tit cac nganh khoa
hoc k¥ thuat, dac biét né 1a cac mo hinh giai tich ctia nhiéu hién tuong
vat 1y. Cho dén tan nhiing nam 20 cuia thé ky thid 20 thi cac nghiém ciia
bai toan déi véi phuong trinh, hé phuong trinh dao ham rieng duge hiéu
chung nhat 1a nghiém c6 dién, nghiem doi héi kha vi theo nghia thong
thuong dén cap ctia phuong trinh, dieu nay gay rat nhieu kho khan cho
viéc chiing minh cho tinh dat dung cia cac bai toan nay, dac biét tinh
tron clia nghiém con phu thuoc vao cau trac hinh hoc ctia mién dugde
xét. Vi vay, khai niém nghiém suy rong dugc dwa ra bdi cac 1y do khac
nhau. Viéc dua ra khai niém nghiém suy rong la mot budc ngoat trung
tam vé mat phuong phap trong viéc nghién cttu phuong trinh, hé phuong
trinh dao ham riéng va cac bai toan bién phan ctia ching.

Trudc tién, ching toi trinh bay tong quan céc nghién citu vé cac
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tinh chat nghiém ctia mot s6 bai toan cho cac phuong trinh elliptic va
hyperbolic & tuyén tinh cap hai trong dé chita toan tit elliptic suy bién.

Cho dén nay ly thuyét vé phuong trinh elliptic tuyén tinh da dugc
phat trién tuong déi hoan thién. Tinh gidi dudc ciia cac bai toan bien
co ban cho phuong trinh elliptic tuyén tinh trong mién bi chan da dugc
thiét lap, xong trong 1y thuyét va thuc tién, xuat hién cac phuong trinh
elliptic phi tuyén va suy bién [12,22,25,26,49]. Loai phuong trinh phi
tuyén don gidn nhat 1a cac phuong trinh 4 tuyén tinh, khi phuong trinh
1a tuyén tinh déi véi cac dao ham riéng cap cao nhat. Cac phuong trinh
elliptic phi tuyén doi hoi cac phuong phap nghién cttu va cong cu tiép
can méi, nhat 1a gii tich ham phi tuyén. Céc bai toan bién co dién trong
mién bi chin van tiép tuc dugc dat ra déi véi phuong trinh elliptic phi
tuyén [1,11,13,18-20,24,27-34,43,58,60]. Cac nha toan hoc da dua vao
x6t mot s6 16p phuong trinh elliptic suy bién 4 tuyén tinh [23-29] va
phét hién ra rang: trong mot s6 truong hop cau tric hinh hoc ctia mién
c6 anh hudng quan trong dén tinh gidi duge ctia cic bai toan bien ([37]).

Nhieu két quéa sau siac vé tinh gidi tich, do tron ciia nghiém cia
phuong trinh elliptic, hé phuong trinh elliptic da dugc thiét lap. Ly
thuyét bai toan bién, bao gom tinh duy nhat, tinh gidi dugc, tinh nhiéu
nghiém, ...cho phuong trinh, hé phuong trinh elliptic cing dugc phat
trien vo cting manh mé. Tiép theo sé 1a tong quan vé mot sé nghién ciu
cho tinh gidi dugc ctia bai toan Dirichlet ddi véi phuong trinh elliptic,
elliptic suy bién cap hai v cap bdn nita tuyén tinh trong mién bi chin
Q C RY.

Nhu ching ta da biét, mot trong nhitng toan ti elliptic duge nghién
cttu nhiéu dé 1a toan ti Laplace trong khong gian RY:
0u Qig 0u

Au=— + + .+ =
ox3  0x3 0x3;
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Nghién citu vé su ton tai nghiém hay khong ton tai nghiém cia
phuong trinh nia tuyén tinh chita toan ti Laplace da duge nhiéu nha
toan hoc tap trung nghién citu bat dau tit gitta thé ky thi hai muoi.

Trong cong trinh [37], S. I. Pohozaev da xét bai toan bién:
Au+ f(u) = 0 trong €2,
u = 0 trén 0€2,
v6i Q 1a mién gidi noi trong RY (N > 2),
f(u) = du+ Jul"tu.
Ta thiy u = 0 14 nghiém tam thudng ciia bai toan. S. I. Pohozaev da

dua ra mot dong nhat thitc ma hién nay dudc mang tén ong va da nhan

dugdce cac két qua sau day:

e Néu N =2, 1 <t < oo, thi Bai toan (1) luon ¢6 nghiem khong tam
thuong.

. N +2
e Necu N >3, A=0,t> N+2 va 2 1a hinh sao thi Bai toan (1)

khong c¢6 nghiém duong.

. N +2
eNeu N >3, A=0,1<t< N+2 thi Bai toan (1) c6 nghiém

N +2 .
duwong. Béi vay khi N > 3 gia tri ty = N il 5 la gia tri rat dac biét.

Gia tri lién quan ty + 1 = la gia tri t61 han dé ta c6 dinh Iy

N —2
nhiung Sobolev, t, duge goi 1a s6 mil Sobolev t6i han clia Bai toan

(1) cho toan tit Laplace.

Nhitng két qua mang tinh tién phong nay cling v6i cac bai toan
md dude dat ra da thic day hang tram cong trinh nghién citu sau doé

(xem [1,9,13,42] cung v6i cac tai lieu tham khéo kém theo).
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Nhu vay su ton tai nghiém khong tam thuong, ton tai nghiém duong
clia cac bai toan bién chita toan ti elliptic dat dudce tuong doi tron ven.
Mot cach tuong ty, cac van deé lai duge dat ra déi véi bai toan c6 chita
toan ti elliptic suy bién.

Vao nam 2012, cac tac gia P.T. Thuy va N. M. Tri trong [47] da xét
bai toan Dirichlet cho phuong trinh elliptic suy bién cap hai sau day

—P, gu+ f(u) =0 trong €2,

(2)
u = 0 trén 02,

trong do
P su = Apu+ Ayu+ |z y|*P ALu, véi a, > 0, (3)

() 14 mién giéi noi trong RV +N#Ns g ¢ RM ¢ € RN2) 2 € R™s, bien 02

tron, f(u) = u|u|""1. Diéu kien khong ton tai nghiém khong tam thuong

N, 2
cia Bai toan (2) trong trudng hgp nay la v > ]VB—JFQ va ) la P, -
- af
hinh sao, Ny 3 = Ny + Na+ (1 + a + ) Ns.

Cing trong nam nay, trong [29] cac tac gid A. E. Kogoj va E.
Lanconelli da nghién cttu phuong trinh elliptic suy bién cap hai tong
quét hon chita toan tit A, da dua ra dong nhét thic kiéu Pohozaev,
chiing minh sy ton tai nghiém yéu khong tam thuong clia bai toan sau
v6i mot s6 diéu kien ap len ham f(X, u) bang phuong phap bién phan:

Ayu—nu+ f(X,u) =0 trong €, n
u = 0 trén 012,
G do € 1a tap mé bi chin trong RY, n > 0 va A, u sé duge dinh nghia
trong Chuong I, Muc 1.1.1.
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Nam 2016 cac tac gia C. T. Anh va B. K. My trong [6] d& nghién
cltu sy ton tai nghiem ctia Bai todn (4) v6i n = 0 va dieu kién cla
f:Q xR — R 1aham lién tuc thoéa man cac diéu kien sau:

* f(X,0)=0, lim_ {58 — 0,27 = 2, (27— 1= &2,

. |§|lim F%{Q’@ = 0 déu véi mdi X € Q, trong d6 F(X,u) =
—+00

fuf(X, 7)dT;
0

F(X.8)

o < déu v6i mbi X € Q, véi p 1a gia tri dau tien cia

e limsup
¢]—0

toan ti-A. trong mién  v6i dieu kién bien Dirichlet thuan nhat;
e Ton tai C, > 0,0 > 0 théa man:
H(X,s) <O0H(X,t)+ C., Vs, t e R0 < |s| < |t],VX € Q,
trong d6 H(X,s) = 3sf(X,s) — F(X,s).

Khi d6 Bai toan (4) da dugce chiing minh 13 luoén c6 nghiem yéu khong
tam thuong. Nhiéu két qua doi véi bai toan chiia toan tit A, c6 the xem
trong [7,31,32,54,55]. Cac tac gia da chi ra rang dai lugng 25 —1 = %
I3 bac tang trudng t6i han ctia ham f(z,u) theo bién u dé Bai toan (4)
c6 hodc khong c6 nghiem khong tam thuong. Phuong trinh elliptic cap
hai xuat hién trong thuc té kha da dang nhu: phuong trinh mo ta dong
dién hodc tit trudng, mit cyc ticu,...Gan day mot s6 chuyén gia, xem [56]
da nghién citu phuong trinh elliptic phi tuyén cap bon nhu phuong trinh
dé nghién ctu séng truyén trong cau treo va do vong tinh ctia ban dan
hoi trong chat 1éng. Bén canh do, tit nhitng nam 80 cla thé ky trudc,

nhiéu tac gid da nghién citu cac phuong trinh elliptic cap bon nita tuyén
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tinh chita binh phuong cua toan tit A Laplace

A’u = f(X,u), X € QCRY,
u=0,u=0, X €099,

trong d6 f(X,0) =0.

Mot s6 dicu kien du ddi véi dang dieu ctia ham f(X,u) theo bién u
da dudc cac tac gia dua ra dé dam bao cho su ton tai hodc 1a su khong
ton tai nghiém khong tam thuong ciia Bai toan (5) hodc 1a sy ton tai
it nhat mot nghiem khong tam thuong. Tuy nhién, theo hiéu biét cta
ching t6i, chua c6 cac nghién cttu doéi véi phuong trinh elliptic suy bién
cap bon.

Cudi ciing dudi day la tong quan cac nghién citu vé cac tinh chat
nghiém ctlia bai toan Cauchy cho phuong trinh hyperbolic suy bién. Dang
diéu tiém can cta nghiém bai toan Cauchy cho cidc phuong trinh tién
ho4, trong d6 c6 phuong trinh hyperbolic suy bién, da dugc nghién citu
trong céc cong trinh [2-8,14,15,17,38,46,48,50-53,61] trong cac mién
bi chian ctia bién khong gian. Trong cac cong trinh nay, cac tac gid da
stt dung cong cu Dong luc hoc vo han chiéu va 1§ thuyét nita nhom de

chiing minh sy ton tai clia tap hat toan cuc.

Nam 2005, Fall Djiby trong [21], bang céch sit dung phuong phap
u6c luong phan duoi ciia nghiem da chitng minh dudc su ton tai tap hat
toan cuc trong khong gian H'(RY) x L}(RY) ctia bai toan sau

ug + Bug +u=Au+ f(X,u), X € RNt >0,
u(X,0) = ug(X),u(X,0) = uq (X),

& day B la hing s6 duong, ug(X) € HYRY), u(X) € L*RY), ham
f(X, &) duge dinh nghia bdi:
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o {— f(X,8) =€+ hi(§) — ha(X), ha(X) € LA(RY),
o hy € CLYR,R), hi(0) = 0,7 (£)¢ > CF(€) > 0, Y€ € R, trong dé

£
C' la hang s6 duong, Fi(€) = [ hy(7)dr,
0

hi(§)

e 0 < limsup < 00

|€] =400
Nam 2014, céc tac gid A. E. Kogoj va S. Sonner trong [32] da nghién
cttu mot 16p cac phuong trinh hyperbolic suy bién, trong d6 c6 bai toan

sau day

;

utt(X, t) + )\U/t = Pa7BU(X, t) + f(U(X, t)), X e Q,t > 0,
: w(X,t) =0, X e€dnt>0, (6)
u(X,0) = ug(X), u (X, 0) = uq (X),

trong do6 € 1a mién bi chin c6 bién tron trong RY, P, 5 la toan tit dudc

xac dinh bdi (3), A 1a hang s6 duong va f(£) thdéa man dieu kién:

o [f(&1) — [(&)] < Cl& — &|(1 + &) + [&[°), (7)
V6l C>0,0< p< ===, Nag=Ni+No+ (a+ B+ 1)Ns;
o,
e lim sup% < 1, (8)
|€]—+o00

v6i py 1a gid tri rieng dau tién cia toan tit (— P, 3) trong mién

v6i dieu kién bién Dirichlet thuan nhat.

Khi d6 Bai toan (6) c6 nghiém toan cuc, c6 tap hut toan cuc. Dé
chiing minh sy ton tai tap hut toan cuc, tic gia A. E. Kogoj va S.
Sonner da st dung ¥ tudng va cach tiép can trong [15,39] vé danh gia

duoi nghiém.
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Ti nhitng két qua & trén, ta thiy rang ddéi véi 16p phuong trinh
elliptic suy bién, phuong trinh hyperbolic suy bién mic du da c6 mot
sO két qua, tuy nhién cac két qua thu dude van con it va con nhiéu van
dé mS can dude nghién citu. Nghién cttu vé phuong trinh chita toan ti
elliptic suy bién thuong phiic tap hon so v6i phuong trinh chida toan ti
elliptic va n6 c6 ting dung trong thic té rat rong 16n khi ta nghién citu
vat chat c6 mat do khong dong déu, chd rat mong chd lai rat day. Nhing
vat chat nay ton tai vo sd trong vii tru bao la ciia ching ta. Nhitng van

dé mdé ma ching toi quan tam trong luan 4n nay bao gom:

e Nghién citu sy ton tai nghiém khong tam thudng ctia bai toan
Dirichlet trong mién bi chin déi véi phuong trinh elliptic suy bién
cap bon chita toan tit A2 trong mot s6 trudng hop lien quan dén
bac tang trudéng ctia ham phi tuyén. Van dé nay dudc tng dung

trong 1y thuyét dan hoi.

e Nghién citu sy ton tai va duy nhat nghiém tich phan toan cuc; dang
diéu khi thoi gian rat 16n ctia nghiém (thong qua tap hut toan cuc)
clia Bai toan (6) chita toan tit elliptic suy bién P, s trong ca khong
gian RVva ching minh su ton tai ctia tap hit toan cuc khi phuong
trinh ¢6 theém s6 hang [(X)u va vé phai f(X,&) phu thuoc them
bién X.

Véi cac 1y do néu trén ching toi da chon deé tai nghién ciu cho luan
an ctia minh 13 “Mot sbé tinh chit nghiém cta 16p phuong trinh
chita toan tit elliptic suy bién manh”.

2. Muc dich nghién citu
e Noi dung 1: Nghién citu sy ton tai va khong ton tai nghiém cta

bai toan Dirichlet cho phuong trinh A2-Laplace nita tuyén tinh cap bon
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trong mién bi chin véi cac noi dung: su khong ton tai nghiém manh
khong tam thuong; sy ton tai nghiém yéu khong tam thuong.

e Noi dung 2: Nghién cttu dang diéu tiém can khi thoi gian 16n cta
cac phuong trinh hyperpolic nita tuyén tinh c¢6 chita cac toan tit elliptic
suy bién manh P, 3 trong toan khong gian véi cac noi dung sau: su ton
tai duy nhat ctia nghiém tich phan toan cuc; su ton tai tap hiat toan cuc

compact va cau tric ctia no.
3. Doi tugng va pham vi nghién cttu
D61 tugng nghién ciu ciia luan an 1a xét bai todn bién va bai toan

bién gia tri ban dau c¢6 chita toan ti elliptic suy bién A, duge xac dinh

bdéi
Ayt = Z axj (% (‘9:@7)

trong do v; 1a cac ham thoa méan maot s6 dieu kien phit hgp duge phat
biéu sau.

4. Phuong phap nghién ciu

e Dé nghién citu su ton tai nghiém yéu ctia bai toan ching toi st
dung phuong phap bién phan va cac dinh 1y téng quéat cia 1y thuyét
diém t6i han.

e Dé nghién citu su khong ton tai nghiem manh ching toi thiét lap
cac dong nhat thiic kiéu Pohozaev phit hop déi véi toan ti A? va khai
thac cau tric hinh hoc clia mién dang xét.

e Dé nghién citu su ton tai duy nhat nghiém tich phan toan cuc, ching
toi st dung cidc phuong phap va cong cu ctia Giai tich ham phi tuyén:
phuong phéap xap xi Galerkin, cdc dang phit hgp ctia bo dé compact, cac
b6 dé xit 1y s6 hang phi tuyén.

e Dé nghién citu dang diéu tiém can cia nghiém va su ton tai cia

tap hat toan cuc, ching t6i st dung cac cong cu va phuong phap cia ly
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thuyét he dong lyc vo han chiéu (xem [10,14,15,35,40,44,57]), néi rieng
la phuong phap danh gia tién nghiém tiém céan va phuong phap danh
gia phan dudi clia nghiem.

5. Cac két qua dat dudc va y nghia ctia dé tai

Luan an da dat dugce nhitng két qua chinh sau day.

e D61 véi bai toan Dirichlet trong mién bi chan cho phuong trinh
elliptic suy bién cap bon chita todn tit A2 da dua ra duge cac diéu kien
di vé do tang truéng ctia s6 hang phi tuyén dé khong ton tai nghiém
manh khong tam thuong: chitng minh dugde sy ton tai nghiém yéu cla
bai toan véi mot so6 dieu kien ve do tang trudng clia s6 hang phi tuyén.
Day la ndi dung cua Chuong 2.

e D6i v6i phuong trinh hyperbolic tat dan chita toan tit elliptic suy
bién manh P, 5 trong RY: dua ra diéu kien di dé c6 sy ton tai va duy
nhat ctia nghiém tich phan toan cuc ctia bai toan Cauchy. Chiing minh
ducc su ton tai ctia tap hat toan cuc compact va mo ta cau tric ctia no.
Day la no6i dung ctia Chuong 3.

Cac két qua clia luan an 13 mdi, c6 ¥ nghia khoa hoc va gép phan
hoan thién viéc nghién citu sy ton tai nghiém trong mién bi chin cla
bai toan bién cho phuong trinh elliptic suy bién cap bén va dang dieu
tiem can nghiém ciia cac phuong trinh hyperbolic tat dan chita toan ti
elliptic suy bién trong ci khong gian.

Cac két qua chinh ctia luan 4n da dudc cong bd trong 02 bai béo trén

cac tap chi chuyén nganh qubc té va da duge bao céo tai:

e Xé-mi-na cuia Bo mon Giai tich Toan hoc, Khoa Toan - Tin, Truong
Dai hoc Su pham Thai Nguyén;

e Xé-mi-na cuia phong Giai tich Toan hoc, Vién Toan hoc, Vién Han

lam Khoa hoc va Cong nghé Viét Nam.
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6. CAu tric luan an
Ngoai cac phan mé dau, tong quan, két luan, kién nghi, danh muc
cac cong trinh dude cong bd vd danh muc tai lieu tham khéo, luan an

bao gom 3 chuong

- Chuong 1: Trinh bay mot so kién thic chuan bi can thiét cho cdic
chuong sau. Trong chuong nay ching toi trinh bay vé toan tit A, mot
s6 tinh chat, vi du v mot s6 kién thitc bo trg (mot sé6 khong gian ham
va mot s6 dinh 1y nhiing); trinh bay mot s6 két qua vé diém tdi han; tap
hit toan cuc va tinh chat.

- Chuong 2: Trinh bay su ton tai nghiém va khong ton tai cia nghiém
cua phuong trinh A%—Laplace nia tuyén tinh trong mién bi chan. Trong
chuong nay, ching toi nghién ctu su ton tai va khong ton tai nghiém
cho bai toan Dirichlet d6i véi phuong trinh nita tuyén tinh cap bén chita

toan tt A%:

A%u = f(x,u) trong Q, u = d,u = 0 trén 01,

trong dé v 1a phap tuyén ngoai don vi tai cac diém bién ctia . Chuong
nay gom ba phan. Phan th@ nhat trinh bay vé dong nhat thic kiéu
Pohozaev déi v6i toan ti A%. Phan thit hai dua ra mot s6 két qua ve su
khong ton tai nghiém manh khong tam thuong. Phan ba néi vé su ton
tai clia nghiém yéu khong tam thuong.

No6i dung ctia chuong nay dya trén Bai béo [2] trong Danh muc cong
trinh khoa hoc ctia tac gid liéen quan dén luan an.

- Chuong 3: Trinh bay dang diéu khi thoi gian lon cia nghiém phuong
trinh hyperbolic suy bién manh trong cd khong gian. Trong chuong nay,
ching toi nghién ctiu sy ton tai ciia tap hiut toan cuc compact cho nita

nhém clia bai toan Cauchy déi véi phuong trinh hyperbolic suy bién niia
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tuyén tinh. Chuong nay gom hai phan. Phan thit nhat trinh bay veé su
ton tai va duy nhat ctia nghiém tich phan toan cuc, trong ca khong gian.
Phan tht hai trinh bay vé cac diéu kién doéi v6i vé phai va thanh phan
tuyén tinh ctia phuong trinh va dua phuong trinh vé hé phuong trinh
cap mot, sau d6 ching minh sy ton tai tap hat toan cuc trong khong
gian S?(RY) x L?(RY).

No6i dung ctia chuong nay dya trén Bai béo [1] trong Danh muc cong

trinh khoa hoc ctia tac gid liéen quan dén luan an.



Chuong 1

Kién thitc chuan bi

Trong chuong nay ching toi trinh bay mot s6 khai niem va két qua
phuc vu cho cac chuong sau. Cu thé ching t6i trinh bay: dinh nghia
toan tit elliptic suy bién A,, mot s6 khong gian ham, cac két quéi ve
phép nhing, mot sé6 két qua clia phuong phap bién phan va 1y thuyét
diém t6i han, dinh 1y qua ndi, nita nhém, tap hat toan cuc va mot sd

kién thitc bo tro khac.

1.1 Toan tu A, -Laplace

1.1.1 Toan tit A,-Laplace

Trong khong gian RY, N > 2, ta dinh nghia toan tit (xem trong [29)]):

0
Zax ax ) x :_7j:1727"'7N7
J J J 837]

trong d6 ham ~; : RY - R e C(RY) van; #£ 0, j = 1,2,..., N trong
RM\II, véi

N
IT:= {X(xl,acg,...,xN) GRN:Ha:jO}.
j=1

19
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Ta gid st v;(X) thoa man céc tinh chat:

i) (X)) =1, (X) = (z1,22,...,2-1), j=2,...,N;

i) Vi moi X € RY ta c6 v, (X) = v, (X*), j=1,2,..., N, trong
do

X*=(|z1|,...,|zn]) néu X = (z1,29,...,7N);
#ii) Ton tai hing s6 p > 0 sao cho: néu v; € CH(RY) thi
0 <210, (X) <py (X),VEe{l,2,...,7 -1} ,Vj=2,...,N,
voi méi X € RY == {(z1,...,an) e RY 1 2; > 0,Vj =1,2,..., N };
iv) Ton tai nita nhém {0}, , thoa méan:
o :RY — RV
(x1,...,xN) —> O (21,...,xNn) = (t721, ..., tN2N)
voi 1 =) < ey < -+ < ey, sao cho v; 1a &;-thuan nhat bac ¢; — 1, tic 1a
v (6 (X)) =t (X) VX eRY )Vt >0, j=1,...,N.  (1.1)
Khi d6 toan tit A, 1a §-thuan nhat bac hai, tic 1a
A, (u(8:)(X))) = 2(Ayu) (6: (X)), néury; € C*RY), j=2,3,...,N.

Ta dinh nghia N 1a s6 chiéu thuan nhat cia RY déi véi nita nhém

{6t}t>07 tic 13

N::€1—|—€2—|—"'—|—8N.
S6 chidu thudn nhat N nay déng vai tro rat quan trong khong nhimng
trong cac dinh 1y nhing clia cic khong gian ham lién quan dén toan ti

A, ma con tham gia vao céc diéu kien ddi véi vé phéi ctia phuong trinh.
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1.1.2 Vidu

Trong muc nay ching toi dua ra mot s6 vi du vé todn tit A,,.
Vi du 1.1. (Toan tt Grushin (xem [29]). Cho o > 0 la mot s6 thuc,
toan tit Grushin la toan ti c6 dang

Go = A, + |2)**A,, a>0, (z,y) € RM x R,

trong d6 Ny, Ny € N, |z| 1& chuan Euclide trong khong gian RM va
v = (711, ., yn) Xac dinh béi

vilz,y) =10 =1,..., Ny, yi(z,y) = |z|*j = N1+ 1,..., Ny + Ns.

Nhém co gidn {d;}¢~0 xac dinh béi 6;(z, y) = (tz, t1).

S6 chiéu thuan nhat tuong ting v6i nhom {d; }1~0 12 N, = N, + No(1+
Q).
Vi du 1.2. (Toan tit elliptic suy bién manh P, ). Cho a, 8 > 0 la cac
sO thue. Xét toan ti

Popi=Ap + Ay + 2y AL, (2,9, 2) € RN x RV x R,
v6i N; € N*, i =1,2,3, |z, |y| tuong ting 1a chuan Euclide ctia z,y trong
khong gian RM | R vi v = (4 42 ~B)) xac dinh béi
fyj(.l)(a:,y,z) =1, j=1,.., Ny
’y](.?)(x,y,z) =1, j=N+1,..., Ny + Ny;
71(3)(x, y,2) = |z|*|y|’, | = Ny + Ny +1,..., Ny + Ny + Ns.

Nhom co gian {d;}+~o va s6 chiéu thuan nhat tuong ting 1a

{0:H(z,y, 2) = (tx, ty, tHO”“Bz),

N=N1+N2+(1+Q+B)N3.
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Khi 8 = 0 thi todn ti nay tré thanh toan ti suy bién P, dudc xét
trong [46].

Vi du 1.3. Tong quat hon ta xét da chi s6 a = (ay,...,qp_1) Vi
a; > 0,2 =1,...,k — 1. Ta dinh nghia toan ti

A7 = Amu) -+ |ZL‘(1)|2a1Ax(1) + ‘x(Q)‘QOQAx(g) + ...+ ‘x(k_l)‘Qakfle(k)

voi x = (2, 2@, . 2®)) € RM x RM x . RM, N; € N*, i=1,..,k.

Y

Khi dé ham v = (v, ..., 7)) xac dinh béi

”yj(-l)(:c) =1,j=1,..., Ny,

Y (@) = a0V = 2, Lk, § = Nkt N+ L, o, NN N,
va nhém co gian tuong tng la

5i(zM 2@ W) = (t5raW 220 @) o))
voie, = 1,6, = 1 + aj_16i_1 vOi i = 2, ..., k. SO chiéu thuan nhat tuong

ing la

N = 1Ny + e9Ny + ... + €. Np..

1.2 Mot s6 khong gian ham va dinh ly nhung

Trong muc nay gisi thieu mot s6 khong gian kiéu Sobolev trong mién

bi chan va trong toan khong gian va cac dinh 1y nhing tuong tng.

1.2.1 Khéng gian kiéu Sobolev trong mién bi chin va dinh ly

nhing

Gia st cac ham s6 vj(x), j =1,..., N da dugc xac dinh trong
Muc 1.1.1.



23

Dinh nghia 1.1 ([34]). Gia sit Q 13 mién bi chin c¢6 bién tron trong RY.
Ta dinh nghia S%)(Q) (1 <p < +00) la bao déng ciua C{°(Q2) cung véi

N
HUHS;;;;(Q) = /(Z}%@x]uﬁ) dX

o N7l
Ta dinh nghia khong gian S??(Q) (1 < p < +o00) la tap tat ca cac
ham v € LP(2) théa man v;0, u € LP(Q) va v;0, (Vi0,u) € LP(2)

2
chuan

=

v6i moi 4,5 = 1,...,N. Chuan dugc dinh nghia trén khong gian
S%p(ﬂ) (1<p<+o0)la

lll g2y = /<|“|p+21%5xﬂ|p+ > |50, (i0su) | )dX

1,j=1

Sl

Néu p = 2 khi d6 tich vo huéng trén khong gian 5272(9) 1a

(u,v)ss,g(m (u,v) 202 +Z V0,1, Y0, V) 12(0) +

j=1
N
+ Z (70, (ViO, ), YO, (7i0,0) ) L2() -
ij=1

Gid st C3°(Q) € S2%(Q). Khi d6, khong gian S7¢(€) duge dinh nghia
la bao déng ctia C3°(€2) trong khong gian S2%(Q).

Ky hiéu

N 1
Vou = (71051, Y205, . .., YNOzyu), |Vyul := (Z "Yj@xju}2> 2

j=1
St dung (1.18) trong [29], ta c6:

Meénh dé 1.1 (Xem trong [34]). Gid s Q la mot mién bi chin trong
khong gian RV, N > 4. Khi d6 phép nhing

N
53,(2)(@) — LYQ), ddé1<q<2]:= —
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la lien tuc, tic la ton tai Cy > 0 thoa man
2,2
HUHLq(Q) < Cy HUHS%(Q)? Vu € 57,0(9)-
Hon nia, phép nhing sau:
SZ3(Q) = LI(Q)
la compact véi moi 1 < g < 2].

Nhan xét 1.1. Tu [28], ta nhan thay HUHS?;%(Q) va

1
2

lallszzy = | [ 1870
1a hai chuan tuong duong.
1.2.2 Khoéng gian kiéu Sobolev trong toan khong gian va dinh
ly nhing

Ky higu S?(RY) 14 bao déng ctia khong gian Cg°(RY) cling vé6i chuan

2

[ — L/ (lul? + [Vapul*) dX 5

trong do6
RY=RM xR xRM «>0,3>0
ou ou Ou ou 8u ou
V. :(— , N I )
= (G G g g W g
va

] \+|x|2a|y!252\ )

’vaﬁu| = ( axl
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Khi d6 S?(RY) 1a khong gian Hilbert ciing véi tinh vo huéng

(u, U)S%(RN) = (u, U)LQ(RN) + (Vaﬁu, Vaﬁv)p(RN).

Tit B6 dé 2.1 trong [3], ta c6 cac khang dinh sau

Jlurax | < e ulsg

N

2N, ~
trong d62 < p < 2%, = N—ﬁz’ C(p) >0, Ny =N+ No+(1+a+
a,f —

B)N3. Vi vay, LP(RY) — S?(RY). Hon nita, néu 2 < p < 27, 5 thi phép
nhiing nay la compact.
2N, 5

Nhan xét 1.2. Khi A, = P, 5 thi 2] = 227 =
Nojg—4

. Do do, 2, 5 Va

297 13 hai dai lugng khac nhau.

1.3 Mot sé két qua vé 1y thuyét diém t6i han

Muc nay trinh bay mot s6 két qua vé diem t6i han va gia tri t6i han
dé sau nay ap dung trong chitng minh sy ton tai nghiém va van dé nhiéu

nghiém ctia bai toan Dirichlet ddi v6i phuong trinh elliptic suy bién.

Dinh nghia 1.2 ([62,63]). Cho B va B la cac khong gian Banach, O(u)
14 lan can cta diém wu.

(i) Anh xa ® : O(u) € B — B dugc goi la khi vi Gateaux tai
v € O(u) néu ton tai anh xa tuyén tinh bi chan T € Z(B,B) sao cho
P -
lim (u+th) (u)

t—0

=Th, Vh e B (1.2)
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(#3) Anh xa @ : O(u) C B — B dugc goi la khd vi Fréchet tai diém u néu
sut hoi tu trong (1.2) 1a déu do6i véi h thod man ||h||p < 1, nghia 13
@t ) — B(w) — Thlls

Lim
= A5

0. (1.3)

Néu ® kha vi Gateaux (Fréchet) thi anh xa T duge goi 1a dao ham
Gateaux (Fréchet) ctia ® tai v va ky hiéu la D®(u). Nhu vay, D®(u) = T.
(#74) Néu dao ham D®(u) lién tuc tai mot lan can ctia u thi ® duge goi

1a khé vi lién tuc Gateaux (Fréchet) tai u.

Nhan xét 1.3. Néu ® kha vi Gateaux (Fréchet) trong mot 1an can ctia
u € O(u) va dnh xa bién phan tt u € O(u) thanh phan tit @, € £ (B, B)
lién tuc tai w thi ® duge goi 1a kha vi lién tuc Gateaux (Fréchet) tai w.
Nguoi ta chiing minh duge riang, néu ® 1a kha vi lién tuc Gateaux tai u
thi ® kha vi lién tuc Fréchet tai v va khi d6 cac dao ham Gateaux va

Fréchet thu dugc la trung nhau.

Pinh nghia 1.3 ([62,63]). Gia st ® la anh xa kha vi Fréchet tai u ti
khong gian Banach B vao khong gian Banach B. Cho D® : B — B la
dao ham Fréchet tai u cua ®. Khi d6 dao ham cua ® tai u theo hudng
v € B ky hiéu béi (v, D®(u)) = DP(u)(v).

Dinh nghia 1.4 ([62,63]). Giad st B 1a khong gian Banach thuc cuing
v6i khong gian d6i ngau B* va ® € C1(B,R). V6i mdi ¢ € R néi ¢ théa

man diéu kién (C). néu véi méi day {z,}°°, C B vdi
O(wn) = ¢ va (14 [|lznllg) ¥ (20) |5 = O,

thi ¢6 mot day con {z,, }7>, hoi tu manh trong B.
Néu @ thoa man dieu kien (C). véi moi ¢ > 0, ta n6i ® théa man

dieu kién Cerami.
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Dinh ly 1.1 (Xem trong [62,63]). Gid st B la khong gian Banach thuc
va gid st ® € CY(B,R) théa man dieu kién Cerami va

(¢) Ton tai hang s6 p, > 0 théa man ®(u) > «

wi moi |l =

(i) Ton tai uy € B, |lui|lg > p théa man ®(ui) < 0.

Khi d6 ® c6 it nhat mot diém tdi han xo vi gia tri tor han B tuong

ung xac dinh nhu sau

8= juf jua 0@ 2

d day A :={\ € C([0,1],B) : A(0) =0, A\(1) = u1 }.
Dinh 1y 1.2 (xem trong [64]). Gid s B la khong gian Banach vo han
chieu, B = Y@ Z, trong dé Y la khong gian hiu han chiéu va gid si
® € CY(B,R) théa man dicu kien Cerami, ®(0) = 0, ®(—u) = ®(u) vdi
mot u € B va

(i) Ton tai hang s6 p,a > 0 théa man ®(u) > a vdi moi u € Z va
lullg = p;

(it) V&i moi khong gian con hitu han chiéu B C B, ton tai R =
R(B) > 0 théa man ®(u) < 0 trén B\ Bg, trong dé Br = {z € B: ||z|s <
R}.

Khi do ® co mot day cac gia try tor han khong bi chan.

1.4 Tap hit toan cuc va tinh chat

1.4.1 Mot s6 dinh nghia

DPinh nghia 1.5 ([39]). Gid st B la mot khong gian Banach va

S(t): B— B, véit > 01amot ho cac &nh xa théa man
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i) S(0) = Id, v6i Id 1a phép dong nhat;
it) S(t+s) = S5(t)S(s), v6i moi t,s > 0;
ii7) Véi méi t > 0, 5(t) € C(B, B);
iv) V6i moi u € Bt — S(t)u € C((0,+00), B).
Khi d6 {S(t)}+>0 duge goi 1a nita nhom lién tuc trén B.
Dinh nghia 1.6 ([36]). Ho anh xa {S(t) };>0 dugc goi 1a mot nita nhém

tuyén tinh lién tuc manh trén B (hodc don gian 14 Cy-nia nhém trén B)

néu S(t) : H — B la 4nh xa tuyén tinh bi chin tréen B v6i moi t > 0 va
i) S(0) = Id, v6i Id 1a phép dong nhat;
it) S(t+s) = S5(t)S(s), v6i moi t,s > 0;
i11) V6i mdi u € Bt — S(t)u € C([0,+0), B).

Dinh nghia 1.7 ([62,63]). Gia st {S(t)}+>0 & mot Cy-nita nhém trén

B. Ta dinh nghia todn td sinh A ctia né nhu sau:

S(t)u —u

t—0+*

D(A) = {u € B: lim ton tai trong B},

_ +
Au = i 2WuZe TEOW) ),
t—0+ t dt t=0

Dinh nghia 1.8 ([39]). Gia st S(¢) 1a mot nita nhém trén B.
1. Ham ® € C(B,R) dugc goi 1a ham Lyapunov néu
O(S(t)u) < P(u), Vt>0, YueB.
2. Ham Lyapunov ® dugc goi 1a ham Lyapunov ngat néu ®(S(t)u) =

®(u) v6i moi t > 0, kéo theo u 1a diém can bang, tic 1a S(t)u = u véi
moi t > 0.

3. Ntta nhom S(t) duge goi 1a hé gradient lién tuc néu n6é c6 ham

Lyapunov ngit va nita nhém S(¢) la nita nhom lién tuc.
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Dinh nghia 1.9 ([55]). Mot tap con khéc rong A clia B goi la mot tap
hat toan cuc d6i v6i ntta nhom (S(t))s> néu:
1. A la mot tap dong va bi chan;
2. A la tap bat bién, tic la S(t)A = A, v6i moi t > 0;
3. A la hiat moi tap bi chén, tic 1a v6i moi tap bi chan B C B thi

dist(S(t)B, A) — 0 khi t — +o0, § day

dist(S(t)B, A) = sup inf d(a,b).
aeS(t)B bEA

Dinh nghia 1.10 ([55]). Gia st B la khong gian Banach, nita nhom
S(t) goi 1a compact tiém cdn néu v6i moi t > 0, S(t) c6 thé bicu dién
duge dudi dang

S(t) = SW(1) + 5P(1),
& do SW(t) va S@)(t) théa man cac tinh chat sau

1. V6i bat ky tap bi chan B C B

sug 1SV (t)y||g — 0, khi t — 4-00;
ye

2. V6i bat ky tap bi chan B trong B ton tai ¢y sao cho bao dong ciia

GESIGE:

t>1o

la compact trong B.

Dinh nghia 1.11 ([62,63]). Cho M la khong gian metric day du.
a) Quy dao duong cia x € M la tap hop v (x) = {S(t)x : t > 0}.

Néu M C M, thi qui dao duong ciia M 13 tap hop

v ={Jsem= " (2).

t>0 zeM
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Tong quat hon, véi 7 > 0, ta dinh nghia qui dao sau thoi diem 7 clia
M b (M) = 7+ (S(T)M).
b) Phan t& ug € M dugc goi la diém can bing néu S(t)uy = ug véi
moi t > 0.

c) Gid stt ug 1a diem can bang khi d6 tap
W up) ={y € M : S(t)y — ug khi t = +o0},
duge goi la da tap khong on dinh ctia uy.
d) Gid st N C M, tap hop
w(N) = {y € H: ton tait, > 0,y, € N sao cho t, — +oo va

S(tn)yn — y khin — +oo},

duge goi la tap w-gidi han cua N.

1.4.2 Mot s6 ménh dé phu tro

Dinh ly 1.3 ([39], Dinh Iy 4.6). Gid si S(t), t > 0 la mot hé gradient
compact tiém can, thdéa man vdi moi tap bi chadn B C B, vdi 7 > 0
ta c6 v (B) la b chan. Khi dé, néu tap cdc diém can bang E bi chan
thi S(t) c6 mot tap hat toan cuc compact A va A = WY(E), trong do
W(E) = Uyex W"(uo). Hon nita, néu B la khong gian Banach thy A

la lién thong.

Bo dé 1.1 ([16], [45]). Gid st By, B, By la cdc khong gian Banach sao
cho By nhing compact trong B, B nhiung lién tuc trong By va By, Bi la
cac khong gian phan za. Vor 1 < p,q < oo, dat

d
W = {u e L0, T; By), d—? e L9(0,T; By)},
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va1 chuan

Lq(OaTaBl)

B du

el = el oz + |5

Khi d6 W nhing compact trong LP(0,T; B).

Dinh 1y 1.4 ([36], Dinh 1y Stone). A la todn ti sinh cia mot Cy-nhom

cdc todan ti unita trén khong gian Hilbert H khi va chi khi 1A la todn ti
tu lién hop.

Dinh ly 1.5 ([36], Dinh Iy 2.2). Gia s A la todn ti sinh cia mot C

nita nhom va T(t) = e la mot Cy-nita nhém. Khi dé ton tai cdc hdng

s6 w >0 va M > 1 théa man
HT(t)H,,Sf(H) S MGWta Vite [07 OO),

trong dé6 L (H) la tap cdac todn ti tuyén tinh lién tuc t khong gian
Hilbert H vao H.



Chuong 2

Nghiém ctia bai toan bién déi véi
phuong trinh elliptic suy bién cap

bon

Trong chuong nay, ching toi thay thé bién X & Chuong 1 bdi bién
x va nghién cttu bai toan Dirichlet déi véi phuong trinh cap bén chita

toan tt A?v nhu sau:

A%y = f(x,u) trong €,
cu = f(r,u) g 2.1)

u=0,u=0 trén 09,
trong d6 Q@ € RY 14 mot mién tron bi chan, v = (vq,--- ,vy) la véc to
phap tuyén ngoai don vi trén bien 0Q va A2 := A, (A,). Mot s0 bai toan
trong 1y thuyét dan hoi dua tdi viec xét bai toan nay.

Két qua dat dugc 1a cac dinh 1y vé sy khong ton tai clia nghiém manh
khong tam thuong va cac dinh 1y vé su ton tai nghiém yéu khong tam
thuong v6i mot s6 dieu kien ap dit len ham phi tuyén f(z,€). Chuong
nayy gom hai phan:

- Phén thit nhat: Thiét lap dong nhat thiic kieu Pohozaev d6i véi A2

va dinh 1y vé sy khong ton tai nghiém manh khong tam thuong. Day 1a

32



33

lan dau tien dong nhat thitc kieu Pohozaev dugc dua ra cho A2, Tham
chi n6 cling méi ngay ca cho trudng hop elliptic khong suy bién A% = A2,
- Phan tht hai: Trinh bay mot s6 dinh 1y vé sy ton tai nghiem yéu
khong tam thuong khi vé phai f(z,u) c¢6 do tang thich hgp d6i véi bién
u.
No6i dung ctia chuong nay dya trén Bai béo [2] trong Danh muc cong

trinh khoa hoc ctlia tac gid lién quan dén luan an.

2.1 Dong nhét thiic kiéu Pohozaev va dinh 1y vé su
khoéng ton tai nghiém manh khéng tam thudng

Trong muc nay sé gia thiét them v;(z) € C*(RY), j = 2,..., N v6i
N > 4 va dua ra ddng nhit thic kiéu Pohozaev déi véi toan tit cAp bén
A%. Trén co sé d6 sé dua ra két qua vé su khong ton tai nghiéem manh

khong tam thuong doéi véi truong hop mién Q 1& §-hinh sao. Dat
N
T:=) &0y, (2.2)
i=1

Toéan tit T cling c6 the duge xem nhu la véc to T = (£1210,,, ..., ENTNOyy ).

Két qua chinh dau tién trong phan nay la ménh dé sau.

Meénh dé 2.1. Gid situ € C*(Q2) N C3(Q) va A2u € LY(Q). Khi do

~

/ {T(U)Agu + T(AWU)AVU] de = (N —2) /(V,yu, VA u)ydr+
0 Q
+ / [T() (V1,05 + T(Au) (o, )| dS—
0
— /(Vyu, V. Ayu) (T, v)dS, (2.3)
0
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trong do T la truong vecto duge dinh nghia boi (2.2), (-,-) la tich

v0 hudng, v = (vi,---,vN) la vecto phdp tuyén ngoai don wvi trén

0, vy = (mv1,---,9nvN), N = e1+¢e2+ ... +en, dS la phan tu
dién tich cia Of).

Nhan xét 2.1. T dinh nghia ctia bo v;(x) ta suy ra:

N
Aju = Zﬁ(x)@Q u
i=1
Do v;(x) € C*(RY) nén cac tich phan ctia (2.3) déu hoi tu.

Ching minh. Ta co

/ AQde = Z /5,95 O, U5 20, A uv;dS—

Q L1=lg0

—/% Or, Ayu0y, (67,0, u)dr =: I} + Is. (2.4)
Q

Khi dé

L = Z/szxﬂ (VA u,vy)dS = /T(u)(VyAyu,w}dS (2.5)

=190 o0

2/6] 28xjA7u6 udr — Z/ezxzfﬁ(‘? Au udx

J=1q Li=lq

=. ]2’1 + ]2,2.
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Trude hét ta wée lugng tich phan Ip

122— Z/ezxz 28 A dx

zyl

= — /(VVU,VVAA,U) (T,v)dS + N/ Vou, VoA u)de+

+Z/€Zx1’y]8 u@Q 7uderZ/a w0, AvuT’dea:

i,j=1¢ i=1 9
do v;(x) € C*(RY), j=1,..,Nva A, Z 282
Ham v; 1a d;-thuan nhat bac £; — 1, vi vay
T~ =2vTy; =2(e; — )77, j=1,..,N. (2.6)
Dé chiing minh (2.6) ta xuat phat tit dang thic (1.1), tic 1a
vt xy, . Ny ) = t€j—1’yj(x1, ey TN ).

Lay dao ham hai vé ctia dang thiic trén theo ¢, roi cho t = 1 vao hai vé,
tir (2.2) suy ra
Tryj = (g5 — 1)

va nhan duge (2.6). Diéu nay dan t6i

Iro = —/<V7u,V7A7u><T v)ydS + N/ (Vou, V,Ayuyde+

GQ
+ Z /621‘2 28%.1“92 A udx—i—Z/ 1), u0, JA U 2dx
INES 1Q J=1 QO
_ /<V7U,V7A7u> (T, v)dS + <N — 2) /(Vvu, VA u)de+
o0 Q

N
+ Z /5 :Ufy](? u82 Ayuda: —2Iy;. (2.7)
)

i.j=1
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Két hop cac danh gia (2.4)-(2.7) dan t6i

/T(u)A?Yudx = /T(u)(VVAyu, vy)dS — /(Vyu, V., Ayu) (T, vydS+
0 o0 o0

+(N-2) / (Vyu, Vo Au)de — Io 1+

0
N
+ Z /siaji’y]z@xjuﬁimjAyudx. (2.8)

Chiing minh tuong tu

/T(Avu)Avudaz = /T(Avu)(vvu, vy )dS—

Q o0
N N
_ Z / gﬂ?@xjAvué'xjudx — Z / 5Z~xﬂ?(9xju8imjA7udx
=13 ij=1¢
= /T(AWU) (Vvu, V7>dS + 1271—
o0
N
_ Z /@@ﬁ@xju@gixjAvudx. (2.9)
ij=1%
Két hop (2.8) va (2.9) suy ra (2.3). Ménh dé dugc chiing minh. ]

Pinh nghia 2.1 (Xem trong [29,50]). Mién Q dugc goi 1a d;-hinh sao
ting véi diém gdc toa do néu 0 € Q va (T, v) > 0 tai mdi diem trén 0.
Dinh nghia 2.2. Ham v € C*(Q) N C3(Q) duge goi 1a nghiem manh
clia Bai todn (2.1) néu A2u = f(z,u)trong Q va u = du =
0 tren 9Q va f(x,u(x)) € L1(Q).

Néu v = 0 thi v duge goi 1a nghiém tam thuong cia Bai toan (2.1).

Meénh dé 2.2. Gid st f(x,€) = f(€) va f(0) = 0. Gid st u €
CHQ) N C3(Q) la nghiém manh cia Bai todn (2.1). Khi dé ham u théa
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man dong nhat thic

~

/ (NF(u) - N; 4uf(u))da: _ %/\AWUF (T,)dS, (2.10)
o0

Q
trong do F (&) = fof f(r)dr

Chiing minh. Do u = 0 trén 0f) nén

/ {T(u)Azu +T(A, u)Avu} dz = / [T(u)f(u) +T(A, u)Avu} dz
/|A7u\ dr + = /|A7u\ (T, v)ydS — N/ u)dz. (2.11)

Mat khac, do u = d,u = 0 trén 052, ta c6

/uf(u)da: = —/(Vyu, V. A u)de,

Q Q

/|A7u|2dx = — /<V7u,V7A7u>dx,

Q Q
/ {T(UXVWAVu? vy) + T(Ayu){(Vyu, vy) — (Vyu, Vo Ayu) (T, v) | dS = 0.

o0
Dicu nay két hgp v6i Menh dé 2.1 va (2.11) suy ra

/(NF(U) _ N2_4 /]A7u| (T, v)d

Q

Menh dé duge ching minh. O

Tt Meénh deé 2.2 ta c6 cac dinh 1y sau day vé sy khong ton tai nghiem
manh khong tam thuong.
Dinh 1y 2.1. Gid st f(x, &) = f(&), f(0) =0 va Q la é;-hinh sao ing
vdi diém goc toa do va bat dang thie sau day duoc thod man

NF(&)—uff(ﬁ) <0, Ve
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Khi dé Bai todan (2.1) khong cé nghiém manh khong tam thuong u €
CHQ) N C3(Q).

Chatng mianh. Gid st u € C*(Q) N C3(Q) 1a nghiém khong tam thudng
ctia Bai toan (2.1). Tu Ménh dé 2.2 ta c6

/ (NF() - N; tuf(w))der = %/]A7u|2 (T, v)dS.
o0

Q

Mat khéc, do € 1a §;-hinh sao ting vé6i diém gbc toa do nén

1
5/\AWF (T, v)dS > 0.
o0

Hon ntra

N —
- SSE© <0, Ve

vi vay hai vé clia dang thitc trén luon trai dau nhau. Diéu nay chi ra Bai

NF(€)

toan (2.1) khong c6 nghiem khong tam thuong. O

Dinh ly 2.2. Gid s f(x,§) = |§|p_1§ va N > 4, Q la &;-hinh sao ung

4 . 2 L A pN
vor diém goc toa do va

~

- N +4
P> = .
N —4
Khi dé Bai todan (2.1) khong cé nghiém manh khong tam thuong u €

Q) N C3(Q).

Chitng minh. Gid st u € C*(Q) N C3(Q) 1a nghiém khong tam thudng
clia Bai toan (2.1). Tt Bo6 dé 2.2 suy ra

N N —4 1
/ <p+1 2 > uf" dz = 5/\Avu|2 (T, v)dS. (2.12)
. )

Mat khéc, do € 1a §;-hinh sao ting vé6i diém gbc toa do, nén

1
5/\AWUF (T, v)dS > 0.
o0
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Ngoai ra

N +4 /(N N—4) Pl
> — suy ra — u dzx < 0.
P> = S0y ] 5 |ul

0
Vi vay vé trai dang thiic (2.12) luon am con vé phai ctia dang thiic (2.12)
khong am. Chiing minh ctia dinh 1§ hoan thanh. ]

Vi du 2.1. Gid stt B;1(0) C R? 1a hinh cau ban kinh 1 va tam 1a gbc toa
do. Khi do bai toan

2
<88_; ! (83_;2 + %)) u = |ul?u trong B;(0),

(2.13)
u=92%"=0 tren 95:(0)

khong c6 nghiém manh khong tam thuong, vi 6 day ta c6 v = 1, 79 =
p=at e =lea=g=1+2=3 N=1+201+2) =7 %=
%, Bi(0) la 6;-hinh sao va bac tang trudng ctia vé phéi bang 4 16n hon
11

3
2.2 Mot sb két qua vé su ton tai nghiém yéu cua

phuong trinh elliptic suy bién cap bén

Trong muc ny, chiing toi s& gia thiét them +;(x) € C'(RY), N > 4
va trinh bay mot s6 két qua vé sy ton tai nghiém va tinh nhiéu nghiem
clia Bai toén (2.1) véi dieu kién thich hgp ctia ham phi tuyén f(x, ).

Dira trén Ménh dé 1.1 ching toi dua ra dinh nghia nghiém yéu nhu

sau.

Dinh nghia 2.3. Ham u € S%(Q) dude goi 1a nghiém yéu clia Bai toan

(2.1) néu cac diéu kien sau duge thda man

(0)f (@, u(x)) € L7+ (Q);
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(b) V6i moi ¢ € 533(9) dang thiic sau duge thod man

/A,yuA,ycpdsc — /f (x,u(x)) edx = 0.
Q

Q

Dé tim nghiém yéu ctia Bai toan (2.1), ta di tim diém t6i han cia
phiém ham ® sau day:

1
= §/|A7u\2dx—/F(x,u)dx.
Q QO

(2.14)
de

(@)Y

B

2.1. Gid st f : Q x R = R la ham Carathéodory, tic la ton
tai p € (2,21), fi(z) €

L(Q), fa(z) €

€ L(Q), trong dé p1/(p1 — 1)
2*7 pp2/(p2 - 1) < 217 D1 > ma’X{l

,ﬁ} po > 1 théa man

(2, 9] < filz) + folz) |
trong dé 2] = ]%—]1.

Khi d6 ®,(u) € C'(S2(Q),R) wa

/fxuvda:

vdi (x,€) € Q x R hau khap noi,

- : 2.2
vdt moi v € S

7,0(9)7 o day

Q

<I>1(u):/F(:cu)d:UF$§ :jf

Ching minh. Ta chting minh dinh 1y trén theo cac budc sau

Buéc 1. Ta chiing minh ®; c¢6 dao ham theo nghia Gateaux. That vay,
cho u,v 1a hai ham bat ky trong S

S0(Q), v6i moi x € Q, ¢t € R va
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0 < |t| < 1 theo Dinh Iy gia tri trung binh sé ton tai A € [0, 1] thoa man

|F@m@%ﬂﬂﬂ)—FWﬂ@D‘
t

= |f(:1:,u(a:) + )\tv(x))v(:c)| <
< (fule) + fal)u(z) + to(z) P [o(z)| <

< (f1(x) + 2" fo() (Ju(x) "~ + Iv(w)lp_1)> [o()]-

Ap dung bat ddng thic Holder va Menh dé 1.1 ta ¢6
[ @it < Il [peia) " <
Q Q

< O|\leLm(Q)HU||5§;§(Q)7

[ Bl otz <

Q

suﬁmmm(/mw
Q

-1
< C’|f2’|L”2(Q)|‘U’|§§:g(9)||v|’5§:§(g)a

(p=D(pa—1) pa—1

)|;;”21d5,;> ( / yv(x)|p’;”21dx) "<
Q

po—1

/f2($)‘v(x)‘pdaj < Hfg”Lpg(Q)(/‘U(aj)‘PI;p_Qldx) Pp2 <
Q

< O fall@ 0]l

52 ,2 )
Do do6

F(z,u(z) + tv(z)) — F(z,u(z))
t
Nén theo Dinh Iy gia tri trung binh va Dinh 1y Lebesgue thi ton tai dao

c L'(Q).

ham Gateaux cua ®; tai u va

D®y(u /f z,u(x))v(z)dx, Yv € SZQ(Q)
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Buéc 2. Ta ching minh dao ham Gateaux ctia ®; chinh la dao ham
Fréchet. Thic 1a ta sé chi ra dao ham Gateaux cua ®; sé lién tuc tai u
trong (S’i:g((l))*—topology. That vay, gia st u,, — u trong 535(9) theo
Meénh dé 1.1 thi day {u,} -, chtta mot day con, dé cho don gidn ta vin

ky hiéu 1a {u,} -, théa man

u, — u trong LP,1 <p < 2] khi n — oo,

(2.15)
u, — u h.k.n trong Q khi n — oc.
Dat
() = fi(2) + fo(x)|up ()Pt Vn=1,2,---,
on(x) = fi(z) + fa(2)|un(2)] (2.16)
p(x) = filz) + fo(@)|u(@)P~
Vi f la anh xa Carathéodory, két hop véi (2.15) va (2.16) ta c6
n(x) — o(x) h.k.n trong €2,
on(x) = o(z) g (2.17)

|/ (z,un(z))] < pn(z) hkn trong €.

V6i moi ham v € 5’3(2)(9) ap dung bat dang thitc Holder va Ménh dé 1.1
dan td6i
(D@1 () = DB ())(W)] < ClIF ) = Sl s oo

L p2(p—1)+2] Q)

Nhu vay

|[(D®Py(uy,) — D@l(u))ﬂ(sj;g(m)* <

<CIfCun) = FEwll o (2.18)

Lr2(p—1)+2] (Q)
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M3t khac theo (2.17) ta c¢6

20py

pg(p 1)+2’Y S

F (@) = £, )

pa(p—1)+2] ‘l‘C‘f x, u )) pa(p—1)+2]

IA

< C‘f(x, un(z))

20po

27py
< C‘QOn(I'”m + C‘Sp(x)‘m <

20p

_2lpy ol
< Chlpn(z) — @(x)[r2e-0+22 + Ct|p(z)|P2-0+2
hau khap noi trong Q. Theo Bé dé Fatou

_ 2y _ 2y
/hm 1Df<01|g0n(a?) — Sp(gj)‘m(p—l)—mz -+ Cllgp(aj)‘m(p—l)—ﬂz _
n—00
Q
27y
BT
[l — o u(a) [P o <
_ 2py _ 2lpy
< lim inf/ <Cl|30n(l') — gp(x)‘pz(pﬂHzZ + Cﬂgp(x)‘pg(pﬂ)wl _
n—00

Q
2y

_‘f(x,un(x)) _ f(m,u(x)) 1>2(pjf)2+2z>dx <

_ 2lpy _ 2py
< lim sup/ <Cl|(pn(x) — ()| -0+ 4 Cy|p(x) 2042 —

n—00
Q

27

[ (o) = ) [ e <

27y 27py
<tim_ [ (Cllonte) - @) 55 + Culpla) e 5 ) aa,

n—oo

9)
két hgp v6i (2.17) kéo theo

27;0
/|80n x)|r2-0+20dz — 0 khi n — oo.

2A/p2

1 +2
e e 1}

/lim sup|f (@, un(z)) — f(z,u(z))

n—o0
Q
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Do do

lim /‘f(x,un(:v)) — f(z,u(z)) ”(pjlmzdx = 0.

n—oo

Cung véi (2.18) ta co6
(D1 (un) — Dq)l(“))”(si;g(m)* =0.
Nhu vay ®; kha vi Fréchet va

®) (u)(v) = / f(z, u)vdz, Yo € ST5(Q).
Q

B6 dé dude ching minh. O
Chung ta gia st f : 2 Xx R — R la ham Carathéodory thoa man:

(ALl) Ton tai p € (2,2), fi(z) € LP(Q), folx) € LP(Q), ¢ do
p1/(p1—1) <2/, ppo/(p2—1) < 2!, p1 > max{l,}ﬁ} p2 > 1,

sao cho

f(@,6)] < fiw) + fo(a) [€F" han khip noi (z,€) € 2 xR,

S 97 _ 2N .
trong do6 2, = ~
(A2) lim (§ =0, déu véi z € Q;
£—0

(A3) Jim 9l = o0, v6i moi z € Q,
—00

F(z,6) >0 v6i moi (z,€) € Q x R;

(A4) Ton tai cac hdng s6 p > 2 va 11 > 0 sao cho

F(z,8) <&f(z,&)  véimoi (z,8) € A xR, €] > 1y
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(A’4) Ton tai cac hang s6 Cy, r2 > 0 va k > max{1, g} sao cho
|F(,8)|" < Cole*" F (x,€), V(x,€) € AR, [¢] >,

trong do
F(2,6) = 5 (5,06 ~ F(z,);

(A5) f(x,&) la mot ham 16 véi €.

Nhan xét 2.2. Do 2] = ]%—Z va p < 2] nen tu dieu kien (A;) suy ra bac

tang truéng cia f(x, &) theo £ 1a nho hon %.
Nhan xét 2.3. Tt B dé 2.1 va f théa man diéu kién (A1), phiém ham

® 1a xac dinh trén 533(9) Hon nita, ¢ € Cl(Szzg(Q), R) va
O’ (u)(v) = /AyuAyvdx— /f(x,u) vdx
0 0

v6l moi v € Sﬁg(ﬂ) T dinh nghia ctia nghiém yéu va dao ham cta @,

suy ra diém tdi han ctia ® cfing 1a nghiém yéu ctia Bai toan (2.1).

Két qua chinh clia chuong nay 13 hai dinh 1y sau.
Dinh ly 2.3. Gid st f théa man (A1)-(A3) va (A4). Bai toan (2.1) co
nghiem yéu khong tam thuong.

Hon nita, néu diéu kién (A5) dugc théa man, Bai todn (2.1) ¢6 vo so
nghiém yéu khong tam thuong.
Dinh ly 2.4. Gid st f thoa man (A1)—(A3) va (A’4). Bai todan (2.1) ¢
nghiém yéu khong tam thuong.

Hon nita, néu diéu kien (A5) dugc théa man, Bai todn (2.1) c¢6 vo sb

nghiém yéu khong tam thuong.
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Nhan xét 2.4. Tuw Nhan xét 2.2 va cac Dinh 1y 2.2, 2.3, 2.4 ta suy ra
% la gia tri t6i han doi véi bac tang trudng ctia ham f(x,u) cho sy

ton tai ctia nghiém khong tam thuong.

Dé chitng minh Dinh 1y 2.3 v Dinh 1y 2.4, ta sé sit dung Dinh 1y 1.1
va Dinh 1y 1.2. That vay, truéc hét ta sé di kiém tra diéu kien Cerami

ctia phiém ham ®(u).

Bo dé 2.2. Gid sit f théa man (A1), (A3) va (A4). Phiém ham ® théa

man dieu kién (C). vdi moi c € R trén 5,3(2)((2)

Ching minh. Gia st {u,, }>°_; 1a mot day trong khong gian S%(Q) thoa

man
/ N .
(1 + Hum”si:g(g)) | ® (um)||(5323(9))* — 0 va ®(u,,) — ¢ khi m — oo,

suy ra

1 ) .
5 Hum||53:(z)(m — /F(x, U )dz — ¢ khi m — oo. (2.19)
0
Khi d6 v6i m la du 16n
1
c+1>P(up) — = (up)(unm) (2.20)
u

5 ol / <1 )
= = — — ) [Jum|lcz2/0) + —f(z, up)um — F(z,up,) | de+
(2 M) e () = P, 0)

Qm(07rl)



1 1 1
Q

trong d6 Q(a,b) = {x € Q:a < |upn(x)] < b} v6i0 <a <b.
Trude hét, ta ching minh day {u,,}_; 1a bi chin trong 53(2)(9) bang
phuong phap phan chitng. That vay, c¢6 thé sai khac mot day con néu

can, gid sit vl moi m théa man [Juy[|g22q) > 1 va
7,0

||um|\53:§(9) — 00 khi m — oo. (2.21)
Dat
Um
Vp = —————,
" HumHSfng(Q)
khi do HUWHS?/%(Q) = 1. Do d6, c6 mot day con v, — v hoi tu yéu

trong S,%(Q), khi d6 tit Menh dé 1.1 suy ra v,, — v hoi tu manh trong
L), 2 < g < 2] vA v, — v hau khdp noi trong Q.
Tit (2.20) va (2.21), ta dat dugc

lim sup 1 / (lf(x, U ) U, — F(, um)> dz <

2
m—00 || Um || <2, M
— ” ”S?/’(Q)(Q)Qm(o’ﬁ)
1 1
<--—-<o (2.22)
w2

Bay gio chiing ta xét hai truong hgp ctia v 1a v = 0 hodc v # 0.

Trudng hop 1: Néu v = 0, khi d6 v,, — 0 hoi tu manh trong
L1(Q),2 < q < 2], v v, — 0 hoi tu hau khap noi trong Q. Tt diéu kien
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(A1), suy ra

m)=m ij
f(x, um)u ,u(xu)dx<

MHumHSQQ (Q) -

<c / (1@ A | ol ) <

u 2,2
Q0 (0.71) tm HS”’O(Q)

2 .
< (il Tl 21 g + el ol 2, ) = 0 i

mau thuan véi (2.22).
Truong hgp 2: v # 0. bat Q° = {z € Q : v(x) # 0} khi do
meas(Q2*) > 0. V6i mdi x € Q* thi

()] = B [ g2 ) vn(2) = o0.

Tit cac diéu kien (A1), (A3), (2.19) va Bo dé Fatou, ta c6

E = lim/ (2, tn) x>
2 Mmoo Hum”522

> liminf —F(x,um) d

2

F(x,up,
> / lim inf de

J m—o0 umHsif)(Q)
F(z, up,
- / 1iminf(Lu2)vg,de:+oo, (2.23)
4 m—00 ‘um|

dicu nay 1a mau thuan véi (2.22). Do d6 day {u,,}°_; bi chin trong
khong gian 533((2) Khong mat tinh téng quat, ta gia st

Uy — u trong 55(2)(9) khi m — o0

Uy, — u trong LY(Q) khim — 00,2 < g < 2]. (2.24)



49
Theo diéu kien (A1)

/f(:(:,um)(um—u)dx S/\f1(:c)|]um—u|dx+
0

Q

T / e — ] [l | fo(@) d << [t — ]|
Q

Lr1i-1

o 1l +

-1

p
-l — ] ey Hu”LHL;;’%(Q) 1f2ll 2o (g2 -

Do (2.24), ta co6

/f(:c,um)(um —u)dx — 0 khi m — oo.
9)

Do vay
/ [f(z,um) — f(z,u)] (uy —uw)de — 0 khi m — oo. (2.25)
Q
Hon nitia
[t uHng(Q) = (@' (um) — '(w), up — u) +
[ ) = )] (i — )
Q
Mat khac

(D (u) — @' (u), upy, — u) — 0 khi m — co. (2.26)
T (2.25)-(2.26)
2 :
|t — uHSf/:(Q)(Q) — 0 khi m — oc.
Do do, day u,, — u trong 53(2)((2) B6 dé duge ching minh. ]

Bo dé 2.3. Gid sit f théa man cic diéu kién (A1), (A3) va (A’4). Khi
dé ® théa man dieu kién (C). vdi moi c € R trén Sig(Q)
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Chiing minh. Gia st {u,, }5°_; 1a mot day trong khong gian S%(Q) thoa
man
(1 + \|um||53,3<9)) 19 () 5220 — 0 v @ () — ¢ khi m — o0,

suy ra

1
O () (upm) — 0 va 3 ||um|\§3:§(m — /F(x,um)dx —c
Q
khi m — oc. (2.27)

Ching ta ching minh day {u,,}>°_; 1a bi chan trong khong gian 5,2“2)(9)
bang phuong phap phén ching. That vay, gia st day {u,,}°°_; khong bi

chan, khi d6 khong mat tinh tong quat v6i mdi m thoa man ||u,,|| $22(0) >
Y

1 va
||um|\55:§(9) — 00 khi m — oo.
Dat
Um
U = 71—
Humusf/:g(ﬂ)

suy ra vaHSij?)(Q) = 1. Do vay

Uy, — v hoi tu yéu trong S%(Q) khi m — oo,
Uy — v hoi tu hau khap noi trong Q khi m — oo. (2.28)

U — v hoi tu manh trong L4(Q) khi m — 00,2 < ¢ < 27.
T (2.27), khi d6 m dua 16n

c+ 1> D(uy) — %@’(um)(um) = /ff(a:,um)dx. (2.29)
0

Bay gio ta xét hai truong hgp cta v la v = 0 hoac v # 0.
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Trudng hdp 1: Néu v = 0 khi d6 v,, — v trong LP(Q), 2 < p < 2] v&

v — 0 hau khap noi trong Q. T (2.27), ta c6

. / (x, up,) 1
lim 5 —.
m—00 Hum\l 22 T2
Mat khac
F m
/ (S|U|u e
U,
2 (0,72) S50
2
< (Il el ) + 18l o
khi m — oo.

Dat ' = k/(k — 1), k > max{1, N/2}, khi d6 2+’ € [2,2]). Tu

(2.29) va (2.28)

/ de: / Pl un) dy <

U |[? U |2
Qm(7’2,+00) ‘ mHS’zig(Q) QT?L(T27+OO) | m|
1/k 1/k
F " /
- / <<ﬂf_u2m>> da / o dz| <
||
Qp (r2,4+00) Qn(ra,+00)
1/k 1/
< Cyl/* / F(x,upy)dz / || 2 d <
Q.,,L(’/‘Q,—FOO) Q77L(T27+OO)
1/x’

<o@+ | [ | <
Qpn (ro,+00)

< [Co(C + D]V o320 ) = 0, Khi m — oo,

()

(2.30)

(2.31)

)—>0

(A™4),

(2.32)
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Két hop (2.31) ciing véi (2.32), khi d6

F(x, up,
(a:,zu ) dn
|‘UmHS$:g(Q>
F(z, up F(x,up, :
= / %\vmpdx + / %\vmpdx — 0, khi m — oo,
U, U,
in (O,TQ) in (T27+OO)

diéu nay mau thuan vdéi (2.30).
Trusng hgp 2: v # 0. Chitng minh tuwong tuy nhu trusng hgp 2 trong
Bo6 dé 2.2.

Tuong tu nhu B6 dé 2.2 ¢6 diéu phai ching minh. O
Bo6 dé 2.4. Gid si (A1) va (A2) la théa man. Khi dé ton tai a,p > 0
thoa man

2,2
P(u) =2 o, Vu € 575(2), HUHS%(Q) = p-
Ching minh. Tu (A1) va (A2), v6i méi e > 0, ¢6 hang s6 C(e) > 0 thoa
man
[f(z, )| <celé[+Cle) ", V(z,6) e QxR

B6i Menh de 1.1, ta c6

1 5 C(e)
D(u) = 5 HUH?;’;%(Q) D) HUH%Q(Q) T ||U’|]£p(9)

p
Cle)

1 2 € 2
2 5 lellszze = 505 Tz — =05 Nullgaay

Do ¢ la di nh6 va p > 2, chon a,p > 0 théa man ®(u) > « khi
HuHS%(Q) = p. Bo de dugce chitng minh. O

Bo6 dé 2.5. Gid s (A1) va (A3) la théa man. Khi d6, vdi moi khong
gian con hitu han chidu X C Szf)(Q), co R= R(X) > (0 thoa man

D(u) <0, VYueX, lull 220y = R
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Chitng minh. Dung phuong phap phan ching dé chitng minh. Gia sit ¢6

mot day {u,}r, C X théa méan HunHSz,g(Q) — 00, tic la c6 M > 0 sao
7,

cho ®(u,) > —M v6i moi n € N. Dat

() o
Vn\TT) = —.
! HunHS,Qy:g(Q)

Khi do6 HU”‘|53%(Q) = 1. Khong méat tinh tdng quat, ta co

v, — v hoi tu yéu trong S%(Q) khi n — oo,

v, — v hau khap noi trong Q khi n — oo,

v, — o hoi tu manh trong LY(€2) khin — oo, 2 < g < 2.

Do khong gian X 1a hitu han chidu, khi d6
v, — v hoi tu manh trong X khin — oo

vav € X, 0]l g22q) = 1. Do do, tit (2.23) ta c6

M o
0 = < fim —20m)

2 = 2 =
e ||um|‘5§:§(g) e Humllsig(g)
1 F
< - — /liminf de = —00,
2 J m—0o0 |‘umHS$(2)(Q)

mau thudn. Do vay, ton tai R = R(X) > 0 théa man ®(u) < 0 véi u € X

va |[ull g2y > R.

Gia st {e;}32; la co sG truc giao trong khong gian 538(9) VA

Xj = ]Rej,
k 00
Ve =PX;, Zi= P X;, keN
j=1 j=k+1
Dat
Br=sup |ullgyg, 2<q<2]
UELy,

Q):l

u|| 2,2
Jull g2

[]

N

(2.33)
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khi d6 8, — 0 khi k& — oo. That vay, gid st diéu nay khong xay
ra, khi d6 ¢6 g9 > 0 va {u;}32, C S25(Q), [lull @3 = 1, cimg véi
wi LYk, ([l ooy = €0 G day kj — oo khi j — oo. Vi mdi v € ST3(€),

ta xac dinh dugc w; € Yy, sao cho w; — v khi j — oo. Do do
)(Ujav)siig(g)‘ = ’(Ujawj - U)53;g<g) < Jw; — U”si:g(g)

khi j — oo, titc 1a, u; — 0 hoi tu yéu trong Sig(ﬂ) Suy ra u; — 0 trong

L4(Q2), mau thuan. Vi vay §r — 0 khi & — oo.

Bo6 dé 2.6. Gid st (A1) va (A3) la théa man. Khi dé ton tai cic hing

s6 p,a, k >0 sao cho ®(u) > o vdi moi u € Zy, va Hu||52,(2)(Q) = p.
Y

Chiing minh. V6i moi u € Zy, va |[uf| g22o) > 0, sit dung bat dang thiic
s
Holder dan t6i

1 2 p
0w = 3 lullaz) = Il el = 1fellney [ o

(©2)

1 ) u
= Sllullzege — 1Al lulls22(q) -
2 e ) ull oo [| ey o

p

u
= Ifell e el g
PO ullseag || g g, 0

Béi vi 2 < 2p1/(p1 — 1) < 21,2 < ppa/(p2 — 1) < 2], nén

Lo
Q) 2 5 llullszz i) = 1fillo ) B llull 220y = ol gy B 1l g -

Do (2.33), chon k du 16n va [|ul| g22(q) = 3 théa man

1 1 1
g o § Hfl”LPl(Q) Br — Hf?HLpQ(Q) gg =a > 0.
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Chitng minh Dinh 1y 2.3 T cac Bo dé 2.2, 2.4 va 2.5, tat ca cac
diéu kién trong Dinh 1y 1.1 1a théa man. Do d6, Bai toan (2.1) ¢6 nghiém
yéu khong tam thuong.

Néu f(x,—&) = —f(x,€) khi d6 ta chon B = S%(Q), Y=Yy, Z=
Zy,. Tt cac Bo deé 2.2, 2.5 va 2.6 tat ca cac diéu kién trong Dinh 1y 1.2 1a
thoa man. Do d6, Bai toan (2.1) ¢6 vo s6 nghiem yéu khong tam thuong.

Chiing minh Dinh 1y 2.4 Tu cac Bo dé 2.3, 2.4 vA 2.5 tat ca cac
diéu kién trong Dinh 1y 1.1 1a théa man. Do d6, Bai toan (2.1) ¢6 nghiem
khong tam thuong.

Néu f(x,—&) = —f(z,€) ta xac dinh B = Si:g(ﬂ), Y =Yy, Z = Z.
Tt cac Bo dé 2.3, 2.5 va 2.6 tat ca cac diéu kién trong Dinh 1y 1.2 la

théa man. Do d6, Bai toan (2.1) ¢6 vo s6 nghiem yéu khong tam thuong.

Vi du 2.2. Bai toan

2
(aa—; + (38—52 + g—;)) u = |u|?u trong mién gidi noi Q C R3,
U= % =0 trén 0Of)
v
(2.34)
c6 vo sO6 nghiém yéu khong tam thuong. That vay, ciing nhu trong Vi
du2.ltacéoy =1, 1o =1y =22, N = 7, % = % . Trong trucng hgp
nay ta co Cg° C S7*(Q) va bac tang truéng ctia vé phai bang 3 nhé hon

11
3.

KET LUAN CHUONG 2

Trong chuong nay ching toi da nghién ctu sy ton tai va khong ton
tai nghiém trong mién bi chan ctia bai toan Dirichlet déi véi phuong
trinh cip bon chita toan tit A2. Cac két qua dat duge bao gom:

1. Thiét lap duge dong nhét thiic kieu Pohozaev dbi véi A2 tir d6 suy
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ra diéu kien khong ton tai nghiém manh khong tam thuong ctia Bai toan
(2.1) khi mién thod man diéu kién hinh hoc phi1 hgp, dugde néu trong Bo
dé 2.2, Dinh 1y 2.1 va Dinh 1y 2.2 khi vé phai f(z,u) c6 bac ting theo u
16n hon x J_rj va mién € 1a d;-hinh sao;

2. Nhan dugc cac két qua vé sy ton tai nghiém yéu khong tam thuong
va tinh nhiéu nghiém ciia bai toan dudc néu trong Dinh 1y 2.3 va Dinh
Iy 2.4 khi vé phai f(x,u) c6 bac tang theo u nho hon N+4 Cac két qua
nay 14 méi déi véi truong hgp toan ti elliptic bac bon;

3. Dong nhat thic Pohozaev truée day chi duge biét dén ddi véi
truong hgp toan tit cap hai A,. Viec thiét 1ap dong nhat thiic Pohozaev
cho toan tit cp bén A2 la mot két qua mdi, ké ca khi A2 khong suy
bién. Luan an da ching t6 rang gia tri NJ_A 14 gia tri ngudng doi véi bac
tang trudng ciia vé phai f(z,u) theo bién u cho tinh gidi duge clia bai
toan Dirichlet (2.1).



Chuong 3

Dang diéu khi thoi gian 16n cua
nghiém phuong trinh hyperbolic

suy bién manh

Trong chuong nay, ching t6i nghién cttu mot 16p phuong trinh
hyperbolic chita toan ti elliptic suy bién manh trén toan khong gian,
v6i s6 hang phi tuyén tang trudng kiéu da thitc. Chung toi sé ching
minh sy ton tai nghiém tich phan toan cuc ctia bai toan Cauchy, sy ton
tai tap hit toan cuc trong khong gian S?(RY) x L2(RY). Chuong nay
gom hai phan.

- Phan thit nhat: Trinh bay su ton tai v duy nhat clia nghiém tich
phan toan cuc, tit d6 sinh ra nita nhém cta bai toan;

- Phan thit hai: Trinh bay su ton tai clia tap hat toan cuc compact
trong khong gian S?(RY) x L*(RY).

No6i dung ctia chuong nay dya trén Bai béo [1] trong Danh muc cong

trinh khoa hoc ctia tac gid liéen quan dén luan an.

o7
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3.1 Su ton tai duy nhat ctia nghiém tich phan
3.1.1 Dat bai toan va cac khong gian ham

Trong chuong nay chung t6i nghién cttu bai toan sau:

g + Mg+ U(X)u = P,pu+ f(X,u),t>0, (3.1)
X = (z,y,2) € RM x R™ x R .= RY,
w(X,0) = up(X),u(X,0) =u(X), (3.2)

trong d6 A 1 hing s6 duong, uo(X) € S3H(RY), uy(X) € LARY) va

P, pu = Aju+ Ayu+ |z yl’ AL,

Ny 82 iaz ia_Qu_@u aZu
8zl2’ t-— at; tt - 8t27

A, = — A, = — A, =
x 29 ) 29 z
ox; 6yj —

i=1 j=1

N a N, s
= (Zx?) Myl = (Zy?) La>0,8>0,
i=1 j=1

trong d6 Ny > 1, Ny > 1, N3 > 1. S6 chieu thuan nhat

Najg = Ni + No+ (1 +a+ B)Ns.

Nhan xét 3.1. So sanh véi Bai toan (6) ¢ phan Md dau, trong phuong
trinh (3.1) da c6 su thay doi sau day:

a) Bo sung s6 hang (X )u;

b) Vé phéi f(X,u) c6 thé phy thuoc them bién X;

c) Mién  1a cd khong gian RY

Gia st l: RY — R va f(X,€) : RY x R — R théa man cac diéu
kién

i) [ : RY — R 1a ham théa man tinh chat sau:



29

(i1) V6i mdi 6 € (0,00) c6 hing s6 Cy € (0,00) sao cho v6i moi
u € S3(RY),

JHCONCOPAX <0 lullyan + Colulfamny. (33
RN
(i) C6 hing s6 Ao > 0 théa man v6i moi u € S}(RY),
Vel + [ IOORCOPIX > Nollulfer) (39
RN

trong d6 V, su = (0y,u, ..., Dy, Uy Oy Uy .y Oy 1, 2| |y|%0.,u, ..., (9ZN3u);
fRYXR—-R
(X, 8) = f(X.€)
1a ham thoa man diéu kién Carathéodory, tiic 1a v6i méi € € R, anh xa
X = f(X,€) la do duge Lebesgue va v6i hau khip X € RY, anh xa
¢ — f(X,€) lalién tuc.

Nguyén ham ctia f theo bién ¢ duge dinh nghia béi

13
F(X,¢) = / F(X, 7)dr,

va f théa man cac tinh chat sau:
(f1) f(X,0) = h(X) € L*(RY);
(f2) Ton tai hing s6 C sao cho véi moi X € RY va £, € R ta c6
|F(X, &) — f(X, &) < Cil& — & (9(X) +[&]7 +1&/) (3.5)
vei 0 < p < Naiﬂ va ¢ : RY — R 1a ham do dugc va théa man véi moi
u € S2(RY)

/ 9O PIu(OPAX < C Jull ) (3.6)
]RN
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& day C» 1a hiang s6 duong.
(f3) Ton tai cac ham gy, go € LY(RY) théa man
f(X,6)€ < g1(X) véi hau khdp X € RV, ¢ € R, (3.7)
F(X,€) < go(X) v6i hau khip X € RY ¢ € R. (3.8)
Nhan xét 3.2. Cac diéu kien 4p len vé phai f(£) trong Bai toan (6)
ctia phan Mg dau da dugce thay déi va mé rong. Cu thé:
a) Diéu kien (7) duge thay thé béi (f2);
b) Diéu kién (8) dugc thay thé bdi (f1) va (f3).

Ky hieu LE(RY) la tap tat cd cac ham do duge u : RY — R thoa

man

lull ey == sup ( / |u<X>pdx> < o0,
YeRN
B(Y)

Gday BY)={XeRV: Y <X <Y +1,1.=(1,1,...,1)},p> 1.
B6 dé sau day chi ra diéu kien di d6i véi ham [ dé né thoa man diéu

Bo dé 3.1. Gid st p > 1 va ¢ € L2(RY).

) N, : N ) .
(1) Néeup > TB khi do co hang so C € (0,00) théa man

J16COIuCOPAX < C lulfyer, i moi u € SHRY).
RN

~

) Ny : S . )
(1) Neu p > Tﬂ khi dé voi moi 6 € (0,00) c¢6 mot hang so
Cy € (0,00) théa man

J16COIuGOPAX <0 Jullyen) + Co lul ey v0i moi u € SHRY).

RN



61

Chiing minh. V6i ho (Yj)jen 1a cac diém trong RY théa man RY =
UNTYJ') va tap B(Y;),j € N, la khong giao nhau. Ky hiéu B; =
g()@-),j eN. Giastp =p/(p—1). Dop > Najs/2 ta c6 2p < 255
Gia sit C(2p') 1a hiing s6 t6t nhat trong phép nhiing S?(B) — L*'(B),
¢ day B = Bj(0). Khi do, bang phép tinh tién C(2p') 1a hang s6 tot
nhét ctia phép nhing S?(B;(Y)) — L¥(B;(Y)) véi méi Y € RY. Gia
st u € SHRY) 1a tiy 7. Khi d6

/!(/5 Nu(X)PdX = Z/W )|u(X)2dX

]GNB
< ( [10x de> ( / |u<X>|2p’dX>
JeN B; B;
< 18l z (/u IQPdX) <0l ) C*20) ) il s,
JE€N : JEN

= |6l ey C*(20) HuHSﬁRN) :

Suy ra khang dinh (i) 1a dugce ching minh. Néu p > N, /2, chon ¢
thoa man 2p’ < ¢ va g < 2¥ of- St dung phép noi suy gitta 2 va g,
véi mdi 6 € (0,00) ton tai hang s6 Cy € (0,00) théa man véi moi

j € N,u e S3(RY)

( / u(x)Pax)” < o / u(X)X)" + G / u(X)Pdx)”
B, B, B
< 0C(q) lullsg,) + Co llull 2,

Suy ra
([1uCOPrax)” < 26:C2() fullys, + 263 el

B

J
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Do vay

1

J1600uGOPAX < ol 50 Y (/ “<X)'2p'dX)p

jEN
2 2
< H¢HL£(RN) Z 26°C*(q) HUHs%(Bj) + 265 HUHLz(Bj)
jEN

= [l o <29202(Q) lullgz oy + 267 1ull 2y ) :

B6 dé dude ching minh. O

Bo dé 3.2. Gid s | théa man dieu kién i) va 0 < k < X,0 < 0 < 1.
Khi dé vdi moi u € S}RYN)
Cr llullgzry < I Vausull 2y + /Z(X)!U(X)FdX — # [lullz2 gz
RN
< C [|ullg @)
trong dé Cy = min{ (Ao — &)(1 — 0)/2(Xo + 6 + Cy), (Ao — k) /2}, Cy =
max{1+ 0,0 + Cy} va 0,Cy dugc zdc dinh trong (3.3).

Chiing minh. Do | thod man diéu kién 7), stt dung khai niém chuan tuong

duong dé dang ta c6 diéu phai chiing minh. O
T Bb dé 3.2, ta co
B6 dé 3.3. Gid sty théa man dieu kién i). Véi moi u,v € S2(RY) dinh
nghia
((u, U))S%(RN) = (vawgu, Va’gv)p(RN) + (lu, U)L2(RN).
Khi d6 ((-,-))s2@ny la mot tich vo hudng tren SYRYN) va chuan duge dinh

nghia bdi tich vo hudng trén la tuong duong vdi chuan dinh nghia trén
khong gian S3(RY), dugc zac dinh trong Muc 1.2.2.
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Chiing minh. Tl khai niém cta tich vo huéng va [ thod man dicu kién
i), ta dé dang kiém tra cic dicu kién ctia tich vo huéng nén ta c6 diéu

phai ching minh. ]

3.1.2 Su ton tai v duy nhat ctia nghiém tich phan

Dat H = S?(RY) x L>(RY), khi d6 H 1a khong gian Hilbert ciing véi

tich vo huéng sau: Véi ( b ) : ( n ) € H thi
q 1

<< p ) 7 ( D1 >> = ((papl))Sf(RN) + (q, ql)LQ(RN)_
q ¢ .

Ta xac dinh toan t0@ A : H — H nhu sau:

Mién xac dinh ctia toan tit A 1a D(A) C H xac dinh bdi

D(A) = { ( P ) :p.q € STRY), Pasp— I(X)p € LQ(RND}

q

va véi moi (

p) € D(A) thi

q

A — H

B E
B (Pa,ﬂozom é) (Z)

Bo6 dé 3.4. Todn tit lién hop cia toan ti A la toan td A* : H — H zdc

dinh nhu sau: Mién xdc dinh cia A* xzdc dinh bdi

D(A*) = { ( j; ) 2,0 € SERY), Pogx — U(X)x € LQ(RN)} .
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vaua’z'méz'(i)elﬂm

A" H — H

()= O ()
_<Pa,g0z<x>f é) (i)

Ching minh. T dinh nghia ctia toan ti lien hgp thi ( z ) € D(AY)

vaA*(X> _ (p) khi vi chi khi

(0 q

() ) = (0 G ) ) e
q ¢ Y P.sp1 — U(X)p ¢

< (Vasp, Vaspr) ey + ((X)p, p1) 2@y + (4, ¢1) 2wy
= (VasX, Vasq) 2wy + (X)X, q1) 2@y + (¥, Pagpr — U(X)p1) 2wy,
Vp, € SARY), P, spr € LARY), Vp; € S2(RY),
titc 1a (khi cho ¢; = 0)

(UX)p, p) 2wy + (Vasp, Va,spi) 2wy
- (wu Paﬁpl - l(X)pl)L2(RN)7 (39)
Vp1 € SHRY), Pogpr — I(X)p1 € LA(RY)

va (khi cho p; = 0)

(@, q1) r2mvy = (VasXs Vasqr) vy + (X)X, 1) 2@y,
Vg1 € S%(RN) (310)



65
Ap dung cong thic Gauss-Green

(Va,ﬁp; Va,ﬁpl)B(RN) = —(p, Pa,ﬁpl)LQ(]RN)a
Vp1 € SHRY), Paspr — I(X)p1 € L*(RY),

cing véi (3.9) dan t6i

(p+1, Pagpr—U(X)p1) r2@yy = 0,Vp1 € STRY), Pospr1—1(X)p1 € L*(RY).
Do dé p = —. Mat khéac (3.10) dang khi va chi khi P, sx — I(X)x €
LX(RY) va ¢ = —P, gx + (X)x. Ta c6 didu phai chitng minh. ]

Nhan xét 3.3. T B6 dé 3.4 ta suy ra toan tit iA 1a toan ti tu lien
hop, trong dé ¢ la don vi do. Theo Dinh i Stone 1.4, toan tit A sinh ra

mot Cy-nita nhom et tren H.

Ta ky hieu H* 1a khong gian d6i ngau ctia H. Trén khong gian H xac

dinh anh xa f* nhu sau:

ff:H — H

(Z) — f((i)) - (—Aq<X>+(;<X,p<X>>>

Bo6 dé 3.5. Gid st f(X,€) théa man cdic diéu kién ii). Khi dé nhiing
khing dinh sau ding.
a) Anh za Nemytskii
fSHRY) — LXRY)

-~

u — fu)(X) = f(X,u(X))

la Lipschitz trén moi tap bi chdan cia S3HRY).

b) Anh xza f* la Lipschitz trén moi tap bi chan cua H.
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Chiing minh. a) T (3.5) ta c6

FEGOP < C (GO0 + 120D + (X))

Suy ra

/prQdX<Ct/ \p\2+|p|“+ﬂ dX+/|h X)[2dx

(1+p)
< C( ||9HL Nos (RN HPHI—}M (RN) + ||pHL2(1+pp) (RN) - HhHL2(RN)) < +o0,

v6i moi p € S3(RY).

Gid sit p,p1 € S{(RY), R > 0 va [|p1[lsemny < R, [Ip1llge(ryy < R. Khi

<c / G(X)|p — puPdX + C / p— p2lp*dX + C / p— o1 X

Ap dung bat ding thic Holder

[ 50l = 1P < gl 19 = 11 g
RN

/Ip PPl AX < lpll ooy 12 = il 20 @y
/ p = p1PIp X < (1|2 12 = 21 e

Do khong gian S?(R™) nhiing lien tuc vao L% (RY) va 1 < 2(p+1) <
2, 5> nén
2 2
1F (X, p) = F(X pO) 2 @y) < Crllp = prllsz ey

( + HpHSQ RN + Hp1||S2 RN )
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hay
1/ (X, p) = F(X, p)l 2y < C(R) [[p = prllsar) -
< R va

Gl == G,
() ()= G s i)

Suy ra

)0,

< 2| AT = Mol[ 7@y + 2 1F (X, p) = F(X,p0) |2y

2
< 2C1Ip = pil3) (1+ 121250, + P12, )

(7))

Ta c6 dieu phai chiing minh. O

b) Gia sit R > 0, < R. Taco

2
- ‘|>\Q1 - >‘q =+ f(X7p) - f(X7p1)||%2(RN)

2

+ 2% g1 — qll72@y) < Ci(R)

H

Bay gio ta sé chuyén Bai todn (3.1)-(3.2) vé bai toan Cauchy cho hé
phuong trinh cap mot. Dat v(X,t) = u (X, t) va

Uv:07] — H

L ( u(t) > |
v(t)
G day u(t) = u(X,t),v(t) = v(X,t). Khi d6 Bai toan (3.1)-(3.2) tuong

duong véi bai toan sau day cho hé phuong trinh cap mot

PO _ av+ rww) (311)

U(0) = U, (3.12)
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) 0 I
trong d6 A la toan ti tuyen tinh véi ma tran A = ,
P,pg—U(X)I 0

I 1a todn t1t don vi trén S?(RY) va Uy = ( to(X) ) :
vo(X)
Dinh nghia 3.1 (xem [41]). Gia st T > 0,7 € R. Mot anh xa lién tuc
U:[0,T) — H dugc goi la nghiém tich phan ctia Bai toan (3.11)-(3.12)
néu noé la nghiém ctia phuong trinh tich phan
¢
U(X,t) = Uy + / A (U(X,s))ds, tel0,T),

0

trong d6 e 1a Cy-nita nhém trong H duge néi dén trong Nhan xét 3.3.

Néu U kha vi hau khap noi trén [0, T) ctiing v6i Uy va AU thudc khong

1
loc

dU . )
i AU + f*(U), hau khap noi trén (0,7) va U(0) = U,

khi d6 U dugce goi la nghiém manh ctia Bai toan (3.11)-(3.12).

gian L; .([0,7), H) va théa man phuong trinh vi phan

Stt dung Bo dé 3.5 va chitng minh tuong ty nhu Dinh 1y 46.1 (p. 235),
Dinh 1y 46.2 (p. 236) trong [41] ta nhan dugc ménh dé sau
Meénh dé 3.1. Gid st cdc diéu kién i) va ii) duoc théa man. Khi dé vdi
moi R > 0 ton tai T = T(R) > 0 di nhé sao cho véi Uy € H, ||Uyl; < R,
Bai todn (3.11)-(3.12) ton tai duy nhat mot nghiém tich phan théa man

t
U(X,t) = Uy + / A=) P U(X, s))ds, tel0,T),
0

trén khodng thoi gian [0, T). Nghiém cé thé thdc trién trén [0,7) va ta

c6 hodc T = +00 hodgce lim ||U(.,t)|| 5z = +oo.
t—77
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Tu diéu kién ), c6 udc lugng
F(X,€)] < C(gOIE + 61 + /(X 0)llg] ).
Suy ra
/RN [F(X,u)|dX < C3 /RN (g(X)IUI2+ ul*** + Ih(X)HUI)dX (3.13)
< 04( lullgs oy + 728 @y + 120 2 HUHL2(RN)) < 400,
v6i moi u € SF(RY).

Bo6 dé 3.6. Gid st cic diéu kién i) va it) dugc thoa man. Khi dé nghiém
u(t) cia Bai todn (3.1)-(3.2) thda man

HUHéf(RN) + HutHi?(RN) <M, ¥t=0, (3.14)

trong dé M la hang so chi phu thuoc vao cdc di lieuw [(X), g(X), g1(X),
0(X) v B Wi [y, + ey < B

Ching minh. Gia st U(t) la nghiém cta Bai toan (3.11)-(3.12) vé6i d
kién ban dau Uy. Dinh nghia

E(u(t), ui(t)) = | Vagul 2y + /¢(X)\U(X)\2dX+ el 7y -
RN

Céc hang s6 x, 0 trong Bo dé 3.2 1a ¢ dinh, v6i mdi t > 0
Cs (Il + el ey ) < BCu(t), ui()
< Co( Il + lllan) ), (3.15)

6 do
C5=min{6\1,1}, 06:max{6'\2+m,1}.
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Lay tich vo huéng ctia (3.1) v6i us(X,t) trong L2(RY) va lay tich phan
trén [0,¢] d6i véi bién thoi gian thi

SEO.0(®) + A [ ()l a7 (3.16)

= S B(u(0), u,(0)) + / F(X, u(X, ))dX — / F(X, u(X,0))dX <
1

§§E(u(0), u(0)) +

/ F(X,u(X,0)dX

RN

+ [ F(X,u(X,t)dX.
/

Tit (3.8) va (3.13)

[ PO 0)IAX < Cr lunliany

/ (X, u(X,1)dX < / g2(X)dX.

RN RN
Suy ra
1 1
SE((0),(0) < 5E((0),w(0) + Cr Junlyan) + [ (X)X,

RN

-

hoac

2 2
HUHS%(RN) + HutHIﬂ(RN) < M, Vit > 0.
[]

Nhan xét 3.4. Gid st B la tap bi chan trong H, theo Bo dé 3.6, ton
tai hing s6 Cgs = Cs(B) sao cho v6i mdi U = (u(t),w(t)) cung véi dit

kien ban dau (ug,u;) € B, ta ¢6

t
/ e, A7 < C (3.17)
0

v6i moi t > 0.
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Dinh 1y 3.1. Gid si i), ii) dugc théa man va Uy € H. Khi dé Bai todn
(3.11)-(3.12) ta c6 nghiém tich phan toan cuc duy nhat U € C([0,00); H).
Hon nita, vdi méi t co dinh dnh xa Uy — S(t)Uy := U(t) la lién tuc trén
H.

Ching minh. Gia st nghiem U(t) duge xac dinh trén khodng cuc dai
10, Tona). Tt (3.13)

/RN F(X,u(X))dX < /RN (91(X) 4+ g2(X)u?) dX <

2
< ol + el s Tl <

* 2
< HQIHLl(RN) + CQ( a,,@) H92HLN3,ﬁ (®Y) HUHsf(RN) :

Hon nita theo (3.14) nghiém U(¢) ton tai trén [0, Tinay) va thoa man
1 2 1 2
BU() > AU0) > & [z + 5 (Vo) —

* 2
- 02( a,,B) Hg2||L@ ~) ||UHS§(RN) - HngLl(RN) :

(R

Suy ra véi moi t thudce [0, Tiax)

- 2(QUO) + lonloa) -
2 < -& @

. oo
mm{l,l 202(27 5) H92HLN(§,5(RN) }

T (3.14) ¢6 Thmax = +0o. That vay, gid st ngude lai Tia < +00.

N 1
U(Tmax——) <Cvéiné€Zy,n> )
n

H max

T Ménh dé 3.1 ton tai hing s6 T*(C') (doc lap véi n) sao cho Bai toén
. 1 1 ~
(3.11)-(3.12) ¢6 nghiem duy nhét tren [Tmax D T — — & T*(C)),
n n

Khi d6 tir (3.14) ta ¢6

1 ~ .
tic 1 U(#) 1a nghiem cia bai todn tren [O,Tmax . T*(O)). Néu
n
1 1 ~ . ~
n > — khi d6 Tipax — — + T7(C) > Tiax. Dieu nay mau thuan véi
(C) n
tinh cuc dai ctia Tipax.
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Nhu vay v6i Uy € H thi bai toan Bai toan (3.11)-(3.12) ¢6 nghiém
duy nhat U € C([0,00); H).

3.1.3 Su phu thudc lién tuc ctia nghiém vao diéu kién ban dau.

Gia st U, V 1a hai nghiém tich phan ctia Bai toan (3.1)-(3.2) véi dicu
kien ban dau tuong tng Uy, Vo € H. Dat W =U -V, Wy = Uy — V} ta

s

CO
t

U(t) = eUy + /eA(t_S)f*(U(s))ds,

0
t

V(t) = eV, + / A9 5V (5))ds.
0
Ap dung Dinh 1i 1.5 ta nhan duogc

t

W@l = [ W [ A1) - renas], <

H
0
t

< HeAtWOHH—i—/HeA(t—S)(f*(U(S))_f*(v(s)))HHdSS

< M Wally [ M 5O = £ V()]
0

Sit dung tinh chat Lipschitz cia anh xa f* va bat déng thitc Gronwall
dang tich phan chiing ta suy ra sy phu thudc lién tuc cta nghiém tich

phan va diéu kién ban dau. ]
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3.2 Su ton tai tap hut toan cuc compact trong
S?(RY) x L*(RY)

Tt Dinh 1y 3.1, ta dinh nghia nita nhém lién tuc S(t) : H — H nhu
sau
S()Uy :==U(1),
trong d6 U(t) 1a nghiém tich phan toan cuc duy nhat cia Bai toan
(3.11)-(3.12) v6i diéu kién ban dau Uj.
T B dé 3.6, v6i mdi tap bi chian B trong H, ton tai tap con B bi

chan trong H chi phu thudc vao B sao cho

|Js@)BcB. (3.19)

>0
Bo6 dé 3.7. Gid st i),11) duge thoa man va B la mot tap bi chan noi
tréen trong H. Khi dé moi nghiem U (t) = (u(X,t),u (X, t)) ctia Bai todn
(3.11)-(3.12) cung vdi dit kién ban dau Uy € B théa man

T}%LHiOOT/ / U + fu (X, 1) + [V gu(X. 17 ) dX

0 |X[ap>R

=0, (3.20)
J day
X = [‘x‘2(1+a+ﬂ) + |yt (1 + o+ B)22 }”“*ﬁ)
Chiing minh. Chon ham tron 9 théa man 0 < ¥(s) < 1 véi s € RT va
¥(s) =0, 0 <s<1; d(s) =1, s > 2.

Khi d6

o (ST D IXETTY O (140t
0t | trarsr | = et | pearars | Vesl Xl
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6 day

,5|X‘ (I+a+p) _ 2(1—|—a—{—5) (xl‘x‘2(a+ﬁ), o 737N1’33’2(a+ﬁ U ’y‘2 a+ﬂ

P, (L a Baf ol (Lt el )
Suy ra

(14« « a
QB‘X‘ +a+08) _ 4(1 +Oé+ﬁ)2 |:|37‘4( +5)+2 + |y‘4( +5)+2
(Lt 8Pl ly).

Tu dinh nghia ctia ham 9, ton tai hang s6 Cy > 0, sao cho [9'(s)| < Cy
khi s € R va néu | X207 < R20+0+5) khi do

aﬁlX‘ 1+O¢+ﬁ)’ _12
R2(1+a+p) < R

(1+a+p) = (3.21)

=9
R .

Nhan hai vé ctia phuong trinh (3.1) v6i 02 (W) u, lay tich phan
theo bién X trén RY va tich phan [0, 7] theo ¢, khi d6

|X|2(1B+OZ+B)
// g+ Ay + (X)) ui? <R2(1’+ — )dth

O]RN

X (14+a+p)
// aﬁu + f X U)) (%) Udth (322)

0 RN
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Do
2(1+a+3)

T
Pt (5 dxdt
) | e |

0 RN
14+a+p) 5
2
/:/ﬂ <‘R2Ha% )|Vamddth+}?a;;E

0 RN
2(14+a+p5)

T 1+a+ﬂ) X

/ O‘aﬁ 1+Oé+ﬁ
//19 ( R 1+a+ﬂ) ) v <W) uVa 6|X| Va,pud X de
0

1+0¢+B)
2
//QCIl ( R2( 1+a+6 > Waﬁ“| dXdt = I.

0 RN

/] (W> uud Xt

0 RN
T 2(1+a+p)
L fa o, (IXP 2
5/(%/6 (W (X, 8)PdX |dt| <

0

‘2(1+04+5)

2 ‘on,ﬁ 9
O | e | (X D)X |+

/ v (m) [u(X, 0)]PdX | = .

RN

1
2
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T 1+a+ﬁ
//Utt(X,t)u(X,t)ﬁ <R2 s )dth

0 RN
1+a+p5)
= /ut(XT <R21+ 5 )dX
RN
‘ }3—1—0&-1—5
2 Q
2(14+a+p)
| (X, t)|*9° X5 dXdt
t R2(1+ a+3)
0 RN
1 r |X‘2(1+Oz+ﬁ)
2 2 o.f
5( |U(T )HH"‘HUOHH)+//|Ut(X7t)|2?92 (W) dXdt = I3.
0 RN
A \X|2%+a+ﬁ)
2 Q,
0 RN
, ‘X‘Z();-i-a-i-ﬂ)
]RN

Khi d6 tir (3.22)

|X| (1+a+p)
// ( f22 1+a+ﬂ) >u2dth+ (3.23)

0 RN
1+a+ﬂ)

//192 < R 1+a+ﬂ ) Vopul?dXdt < I + I + I3 + L.

0 RN

Tit Bo dé 3.6 va (3.17), ta dat dugc

L+ I; < Cho. (3.24)
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Ap dung Bat ding thic Holder va Bat déng thic Sobolev ta suy ra

11| < C“T.

Tu (3.7), ta c6

| X|a,6>R

Theo (3.24), (3.25) va (3.26)

\X| (14+a+p)
/ / ( 5 S ) u?d X di+

0 RN

2(1+a+p)
//192 ( R2alf-a+5 ) Vapul*dXdt <
0 RN

cnT
B

< Chy+ CyT / gl(X)dX +
[ X]a,s>R

|X|2(l+o¢+ﬁ)

) u) )2dX >

/

|X‘ (1+a+p) ‘X‘Q(};—a—kﬁ)
2 Q,
V(X)ﬁ ( R2(1+ a+f) >u dX + / ‘va’ﬁ (19 ( R2(1+a+p)
RN RN
|X| 1+Oé+ﬁ
~ 2 2
RN

+ / ’vaﬁ (79 (W) U) ’ dX}

(3.25)

(3.26)

(3.27)

(3.28)
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‘X‘Q(lﬂ+a+6) 9
/ Vas (19 <W) “) X <

Vi vay

RN
X2 Ciy
S 2/192 (W \VQ ﬂUPdX + R2 (329)

RN

Ap dung (3.27), (3.28) va (3.29) dan téi

1+a+ﬁ)
2 2
//19 (R - )udm
0 RN
(1+a+p) 9
//VM(<Rumm)0‘M“§

0 RN
CuyT  CysT
< (9 + C13T / gl(X)dX-|— g + 52 . (330)
|X‘<x,BZR
Két hop (3.17) va (3.30)
) T
1 2 2 2 _
i 2 [ [ (OGO (DR + [Fapu(X, D )aXde = .
0 [Xl|ap=R
Bo6 dé dugc chiing minh. O

Bo dé 3.8. Gid s cic diéu kién 1),4i) dugc théa man va U, — U trong
H. Khi dé vdi moi t > 0 ta cé

S(t)U, — S(t)U trong H. (3.31)

Chiing minh. Do U, — U trong H, nén day {U,} la bi chan trong khong
gian H. Khi d6 theo Bo dé 3.7 ta c6 day {S(t)U,} bi chan trong khong
gian L>(0,T; H) v6i moi T' > 0. Ma f(X,u) théa méan diéu kien (f) nén
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{f*(S(t)U,)} cting bi chin trong khong gian L>°(0,7; H). Mat khac, do
S(t)U, 1a nghiem ctia Bai toan (3.11)-(3.12) vé6i U,, déng vai tro cta Uy
nén {45(¢)U,} bi chan trong khong gian L>(0,T; H*). Do d6 c6 mot

day con {n,,} théa man

S(t)U,, — O(t) trong L*(0,T; H),
§ fASH)U,,) — x trong L2(0,T; H), (3.32)
d

d 2 *
\ ES(t)Unm &G(t) trong L-(0,7; H).

Gia st U, = ( i > ,O(t) = ( 1(t) >, S(t)U, = ( S1(8)Un ), nén
Un (92(t) Sg(t)Un
F(S(0)0,) = !
Y\ AU+ F(X, S (U, )

S1(t)Un,, — 6:(t)  trong L*(0,T;SHRY)),
So()U,,,, — 02(1) trong L2(0,T; L>(RY)),

0
va xy = :
< —)\Qg(t) + Xk >

Ta can chiing minh y* = f(-,01(¢)). Ly luan nhu 6 [59] ta thu dugc

(3.33)

hmsup/ 1S1(t)U,, . (t+a) — S1(t)Uy, (¢ )HLQ RY) dt =0,VT > 0.

a—0 T,

(3.34)
Gid stt ¢ € C1(]0, +00)) 1& ham théa man
0<o(s) <1, o(s)=1, Vsel0,1], o(s)=0, Vs> 2.

V6i moi n,, va k > 1, ta dinh nghia
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Khi dé ta c6 v6i moi k > 1, day {wy,, x }n,,<1 bi chan trong khong gian
L*(0,T;S27%,0(Q24)) M L®(0, T; L*(4)) v6i moi T > 0. Hon nita, ta c6

a—0 p,

a T
lim sup (/ l|wn,, .« (X, t)HiQ(Q%) dt + / [, (X t)HiQ(Q%) dt) =0,
0 T—a

trong d6 O, = {X € RV : | X| < 2k}.

Mt khac tit (3.34) ta c6 v6i moi k > 1
T—a

lim sup / [l £ @) = W (X, ), A = 0.
0

a—=0 p,

Thém nita, do €2y, 1a tap bi chdn nén khong gian SZ’%;O(Q%) nhung
compact vao khong gian L?(€y,). Khi d6, do B6 dé 1.1, ta c6 {wy,, « bn, 51
13 compact tuong doéi trong L*(0,T; L*(Qay)).

Viwy,, «(X,t) =S1(t)U,,, (X,t) véi moi X € Q,, ta c6 véi moi k > 1
day {S1(t)U,, |a.} 1a tién compact trong L*(0,T; L?(22,)). Do d6 ton tai
mot day con clia day {S(t)U,,, } ky hiéu la {S(t)U;™},, >1 théa man

S(t)Uym — 6y trong L*(0,T; L*(Qy,)) khi n,, — 00, VK > 1.
Do f(-,-) la lien tuc nén f(X, Si(t)U;m) — f(X,#) hau khép noi trong
Q. x (0,+00). Ma day {f(X,S:(t)U;m)} bi chan trong L*(Q, x (0,T))
nen
FX,Si(t)Upm) = f(X,61) trong L*(0, T L*(52,)).

T tinh duy nhat clia gidi han ta c6
x* = f(+,01(t)) hau khap noi trong Q, x (0,7), VI >0,Vk > 1.
Vi EJOl Q. =RY, do vay

x* = f(-,61(t)) hau khdp noi trong RY x (0, +00).
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Diéu nay dan tdi
F(SU,,.) — f(0) trong L*(0,T; H).

Tu do ta co
t t

MU, + / A7) H(S(T)U, )dr — U + / A=) £¥(©)dr trong H.
0 0
St dung tinh duy nhat ctia gi6i han, nén
t
O(t) = MU + / A7) (@) dr.
0
Tinh duy nhat ctia nghiém kéo theo © = S(¢)U. Do mdi day con ctiia day
{S(t)U,, %S(t)Un} c6 mot day con hoi tu trong khong gian L2(0,T; H x
d

H*) va gi6i han clia mdi day con nay déu la (S(¢)U, aS(t)U). Ta suy

. d L s d
ra rang day {S(t)U,, ES(t)Un} hoi tu yeu den (S()U, aS(t)U) trong
L*(0,T; H x H*). T day véi mdi t € [0,T], ta c6 S(t)U, — S(t)U trong
H*. Mat khac v6i mai t € [0,7], day {S(¢)U,} la bi chan trong H. Vi

thé S(t)U, — S(t)U trong H. Bo6 dé dugce chiing minh. []

Bo6 dé 3.9. Gid si cic dieu kién i),ii) dugc théa man va day {U, >,

hoi tu yéu toi U trong H. Khi dé

lim limsup |[|S(T)U,, — S(T)U||; = 0. (3.35)

T—+00 n—4o0

Chiing minh. Gia st S(t)U, = (u,(t), uy(t)) 1a nghiém ctia Bai toan
(3.11)-(3.12) cing vdi diéu kien ban dau U,, = (u,(0), u(0)) va S(t)Uy =
(u(t), us(t)) 1a nghiem v6i diéu kien ban dau Uy = (u(0), u(0)). Theo Bo
de 3.6

sup |[[S(t)Unllg < Che- (3.36)

t>0,n>0
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Nhan hai vé ctia phuong trinh (3.1) v6i uy + %u, lay tich phan tren RV
v6i bién X va tich phan theo bién ¢ trén doan [0, T], ta c6

%{ / (B(u(t), () - / f(X,u(X,t))u(X,t)dx}dt}

=SB O)FEWT) w(T) +5 [ (X, 0)u(X,0)dx+

RN

A2 A2
+ [ POCUCOT)AX + 5 Oy — 5 NalT) ey +

RN
T
A1 2 A

0 RN RN

_ / F(X, u(X,0))dX. (3.37)
RN

Suy ra

/ Blu(t), us(t)) — / FXwudX | dt] < C. (3.39)

Tuong tw nhu trong (3.38)

/ E(un(t),umg(t))—/f(X,un)undX dt| < Cis. (3.39)
0 RN

Nhan phuong trinh (3.1) véi u; va 1ay tich phan trén [t, T] x RY, thi

%E(U(T)aut(T)) _/F(X7U(X7T))dX+)\/HUTH%Q(RN) 4

= 2 B(u(t), w(t)) - / F(X,u(X,0)dX, 0<t <T. (3.40)
RN
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Tit (3.38) va (3.40), ta thu dugc

%ﬂwmwﬁﬂj/ﬂxmxnmx+t[/mmme@

RN

/T % (u(t), u(t)) = /F(X,u(X,t))dX dt >
/T/ XuXt))Jr%f(X,u) )dth—%. (3.41)
0 RN

Két hop (3.39) va (3.40) dan dén

3BT, (7)) = [ FOX (X, T)AX + 5 //mwmwww

RN

/T / F(X, un(X,1)) + ;f(X un)un)dXdH% (3.42)

2T
0 RN

Tit (3.41) va (3.42), ta c6

SE(T), () ~ [ P (X, D)X + 2 //wwmwww
R . 0
—// (X, u(X, 1)) — F(X, un(X, t)))dth+

0 RN

'ﬂ

+%//%(f(X, U )un — f(X, u)u)dth—l—%E(u(T),Ut(T))_

Ci7+ Cls

/F(X w(X,T))dX + — //HUTHLz gy drdt + 5T

RN
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Do d6 v6i mdi € > 0 tuy ¥, ton tai hiang sé Tj thod man
lim iupE (un(T), unt(T)) < E(u(T), w(T)) + e,
n—+00
véi moi T > Tp. (3.43)
Theo Bo dé 3.2 va Bo dé 3.8, suy ra

limsup [|S(T)U, — S(T)Uo|% < CrolimsupE(un (T) — w(T), u(T) — uy(T))

n—-4oo n—-4o0o
- C’lglimsup{ / \Va,gun|2dX — 2/Va,5un -V pupdX + / \Va,gu\QdX—F
n——+o0o BN BN BN
+ [0l (PAX — 2 [ A(0uuT)ax + [1(0luT)Pax+
RN RN RN
+/ |ty (T) [P X — 2/um(T)ut(T)2dX + / |ut(T)|2dX}
RN RN RN
= (Cqg <lim supE (un (1), un(T)) — E(u(T), ut(T))> )
n—+oo
(3.44)
Két hop (3.43) va (3.44) ta thu duge diéu phéi chiing minh. O

Ta dua ra két qué chinh ciia chuong nay nhu sau.

Dinh 1y 3.2. Gid st cic diéu kién i) va it) dugc thod man. Khi dé
{S(t) }i>0 la compact tiem can trong H, nghia la, vdi moi day bi chdn
{U,}22, trong H va moi day khong am {t,}>2, théa man t, — +oo khi
n — +o0, thi tw {S(t,)U,}>2 trich ra dugc mot day con hoi tu trong H.

Chitng minh. Theo (3.19), ton tai mot tap bi chan B trong H théa man
S(t,)U, C B v6i moi n € N. Do d6 ton tai U € H va mot day con
{ni}32, sao cho

S(tn, )Up, — U trong H.
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Vi vay,

lim inf [[S (60 ) Uyl = U] (3.45)

k—4o00
Bay gio, ta sé ching minh ton tai mot day con cia day S(t,, )Uy,
hoi tu manh t6i U trong H bang cach xay dung didy con S (tnkj)Unkj cua
S(tn, )Up, théa man

lim sup HS(tnkj U,

N,
. k]
j—o0

< ||U|| .
<10l

That vay, tit Bo dé 3.9, véi mdi [ > 0, ton tai Ty = Ty(l, B) sao cho véi
moéi {p;} C B, p; — ¢ trong H, thi

. 1
lim sup [|5(To)eill iy < [15(To)ell g + - (3.46)

1—00 [
Vi t,, > Tp, nén
S(tnk — TO)Unk C B.

Vi vay ¢6 Ug, va mot day con {nkj(l)};??l):l cta day {n;};2, thoa man

S(tnkj(l) — TO)Unkj(l) — Uy, trong H. (3.47)
St dung Bo dé 3.8, suy ra
S(tnkj(l)>Unkj(l) = S(TO)S(tnkj(l) — TO)Unkj(l) — S(Ty)Uy, trong H.

Do tinh duy nhat ciia gi6i han nén U = S(Ty)Ug,. Lay ¢, =
S(tnk_(l) — TO)Unk..(l) trong (3.46), ta co

. 1
lim sup HS(TO)S(t”km — TO)Unk.(l)‘ < ||S(To)Ur, ||y + T
j()—o0 ! AAH
Suy ra,
. 1
limsup (| S(tu, )0, || < N0l + 7 (3.48)

j(l) =00



86
V6i [ =1, tur (3.48), ton tai j1(1) thoa man

| sta, < Ul +2.

U,
ml)) i || g

Ky hieu ji(1) béi ji.

V6i | = 2, tit (3.48), ton tai jp(2) thoa man ny, < ny, , va

32(2)
S(t U
H (”’fm@)) "hj

Ta dinh nghia j»(2) béi jo.

Wl <10+

Tuong tu, véi [ = m, tix (3.48), ton tai j,(m) thoa man n, <

Im—1

ng. va

Jm(m)

2
< -
LN g 171 PP

HS(tnkjm(
Ta dinh nghia j,,(m) b6i jy,.
Ctt lam nhu vay ta thu dugc day {ny, }72; 1a day con ctia day {n}32,
va thoa man

lim sup HS(tnkj‘ Wn,,

1—>00

< ||U|| .
<10l

Dinh 1y dugc chitng minh. ]

Dinh 1y dudi day khing dinh su ton tai tap hut toan cuc ciia nia
nhém S(t) trong H.

Dinh 1y 3.3. Gid st cdic dieu kién 1) va 1) duge thod man. Khi dé
nita nhom S(t) sinh bdi Bai toan (3.11)-(3.12) ¢6 mot tap hat toan cuc
compact tiém can Ay trong H.
Ching minh. Ki hiéu

B:{UeHmwﬁ<A@,

& day M 1a hang s6 trong (3.14). Khi d6 B 1a tap hap thu ctia S(¢) trong
H. Hon nita, S(t) 1a compact tiém can trong H do Dinh 1y 3.2. Diéu nay
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chi ra sy ton tai tap hat toan cuc compact tiém can @y cta S(t) trong

H. []

Vi du 3.1. Ta sé chi ra sy ton tai tap hit toan cuc ctia bai toan Cauchy

sau
2
@—I—/\@—i—uzpllfM%—f(X,u) véi X € R3¢t >0,
ot? ot P (3.49)
u
uw(X,0) = up(X), E(X’ 0) =u1(X), X € R3,
trong do6 uo(+) € S}R?), u1(+) € L*(R?), X 1a hing s6 duong,
0*u  0?u 0*u
Pau=gpm T o Tl 52
va )
_|§((|;§1) voi € < 1,|X|* = 2+ + 22,
J(X,€) = 1
ki voi€21
Khi do6
(1 (e @
X1 (5—?) VOI£< 1,
F(X,€) =
1 2 53 1 L.
\m(%—§—§> VOI&Zl.
Ro rang f(X,€)€ <0, F(X,u) <0 véimoi X € R3 £ € R.
Ta c¢6 f(X,€) thod man cac diéu kien (f1) — (f3) vdi Nii=4,p=

2.h(X)=0,0,=1,Cy=1,

1

9(X) = magl(){) = g2(X) =0.

Ap dung Dinh ly 3.3, Bai toan (3.49) ¢6 mot tap hit toan cuc compact
tlém can ‘Q{S%(RB)XLQ(R:)’) tl"OHg S% (R?)) X L2 (R?)) dél vOl nuta nhém S(t) sinh
béi Bai toan (3.49).
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3.3 Phuong phap hé gradient va ciu tric caa tap

hut toan cuc compact

Trong muc nay ching t6i sé ap dung mot phuong phap khac, duge
goi 1a phuong phép hé gradient, ma da duge phat trien trong [17] dé
chting minh sy ton tai ciia tap hit toan cuc ddi véi he dong luc (H, S(t))
da dugc xét trong Muc 3.2, dong thoi mo ta cau tric ctia tap hit toan
cuc nay. Khai niém hé gradient dugc néu trong Dinh nghia 1.8.

Ta xét hé dong luc (H,S(t)) ma da dugec mo ta trong Muc 3.2. Ky

hieu Ny 1a tap hop cac diem dimg ciia hé nay, tic 1a
No={(u,0) € H: =P, gu+1(X)u= f(X,u), X € R"}
Da tap khong on dinh ctia hé dong luc nay dudgce xac dinh béi
W (No) = | W"(uo,0),

trong d6 W"(ug,0) = {(u,v); S(t)(up,0) — (u,v) khi t — +o0}.

Duéi day 1a dinh 1y vé sy ton tai clia tap hut toan cuc compact va
lien thong cuing vé6i viec mo ta cau tric clia no.
Dinh 1y 3.4. Gid st cac dieu kién 1) va 1) dugc thod man. Khi dé
hé dong lic (H,S(t)) lien két voi Bai todan (3.1)-(3.2) la hé gradient
va compact tieém can, dong thoi cé mot tap hit toan cuc commpact lién
thong A. Hon nita, A = W*(Ny) va la da tap khong on dinh ciia hé dong

lue nay.

Chiing minh. Dé chiing minh dinh 1y ta sé kiém tra cac diéu kien cia
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Dinh Iy 1.3, truéc tién ta dinh nghia mot ham & trén H nhu sau

RN RN
(3.50)

Khi d6 tu (3.1), ta dat duge

d drl
3250 = E[éE(u(lf),ut(t))—/F(X,7«L(X,7f))01X]
RN
= =gl 7oy <O,
nghia la

t
BSOU) + A [ s}y dr = (Th), VU € H,
0
va néu ®(S(¢)Uy) = ®(Up) v6i moi t > 0 va véi mot s6 Uy, né kéo theo
t
A/ lur (7)1 7oy d7 = 0, ¥t > 0.
0

Diéu nay c6 chi khi S(t)U = (ug, 0) 12 mot diém t6i han. Do d6 ® 1a mot
ham Lyapunov nghiém ngit. D& dang chi ra rang véi bat ky U € H

SU) > CoolU N7 = g2l 11y -
O(U) < Cou UG + g2l g -

Vi thé ®(U) la tap bi chan trén bat ky tap bi chin ctia H v tap
bp = {U : ®(U) < R} la bi chin véi bat ky R. Cudi cung, ta sé
chi ra rang Ny 1 bi chan trong H. Lay tich vo huéng clia phuong trinh
—Pysu+1(X)u = f(X,u) véi u(X) trong L*(RY), ta duge

Vel + [ 1COMPAX < flr e
RN
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suy ra

Huﬂéf(mzv) < Co.

T Dinh 1y 1.3, ta nhan dudc két qua. O

KET LUAN CHUONG 3
Trong chuong nay, ching t6i nghién citu mot 16p bai toan hyperbolic chita
toan tit elliptic suy bién manh P, g trén toan khong gian RY. Ngoai viéc
phuong trinh chita thém s6 hang tuyén tinh, s6 hang phi tuyén dugc gia
thiét tang trudng kiéu da thic theo an ham u va c¢6 thé phu thudc bién
khong gian. Céac két qua dat duge bao gom:

1) Chitng minh dugc sy ton tai duy nhat ctia nghiém tich phan toan
cuc cia bai toan (Dinh 1y 3.1).

2) Chiing minh duge sy ton tai tap hat toan cuc compact ciia bai
toan bang cac phuong phéap ctia 1y thuyét hé dong luc vo han chiéu (Dinh
Iy 3.3).

3) Chitng minh dugc tap hat toan cuc compact 1a lien thong bang
phuong phéap hé gradient, dong thoi mo ta ciu tric ciia né (Dinh 1y 3.4).

4) Diém méi clia chuong nay 1a: Da dua ra mot 16p ham phi tuyén,
chitng minh sy ton tai nghiém tich phan va xem xét dang diéu tiém can
clia bai toan trong toan khong gian. Cac két qua déi véi 16p ham nay 1a

mdi khi toan ti P, g la toan tu elliptic.
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KET LUAN VA KIEN NGHI

Két luan

Cac két qua chinh dat dudc trong luan an bao gom:

1. D6i v6i phuong trinh A2-Laplace nita tuyén tinh cap bon dwa ra
dugc dang thic tich phan kiéu Pohozaev ctia bai toan Dirichlet, tit
d6 chitng minh sy khong ton tai nghiém khong tam thuong trong

mién d;-hinh sao khi vé phai c¢6 do tang truéng theo u 1én hon

N+4,
N—4’

nghiém ctia bai toan vdi dieu kién s6 hang phi tuyén c6 bac tang

dong thai chitng minh dugce su ton tai nghiém yéu, tinh nhieu

trudng theo u 13 nhé hon £ N la s chidu thudn nhat. Qua d6

N-4
da chiing to6 gia tri % la gia tri t6i han cta bac tang trudng cua

vé phai theo u.

2. D6i vé6i bai toan Cauchy trén toan khong gian RY cho phuong trinh
hyperbolic chita toan ti elliptic suy bién manh P, 3. Dua ra céc
diéu kien da ddi v6i cac thanh phan tuyén tinh va phi tuyén cia
phuong trinh dé dam béo su ton tai duy nhat ctia nghiém tich phan
toan cuc, su ton tai ctia tap hit toan cuc compact lién thong trong

khong gian S?(RY) x L?(RY), dong thsi mo ta cau tric ciia no.

Kién nghi mot so van dé nghién cttu tiep theo

Lién quan t6i chit dé luan an, nhitng van dé sau 1a mé va theo ching

toi la dang quan tam:
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. Diéu kién ton tai nghiém ctia cac bai toan bién néi trén trong mién

khong bi chan.

. Nghién citu cic tinh chat cia tap hat toan cuc nhu: sé6 chiéu, su

phu thuoc lién tuc vao cac tham sb, tinh tron, ...

. Nghién citu sy ton tai nghiém va dang diéu tiém can nghiém cia
cac phuong trinh hyperbolic suy bién véi cac dieu kién bién khac
nhau, chidng han diéu kién bien khong thuan nhat, diéu kién bién
Neumann, diéu kién bién hén hop, diéu kién bién phi tuyén, ... Dé
lam dugc diéu nay can xay dung dude khong gian c6 trong tuong

tng, dinh 1y nhing kic¢u Sobolev.

. Nghién citu sy ton tai tap hat khi ham phi tuyén phu thuoc thoi
gian nhu tap hat lui, tap hat deu.

. C4c mo hinh ting dung thuc té.
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