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Lo1 cam doan

To6i xin cam doan day la cong trinh nghién cttu cua t6i dudi sy hudng
dan ctia PGS.TS Ha Tran Phuong va TS. Nguyén Van Thin. Cac két qua
viét chung véi cac tac gid khac da dude sy nhat tri clia dong tac gia khi
dua vao luan an. Cac két qua cia luan an 1a méi va chua ting dude cong

bé trong bat ky cong trinh khoa hoc ctia ai khac.

Thai Nguyén, thang 11 nam 2023

Tac gia

INTHAVICHIT Padaphet
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LGi cam on

Luan adn dugce thuyc hién va hoan thanh dudéi sy huéng dan tan tinh cta
PGS.TS Ha Tran Phuong va TS. Nguyén Van Thin. Tac gid luan an xin
bay t6 long biét on chan thanh va sau sic nhat dén thay.

Tac gid xin tran trong cam on Ban Giam dbéc Dai hoc Thai Nguyeén,
Ban Dao tao Dai hoc Thai Nguyén, Ban Giam hiéu, Phong Dao tao, Ban
chtt nghiém khoa Toan va cac phong Ban chiic nang Truong Dai hoc Su
pham - Dai hoc Thai Nguyén da tao moi dieu kién thuan loi gitp dé tac
gia trong qua trinh hoc tap nghién citu va hoan thanh luan an.

Tac gia xin chan thanh cAm on cac thay, co, ban be trong cac Seminar
tai BoO mon Giai tich va Toan tng dung, Khoa Toan Truong Dai hoc Su
pham - Dai hoc Thai Nguyén da ludn gitp do, dong vién tac gia trong
nghién cttu khoa hoc.

Tac gia xin chan thanh cam on Truong Cao ding Su pham Luangpra-
bang nuéc CHDCND Lao cling cac dong nghiép da tao diéu kien gitp d6
toi vé moi mét trong qua trinh hoc tap va hoan thanh luan an nay.

Cudi clung tac giad xin bay té long biét on nhitng ngudi than trong gia
dinh, nhitng ngusi da chiu nhiéu khé khan, vat va4 danh hét tinh cam yeéu
thuong, dong viéen, chia sé, khich lé dé tac gia hoan thanh duge luan an.

Thai Nguyén, thang 11 nam 2023

Tac gia

INTHAVICHIT Padaphet
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Mé& dau

1. Lich st nghién cttu va ly do chon dé tai

Trong nhiing ndm gan day, Ly thuyét phan b6 gia tri cho dudng cong
chinh hinh, hay con goi 1a Ly thuyét Nevanlinna-Cartan da thu hat dugc
sy quan tam nghién cu cta nhiéu nha toan hoc trong va ngoai nudc.
Dugc xem nhu bat dau bdi cdc cong trinh ctia H. Cartan vao nam 1933
khi Ong xay dung cac dang dinh Iy co ban thi nhat va thit hai cho dudng
cong chinh hinh, Ly thuyét Nevanlinna-Cartan dugc danh gi4 14 mot trong
nhitng thanh tuu sau sic, dep dé va c¢6 nhiéu ing dung trong cac linh vuc
khéac nhau ctia Toan hoc nhu van dé duy nhat cho duong cong chinh hinh,
tinh suy bién clia dudng cong dai s6, Iy thuyét hé dong lyc, phuong trinh
vi phan phttc va mot s6 linh khac.

Ki hieu K trudng dong dai s6, c6 dic s6 khong, day da véi chuan sinh
bdi gia tri tuyet d6i khong Acsimet, W 1a C hosic K va P*(W) 1a khong
gian xa anh n chiéu trén W. Véi dudng cong chinh hinh f: C — P"(C)

c6 mot biéu dién téi gidn 1a (fo,. .., fn), ham
1 27 0
Ty(r) = = [ log | f(re) s
T Jo

duge goi la ham dac trung Nevanlinna-Cartan cia dudng cong f, trong
46 £ ()| = max{[fo(=)], -, | ()]}

Cho H la mot siéu phang, L 13 mot dang tuyén tinh xac dinh H va M
la mot s6 nguyen duong. Ta goi ny(r, H) va n}' (r, H) lan lugt 1a s6 khong
diém ctia L(f)(z) trong dia {|z| < r}, tuong ting ké ca boi hay boi cat cut



béi M. Ham

Nf(?“,H) :Nf(T,L) :/OT nf(t7H) ;nf(O,H)

dt +n¢(0, H)logr

dugc goi 1a ham dém ké cd boi va ham

rnd(t, H) — nd(0, H)
N%(T,H):N%(T,L):/O i =

dt +ny' (0, H)logr

dugc goi 14 ham dém boi cit cut bdi M ctia dudsng cong f két hop véi siéu
phing H.

Nam 1933, H. Cartan da chiing minh mét dang Dinh 1y co ban thit hai
cho duong cong chinh hinh trén mat phing phiic nhu sau:

Dinh Iy A ([6]). Cho duong cong chinh hinh khong suy bién tuyén tinh
f:C — P*(C) va q siéu phang Hy, ..., H, & vi tri tong qudt trong P"(C).
Khi dé bat dang thic

(¢ —n—=1)T;(r) < Z Ny (r, Hy) + o(T¢(r))

j=1
ding vdi moi r > 0 du ldn nam ngodi mot tap cé do do Lebesque hitu han.

Dinh Iy A cho ta mot quan hé gitta ham dic trung cua dudng cong chinh
hinh khong suy bién tuyén tinh véi cAc ham dém boi cit cut véi muc tieu
14 cac siéu phang & vi tri tong quat. Cong trinh nay ctia H. Cartan dudc
danh gia hét siic quan trong, mé ra mot huéng nghién citu méi cho viéc
phat trién 1y thuyét Nevanlinna - nghién citu cac dang dinh 1 co ban thi
hai cho anh xa phan hinh, chinh hinh va cac ting dung ctia né. Cac két
qud nghién ctiu theo huéng nay trong thoi gian gan day tap trung vao hai
van de:

1. Xay dung cac dang ctia Dinh 1y co ban th hai cho dudng cong chinh
hinh tit W” ho#ic mot mién trong W? vao P"(W) hosic mot da tap dai s6 xa
anh trong P"(W) véi muc tiéu la cac siéu phang, siéu mat ¢d dinh hozc di
dong, bang cach thiét 1ap quan hé gitta ham dic trung Nevanlinna-Cartan

v6i cac ham xap xi hodc cac dang ham dém khéac nhau.
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2. Nghién cttu cac ing dung cia cac dang ctua Dinh Iy co ban thi hai
trong cac linh vuc khac nhau ctia toan hoc, chang han, tinh chat cla s6
khuyét, van dé duy nhat cho ham hay duong cong chinh hinh, sy suy bién
clia cac duong cong dai sd va mot s6 linh vuc khac.

Theo huéng nghién ctu thit nhat, tiép ndi cong trinh ctia H. Cartan,
da c6 nhiéu tac gid xay dung cac dang dinh 1y co ban thi hai bang cach
thiét lap cac quan hé bat ding thic giita ham dic trung ciia mot dudng
cong chinh hinh véi cac xap xi va ham dém khong ké boi hay ham dém
boi cat cut. Cu thé, ndm 1983, E. I. Nochka ([33]) da ching minh maot
mo rong cua Dinh 1y A cho truong hop ho cac siéu phéng G vi tri dudi
tong quat trong khong gian xa anh phiic P*(C). Nam 1995, H. H. Khoai
va M. V. Tu da nghién cttu Dinh I§ A cho truong hgp duong cong chinh
hinh trén truong K va thu dugc két qua:

Dinh ly B ([26]). Cho f : K — P"(K) la mot dudng cong khong suy
bién tuyén tinh va Hy, ..., H, cdc siéu phang phan biet P"(K) & vi tri tong
qudt. Khi do

(¢ —n—1)T(r) < ZNJ?(T, H;)— @10@“ + O(1).

j=1

Trong [21], P. C. Hu va C. C. Yang da md rong két qua ctia H. H. Khoai
va M. V. Tu cho trusng hgp ho siéu phang & vi tri dudi tong quat. Trong
nhitng ndm gan day, c6 rat nhiéu tic gid trong va ngoai nudc da nghién
cttu cac dang Dinh 1y co ban tht hai cho duong cong chinh hinh tu W™
hay mot mién trén W™ vao P"(W) hay mot da tap dai s6 xa anh trong
W, trong cac trusng hop muc tiéu 1a cac siéu phang hay siéu miit c6 dinh
hay di dong, v6i cAc dang ham dém khac nhau. Chang han M. Ru ([42],
[43]), Q. M. Yan va Z. H. Chen ([51]), G. Dethloff, T. V. Tan, D. D.
Thai ([12]), D. D. Thai, S. D. Quang ([48]), L. Shi ([45]), T. T. H. An va
H. T. Phuong ([2]), H. T. Phuong va N. V. Thin ([39]), H. T. Phuong va



4

L. Vilaisavanh ([41]), P. C. Hu, N. V. Thin (|23]) v& nhiéu tac giad khac.
Nam 2014, dua trén cac nghién citu vé boi khong diém ciia cac to hgp
tuyén tinh khong tam thuong ctia mot ho hitu han cdc ham chinh hinh
trén mat phang phic tai mot diém, J. M. Anderson va A. Hinkkanen ([4])
da dua ra mot khai niém méi vé ham dém, dugdc goi 14 ham dém rat gon
va chiing minh mot dang Dinh 1 co ban thd hai v6i ham dém rit gon
nay cho trudng hop muc tieu 1 cac siéu phing c¢6 dinh. Cu thé nhu sau:
Cho f: W — P"(W) la mot dudng cong chinh hinh va (fo,..., f,) &
mot biéu dién t6i gian cta f. Ki hieu £ = L(fy,..., f,) 1a tap hop tat
cd cac to hop tuyén tinh khong tam thudng cta cac ham fy, ..., f,. Tu
B6 dé 1.4 ta thiy, v6i mbi 2y € W, cac boi khong diém cé thé c6 clia cac

ham thudc L tai zy tao nén mot day thoa man
0= do(Z()) < dl(Z()) <0 < dn(ZO)

Véi siéu phang H xéac dinh bdi dang tuyén tinh L, hién nhién L(f) € £
nén ton tai j € {0,...,n} sao cho bac khong diém ctia L(f) tai z bing
dj(20), tic 1a ordp sy (20) = d;(20). Ta ki hieu v(H, zp) = j va goi la bos rit
gon tai khong diém ctia L(f) tai 2y, hay con goi la boi rit gon ctia f két
hop véi sieu phang H tai 2. Ta goi e(H, z) = d; — j 1a boi du ctia L(f)
tai 2o hay con goi 1a boi du ctia f két hop véi sieu phang H tai 2.

Dinh nghia 1 ([4]). V6i mdi r > 0, ta ki hieu ve(r, H) = > v(H,z). Va

|z|<r
ham
"vi(t,H) —ve(0, H
Nf(T,H):/ G )tyf( ’ )dt—l—uf(O,H)logr
0

dugce goi 1a ham dém rit gon ctia ham f két hop véi siéu phang H.
Tt dinh nghia ta thay v(H, 2)) < min{d;,n} nén v¢(r, H) < n’}(r, H).

Ni(r,H) < N7 (r, H). (1)

Cho H = {Hi,...,H,} 1a mot ho céc siéu phang & vi tri tong quat
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trong P"(W) va L; 1a dang tuyén tinh dinh nghia H;, j = 1,2,...,q. Dat
Li(f)La(f) - - - Ly(f)

W Y
trong d6 W 13 dinh thic Wronskian cta fo, ..., f,. Tt Bo dé 1.6, v6i mdi

H —

2o tuy ¥ ta ludn cé 25:1 e(Hj, zp) < ordy(z0). Dat

V(H, z) = ordw(zy) — Zs(Hj, z) = 0.
j=1
Va ki hiéu
Vi(r,H) =Y V(H,z2).
|2l<r
Dinh nghia 2 ([4]). Ham
Vi H) VA0 H)

Up(r,H) = /O t t —V(0,H)logr

dugc goi 1a ham dém boi du tai cac khong diém ctia ham f két hop véi ho
cac siéu phang .

Nam 2014, J. M. Anderson va A. Hinkkanen da chiitng minh
Dinh ly C ([4])Cho f : C — P"(C) la mot duong cong chinh hinh khong
suy bién tuyén tinh va H = {Hi,..., H,} la mot ho gom q > n+ 1 siéu
phang trong P*(C) & vi tri tong quadt. Khi dé ta cé

q
(q—n—1DTp(r) <> Nip(r,H;) —Us(r,H) = N(r, H)
j=1
+ O(logr) + O(log Ty(f)), (2)
khi r — oo mdm ngodi mot tap co do do tuyén tinh hitu han.

Cht ¥ rang, tit (1) ta thay ham dém rat gon N¢(r, H;) trong Dinh ly C
nho6 hon so véi ham dém bai cit cut trong cong trinh ctia H. Cartan nén
né 1a mot cai tién két qua ctia H. Cartan. Cong trinh nay sé goi ¥ cho
ching ta mot van dé nghién citu mdi trong 1y thuyét Nevanlinna-Cartan:

xem xét cac dang Dinh 1§ co ban thit hai v6i ham dém rat gon.
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Theo huéng nghién cttu thit hai, trong luan an nay chung toi tap trung
vao nghién citu ing dung cia ly thuyét Nevanlinna-Cartan trong van dé
duy nhat cho dudng cong phan, chinh hinh. Nhitng két qua dau tién theo
huéng nghién cttu ndy thuoc vé H. Fujimoto ([14]) khi 6ng md rong Dinh
¥ nim diém ctia R. Nevanlinna cho 4nh xa phan hinh. Sau dé, van dé
nay ngay lap tic thu hit sy quan tam ctia nhiéu tac gia thu duge nhiéu
két qua quan trong.

Cho U 1a mot mién trong W, ki hieu F 14 mot ho cac 4nh xa chinh hinh
khéc hing tit U vao P"(W). Ho cac sieu mat D duge goi la tap zdc dinh
duy nhat khong k€ bgi, ki hieu URSIM (hoic tdp zdc dinh duy nhat ké cd
bo7, ki hieu URSCM) cho ho anh xa F néu v6i méi cip anh xa f,g € F,
diéu kien E;(D) = E,(D) (hodc E¢(D) = E,(D) tuong ting) kéo theo
f = g. Cac tap URSIM, URSCM dudc goi chung 13 tap zdc dinh duy nhat
cho ho anh xa F.

Trong cac cong trinh [14], [15], H. Fujimoto da ching minh sy ton tai
cac tap xac dinh duy nhét ké ca boi gdm 3n + 2 siéu phang & vi tri tong
quat cho ho cac anh xa phan hinh phic khong suy bién tuyén tinh va
2n + 3 siéu phang & vi tri tong quat cho ho cac a4nh xa phan hinh phiic
khong suy bién dai s6. Nam 1983, L. Smiley ([46]) da chi ra sy ton tai ctia
cac tap xac dinh duy nhat khong ké boi gom 3n + 2 siéu phing cho dudng
cong chinh hinh phtc va H. Fujimoto ([16]) da nghién citu lai vin dé nay
vao nam 1998. Nam 2006, G. Dethloff va T. V. Tan ([10]) xem xét van
dé tuong tu cho trudng hop siéu phing di dong. Nam 2006, D. D. Thai
va S. D. Quang ([47]) d& xem xét van dé duy nhét trong trudng hgp muc
tieu 1a 3n + 1 siéu phang. Nam 2008, M. Dulock va M. Ru ([13]) va nim
2009, H. T. Phuong (|35]) da chting minh mot s6 két qui vé van dé duy
nhat trong trusng hop siéu mit déi véi dusng cong chinh hinh trén mat
phang phitc. Nam 2009, Z. Chen, Q. Yan ([8]) v& nam 2010, G. Dethloff,
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T. V. Tan ([11]) chi ra cac tap duy nhét cho cadc dudng cong chinh hinh
gdm 2n + 3 siéu phing.

Ki hieu Ry > 1 1a mot s6 thyc duong hodc +oo va
1
A={zeC:— < |z] < Ry}
Ry

2 mot hinh vanh khuyén trong miat phang phic C. Nam 2013, H. T.
Phuong va T. H. Minh ([38|) da ching minh mot dinh 1y duy nhéat cho
duong cong chinh hinh trén hinh vanh khuyén trong trusng hgp muc tiéu
la cac siéu phing & vi tri tong quat va nam 2021, H. T. Phuong va L.
Vilaisavanh ([41]) d& nghién cttu van dé nay trong trudng hop céc siéu
mat 3 vi tri tong quat déi v6i phép nhiing Veronese. Thai gian gan day,
cac tac gia da tiép tuc phat trién cac dang dinh 1y duy nhat cho céac 16p
duong cong khic nhau véi muc tiéu la cac siéu phing hay siéu mit, cb
dinh hay di dong. Cht ¥ rang, hau hét cac ching minh cia cac két qua
ve tap xac dinh duy nhat déu dua vao cac dang Dinh 1y co ban thit hai.

Nhu vay, viéc tiép tuc phét trién cac dang Dinh 1j co ban thit hai bing
cach thiét 1ap quan heé gitta ham dic trung véi cac dang ham dém va tng
dung ciia cac dinh 1y nay trong van dé duy nhat cho 4nh xa phan, chinh
hinh 1a thic sy can thiét. Hién nay, nhiing van dé nghién citu ndy dang
duge phat trién manh mé, thu hiat duge sy quan tam nhiéu tac gia va cé
nhiéu cong trinh dugc cong bé. Su lua chon dé tai "Vé dinh 1y co ban
tht hai kiéu Cartan cho ham dém riat gon va van dé duy nhét"
cia tac gia luan 4n nay ciing nhim tiép tuc phat trien thém mot s6 dang
Dinh 1y co ban thit hai v6i ham dém rat gon, ham dém baoi cit cut cho
duong cong chinh hinh trén truong W va xay dyng mot s6 dieu kién du

cho van dé duy nhat cho dudng cong chinh hinh trén hinh vanh khuyén.
2. Muc dich va dbi tugng nghién citu

e D6i tuong nghién citu
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Trong luan an ndy ching toi tap trung nghién cttu vé tinh chat cta
duong cong chinh hinh trén truong khong Acsimet hoac trén trucng
cac s6 phitc C va dudng cong chinh hinh trén hinh vanh khuyeén trong
mit phing phitc. Day ciing 14 cic déi tugng nghién citu co ban cia 1§

thuyét phan bo gia tri Nevanlinna-Cartan.

Muc dich nghién citu :

Trong luan an nay, chiing t6i nghién cttu theo hai huéng nhu sau:
Hudng nghién ciu thi nhat: Xay dung mot s6 dang dinh 1y co ban
thi hai cho duong cong chinh hinh trén moét truong khong Acsimet
hodic trong miit phang phic C véi cac muc tiéu la siéu phang & vi tri
tong quat hay dudi tong quat bang cach thiét 1ap quan hé gitta ham
dic trung Nevanlinna-Cartan v6i ham dém rat gon.

Hudng nghién cttw thi hai: Thiét 1lap mot s6 diéu kien da dé hai
duong cong chinh hinh trén hinh vanh khuyén la trung nhau trong

truong hgp muc tiéu la cac siéu méat & vi tri téng quat.

3. Tong quan vé luan an

Déi v6i huéng nghién cttu thit nhat, ching t6i da xay duyng dugc mot s

dang Dinh 1y co ban th hai nhu sau:
Dinh Iy 1 (Pinh 1y 1.7, Chuwong 1). Cho f : K — P*(K) la duong
cong chinh hinh khong suy bién tuyén tinh va H = {Hi,..., H,} la mot

ho gom q > n+ 1 siéu phdng ¢ vi tri tong quat trong P(K). Khi dé ta co:

(g—n—1)T(r) < ZNJ“(T: Hj) —Us(r,H) — N(r, H)
J n(n+1)

— Tlogfr + O(1),

khi r — oo ngoai mot tap cé do do hiu han tuyén tinh.
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Dinh 1y 2 (Dinh 1y 2.4, Chuong 2). Cho f : K — P*"(K) la mot
duong cong chinh hinh khong suy bién tuyén tinh va H = {Hy, ..., H,} la
mot ho gom q > 2N —n + 1 siéu phang trong P"(K) & vi tri N—dudi tong
qudt. Khi do

d N N
(g — 2N +n — 1)Ty(r) ;forH —Us(r,H) = 5 N(r, ®)
(NJ; Dn logr + O(1),

khi r — oo ndm ngodi mot tap co do do tuyén tinh hiu han.

Céac dinh 1y 1 va 2 13 hai dang Dinh 1y co ban thit hai v6i ham dém ruat
gon cho dudng cong chinh hinh truong khong Acsimet I trong hai trudng
hop: ho cac siéu phang & vi trf tong quéat va & vi tri dudi tong quat trong
P"(K). Nhu da néi trong 1y do chon dé tai, ham dém rat gon clia trong
két qué cta ching toi nho hon so v6i ham dém boi cit cut trong cic cong
trinh H. H. Khoai, M. V. Tu (|26]) va P. C. Hu va C. C. Yang (|21]), nén
cac bat ding thitc trong cac két qua ctia ching toi 1a t6t hon so véi cac
cong trinh trude day. Dinh 1y 1 dugce chiing t6i cong bo trong Bai béo [2]
va Dinh 1y 2 dugc viét trong Bén théo [1] trong Danh muc Cong trinh
clia tac gid lien quan dén luan an.

Dé chitng minh két qua vé van dé duy nhat cho dudng cong chinh hinh
trén hinh vanh khuyén, ching t6i da ching minh moét dang Dinh 1y co
ban tht hai véi boi cit cut. Cu thé, cho f : A — P*(C). Ta ki hieu

O(log r + log T(r)) néu R =+oo

1
O(log .

Og(r) =

-~ logT¢(r)) mnéu R < +oo.

Dinh ly 3 (Pinh ly 2.13, Chuong 2). Cho f : A — P"(C) la mot
duong cong chinh hinh khong suy bién dai s6 va D;, 1 < j < g, la cdc siéu
mdt trong P"(C) bdc d; tuong 1ing & vi tri tong qudt. Goi d la boi chung
nhé nhat cia cdc d; va dat M = ("Zd) — 1. Khi dé, vét moi 1 < r < Ry



vaq>=>M+1, ta co

_N}W(r, Dj)+ Og¢(r). (3)

=
|
<
|
Nt
5
=
VAN
()=
S|

Dinh Iy 3 14 mot dang Dinh 1y co ban thit hai v6i ham dém boi cit cut
cho duong cong chinh hinh trén hinh vanh khuyén, dugc ching t6i ching
minh trong Bai bao [3] trong Danh muc Cong trinh cta tac gia lién quan
dén luan 4n. Chi y rang, Bat dang thiic (3) chua phai thyc sy tot, nhung
boi cit cut cia ham dém trong vé trai cia (3) kh& nhd, diéu nay mang
lai hieu qua cho viéc xay dung cac két qua vé van dé duy nhéat.

Cho D ={D;,j=1,...,q} 1a mot ho gom ¢ siéu mit bac d; tuong tng
§ vi tri tong quat. Goi d 1a bdi chung nhé nhat cia cac d;, ki hiéu

dp == min{dy,...,d,}, np= <n+d> —1

n

va
B(D) = (d(n + 1)22"" + 1),
Cho anh xa chinh hinh f: A — P"(C), ta ki hiéu
E;(Dj)={2€ A | (Dj, f)(2) =0 khong ké boi}
va dat
Ey(D)= (J E/Dy).
D,eD

Cac két qua vé van dé duy nhat cho duong cong chinh hinh trén hinh
vanh khuyén ching t6i thu duge trong ludn an nay nhu sau:
Dinh 1y 4 (Dinh ly 3.2, Chuong 3). Cho D = {D,...,D,} la mot
ho gom q siéu mat & vi tri tong qudt va f,g : A — P*(C) la cdc duong
cong chinh hinh khéong suy bién dai so théa man Of(r) = o(T¢(r)) va
O,(r) = o(Ty(r)). Gid st rang

a) Ey(D;)) NE(D;) =0 véi méii+#je{l,...,q};
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b) Ef(D;) C E (D;) véi méi j = 1,2,...,q va f(z) = g(z) vdi moi
A Ef(D)
M
L q 1 q 1
¢) Hminf > %y Ny(r, Dj)/ 225y Ny (r, Dj) > 37—
Néu q > 2M + 3 thi ton tai mot tap con S C {1,...,q} théa man #S >
M +1 va

(f, D)™ _ (g, D)%
(7 D)7 = (g D)% vt moi k #1 € S. (4)

Dinh 1y 4 cho chiing ta mot két qua vé van dé duy nhat cho dudng cong
chinh hinh khong suy bién dai s6 trén hinh vanh khuyén chia sé mot sb
sieu mat. Cha ¥ réng khi D;,j = 1,...,¢, la cac siéu phang thi M = n va
ta sé c6 f = g tit Khang dinh (4), nhu vay két qua ching toi 1a mot md
rong két qua ciia H. T. Phuong va T. H. Minh trong [38].

Dinh 1y 5 (Pinh 1y 3.5, Chuong 3). Cho f va g la cdic duong cong
chinh hinh khong suy bién dai so tu A vao P"(C) théa man Of(r) =
o(T¢(r)) va Oy(r) = o(Ty(r)). Goi D = {Ds,...,D,} la mot ho gom
q>n-+1+2nB(D)/dp cdc sieu mdt ¢ vi tri tong qudt trong P*(C) théa
mén f(z) = g(z) vdi moi z € E¢4(D) U E,(D). Khi dé f = g.

Dinh 1y 6 (DPinh 1y 3.6, Chuong 3). Cho f va g la cdic duong cong
chinh hinh khong suy bién dai so tu A vao P"(C) théa man Of(r) =
o(T¢(r)) va Oy(r) = o(Ty(r)). Goi D = {Ds,...,D,} la mot ho gom
q>n+1+2B(D)/dp siéu mat & vi tri tong qudt trong P*(C) sao cho

(a) f(2) = g(2) vdi moi z € E¢(D) U E,(D),

(b) EpD;)NE{D;) =0 va E,(D;) NEy(D;) =0 vdi moii # j €
{1,...,q}.

Khi dé f=g.

Cac dinh Iy 5, 6 1a cac dieu kien dai s6 dé xac dinh duy nhat déi véi

duong cong chinh hinh trén hinh vanh khuyén v6i muc tiéu la ho cac siéu

mat & vi tri tong quat. Dinh 1y 4 dugc ching t6i cong bd trong Bai béo [3],
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hai dinh ly 5 va 6 dugc chiing t6i chiing minh trong Bai béo [4] trong Danh

muc Cong trinh clia tac gid lien quan dén luan an.
4. Phuong phap nghién citu

Trong ludn an nay ching to6i sit dung phuong phap nghién citu co ban:
trén co s6 nghién citu cac tai liéu theo huéng nghién cttu, ching t6i phat
hién cac van dé md can phai giai quyét va sit dung cac kién thic, k§ thuat
clia gidi tich phic, Iy thuyét phan b gia tri Nevanlinna-Cartan, dai s6
tuyén tinh, hinh hoc dai s6 dé dé xuat nhiing phuong phap phit hop hosc

st dung mot s6 kj thuat da c6 nham gidi quyét cac van de dat ra.
5. Cau trac luan an

Luan 4n gom phan md dau, ba chuong noi dung, két luan luan an va
danh muc tai lieu tham khao.

Chuong 1 ¢6 tén 1a Dinh lij co ban thi hai véi ham dém rit gon cho
duong cong chinh hinh trén truong khong Acsimet. Trong chuong nay
chting toi gi6i thiéu mot s6 khai niem co ban can thiét cho luan an nhu:
truong khong Acsimet, Iy thuyét Nevanlinna-Cartan cho dudng cong chinh
hinh trén truong W. Noi dung chinh ctia chuong nay 1a gidi thieu mot s6
kién thic, k¥ thuat xay dung ham dém rat gon va ching minh mot dang
dinh 1y co ban thit hai v6i ham dém rat gon cho dudng cong chinh hinh
tréen mot truong khong Acsimet véi muc tieu 1a mot ho hitu han siéu phang
§ vi trf tong quat.

Chuong 2 véi tén Mot s6 dang dinh lij co ban thit hai cho dudng cong
chinh hinh, ching t6i tap trung vao chiing minh hai dang dinh 1y co ban
thit hai cho dudng cong chinh hinh trong cac truosng hop: dudng cong
chinh hinh khéng Acsimet v6i ham dém rat gon trong trudng hop muc

tieu 1 cac siéu phang c6 dinh & vi tri N—duéi tong quat va dudng cong
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chinh hinh trén hinh vanh khuyén véi ham dém boi cat cut va muc tiéu
la cac siéu mat & vi tri tong quat.

Chuong 3 danh cho viéc trinh bay cic két qua nghién cttu ctia ching
toi vé van dé duy nhat cho dudng cong chinh hinh phitc trén hinh vanh
khuyén véi tén goi Dinh Iy duy nhat cho duong cong chinh hinh trén hinh
vanh khuyén. Trong chuong ndy, ngoai viéc giéi thiéu mot s6 khai niém
co ban vé van dé duy nhat, ching toi chiing minh ba két qui vé van dé
duy nhat cho dudng cong chinh hinh trén hinh vanh khuyeén.

Ngoai viéc cong bé trén cac tap chi, cac két qua chinh ctia luan an da

dudc bao céo tai :

e Seminar ciia Bo moén Giai tich, Khoa Toan, Truong Dai hoc Su pham,
Dai hoc Thai Nguyén hang ndm.

e Hoi nghi Qudc té vé Dai s6 - Ly thuyét s6 - Hinh hoc - T6 po 2019,
04 - 08/12/2019 tai Trudng CDSP Ba Ria-Ving Tau.

e Hoi nghi Quéc té vé Dai s6 - Ly thuyét s6 - Hinh hoc - To po 2021, 21
- 23 /10/ 2021 tai Trudng Dai hoc Su pham, Dai hoc Thai Nguyeén.
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Chuong 1

Pinh 1y co ban thd hai v6i ham dém
rut gon cho duong cong chinh hinh
trén truong khéong Acsimet

Trong chuong nay ching t6i sé gidi thieu mot s6 kién thiic co sd trong ly
thuyét Nevanlinna-Cartan cho dudng cong chinh hinh va chitng minh mot
dang dinh 1y co ban thi hai kiéu Cartan cho dudng cong chinh hinh trén
truong khong Acsimet. Cac két qua chinh trong chuong nay viét dya trén
Bai béo [2| trong Danh muyc Cong trinh cia téc gid lien quan dén luan
an.

1.1. Mot sé kién thiic co sé

Truong khong Acsimet

Trong phan nay ching t6i nhic lai mot s6 kién thitc co sd vé truong khong

Acsimet, cac kién thiic duge tham khéo trong tai lieu [21]. V6i mot tap

con S clia tap so6 thuc R, ta ki hieu
S, ={zeS:x>0}; ST={reS:z>0}
Cho F' 1a mot truong va ham |.| : F — R, = [0; +00) thda méan céc diéu
kién
i) |a| = 0 khi va chi khi a = 0;
i1) |a.b| = lal.|b| v6i moi a,b € F;

iti)  |a+ bl < |a| + |b] v6i moi a,b € F.
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Néu ham |.| thod man thém
iv) |a+b| < max{|al,|b|} v6i moi a,b € F
thi ta goi ham |.| dugc goi 1a gid tri tuyét doi khong Acsimet, ngudc lai ta
goi ham |.| 1a gid tri tuyét doi Acsimet trén truong F.

Ta biét, mot ham gia tri tuyéet déi trén F 1a mot chuan va sé cam sinh

mot ham khoang cach p xac dinh bdi:
p(a'a b) - |CI, - b’
v6i mdi cap phan ti a,b € F, tit d6 cAm sinh ra topo trén F.

Ta dé dang chiing minh dugc ham modun trén trusng C théa man cac
diéu kien vé gia tri tuyét déi Acsimet. Sau day ching toi gidi thieu vé
truong cac so6 phiic p—adic nhu mot vi du vé truong khong Acsimet.

Ta lay s6 nguyén t6 p c6 dinh. Khi d6 mdi s6 nguyén m # 0 luon dugc
biéu dién mot cach duy nhat dudi dang:

m=p’m/, m' eZ\{0} vap fm/,
trong dé v 14 mot s6 nguyén khong am va duge xac dinh mot cach duy
nhat bdi p, m. Ki hiéu v,(m) = m, khi d6 ching ta thu duge ham
vy Z\{0} = Z+ = Z N [0; 400).

Ta tiép tuc md rong v, lén trudng cac s6 hitu ti Q nhu sau: néu x € Q, ta

dat

£0

SRS
©s3

+00

oy(z) = J ool = un(n)
Ki hi¢u {

0 cx = 0.

Dé dang ching minh dugc ham |.|, thda man cac diéu kién ve gid tri

“u(@) g £
‘m‘p = {p 7

tuyet doéi khong Acsimet trén trudng s6 hitu ti Q.

Dinh nghia 1.1 ([21]). Ham |.|, dudc goi 1a gid tri tuyét doi p-adic trén

truong s6 hitu ti Q.
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Ki hieu Q, 14 bo sung di ctia truong s6 hitu ti Q theo topd cam sinh
bdi gid tri tuyét ddi |.|,. Ta c6 thé ching minh duge Q, 1& mot truong va
gia tri tuyet doi |.|, tréen Q, dugc md rong tir gid tri tuyéet doi |.|, trén Q

nhu sau: néu z € Q, va {w,} C Q la mot day Cauchy hoi tu vé = thi

|z, = nh_IPOO |wap.

Ta dé dang chi ra: ton tai mot phép nhing Q — Q,; trudng Q tru
mat trong Q, theo topod sinh bdi gia tri tuyet doi p—adic va Q, 1a day du
nhung khong déng dai s6. Trudng Q, ton tai mot cach duy nhat, sai khac
mot phép dang cu, dudc goi 1a truong cic sé6 p-adic. Ki hiu @p 1a bao
dong dai s6 cia Q, va gid tri tuyet doi tren Q, cling ki hieu 1a |.|,, dudc
md rong U gid tri tuyet doéi |.|, tréen Q,. B6 sung du cta Q, theo topo
sinh béi gia tri tuyet déi |.|,, ki hieu 1a C,. Ta c¢6 thé chiing minh dugc
C, 1a mot trudng, ton tai mot cach duy nhat, sai khac mot phép dang cu
va goi la trudng cdc sé phic p-adic. Ngoai ra, trudng C, c6 cac tinh chat:
déng dai s0, c6 ddc s6 khong, day du theo t6po sinh béi chuan |.|, va Q,

tru mat trong C,.

Mot s6 kién thiic lién quan vé ly thuyét Nevanlinna - Cartan

Trong phan nay ching t6i nhic lai mot sé kién thidc co ban trong ly
thuyét Nevanlinna - Cartan cho duong cong chinh hinh véi muc tiéu véi
siéu phang c6 dinh, lién quan dén cic két qua trong luan an.

Goi K 13 mot truong dong dai s6, c6 dic s6 khong, day da véi chuan
sinh bdi gid tri tuyét doi khong Acsimet (trudng C, 1a mot vi du), W la
C ho#c K va ki hieu P*(W) 1a khong gian xa anh n chiéu trén W.

Cho ham chinh hinh A : W — W, diém 2y € W dugc goi 14 khong
diém boi k ctia h néu ton tai mot ham chinh hinh g(z) khong triét tiéu

trong mot lan can V clia zy sao cho trong lan can V dé ham h dudc biéu
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dién dudi dang
h(z) = (2 — 20)"g(2).
Nghia 1 h(z) = P'(z) = -~ = h* D (z) = 0 va A (2) #0. V6i 2 € W,

ta ki hiéu

0 néu f(z) #0.

Gia su f = % la mot ham phan hinh, trong dé ¢, h 1a hai ham chinh

hinh, khong c6 khong diém chung. Diem a € W goi 14 khong diém boi &

ord;(z) = {k néu z la khéng diem boi k cua f,

ctia f néu a la khong diém boi k ctia ¢ va goi 1a cuc diém boi k ctia f néu
a 14 khong diém boi k cia h.
Tiép theo ta nhic lai mot s6 khai niéem vé dudng cong chinh hinh. Cho

U 13 mot mién trong W, mot anh xa
f=o: i fa) : U—P"(W),

trong d6 fo,..., fn 1& cAc ham chinh hinh trén U vi it nhat mot trong
ching khac 0, dugc goi 1a mot duong cong chinh hinh.
Dinh nghia 1.2 ([44]). Cho f 1a4 mot dudng cong chinh hinh t& W vao
P"(W), khi d6 ton tai cdc ham chinh hinh fy, ..., f, trén W, trong d6 c¢6
it nhat mot ham khong dong nhat bang khong sao cho

f(z) = (fol2) s -+ fu(2))

v6i moi 2 ¢ {fo == f, = 0}. Ta goi (fo,..., f,) la mot bicu dién clia
dudng cong f. Néu cac ham fy,..., f, khong c6 khong diém chung trén
W thi ta goi (fo, ..., f,) 1d mot biéu dién téi gidn cla f.

Dinh nghia 1.3 ([15]). Mot dudng cong chinh hinh f: W — P"(W)
dugc goi 1 suy bién tuyén tinh néu ton tai mot khong gian con tuyén tinh
thuc sy H ctia P"(W) sao cho f(W) C H. Dudng cong f dugc goi 1a suy
bién dai s6 néu ton tai mot tap con dai s6 thuyc sy G ctia P*(W) sao cho

f(W) C G.
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Tiép theo ta dinh nghia cac ham Nevanlinna-Cartan: ham dém, ham
xap xi, ham dic trung Nevanlinna-Cartan ctia mot duong cong chinh hinh
tren truong W. Trude hét ta dinh nghia cho truong hgp dudng cong trén
truong khong Acsimet IC. Cho g 14 mot ham chinh hinh trén /C, gia sit ¢

dudc xac dinh béi chudi lay thia
f(z) = Z a,z", (m>=0,a,#0).

Véi méi s6 thue r > 0, ki hiéu

[flr = plr, f) = sup |an|r™ = sup{[f(2)| : z € K v6i |2 <1}

=sup{|f(z)| : z € K v6i |z]| =1},
Véi dudng cong chinh hinh f: K — P*(K), trong d6 (fo,..., fn) 1a

mot biéu dién t6i gian cua f.
Dinh nghia 1.4 ([21]). Ham

Ty(r) = log || fllr,

duge goi la ham dac trung Nevanlinna-Cartan cia dudng cong f, trong

do

fllr = max{|folr, .-, |ful+}. Ham nay sé sai khac mot lugng 1a hing

s6 khi ta chon mot biéu dién téi gidn khac cia f.

Cho H la mot siéu phang trong P*(K) xac dinh bdi dang tuyén tinh
thuan nhat L = L(zo, ..., 2z,).
Dinh nghia 1.5 ([21]). Ham

/[l
L)

dugc goi 14 ham zap zi cta f két hop véi sieu phing H. Trong dé

my(r, H) = my(r, L) = log

L(f) = L(fo, - fn)-

Ham nay ciing sai khac mot luong 13 hing s6 khi ta chon mot biéu dién

t6i gidn khac cta f.
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Bay gio ta dinh nghia ham dic trung vd ham xap xi trong trudng hop
dudng cong trén trudng s6 phiic. Cho f : C — P"(C) 13 mot dudng cong

chinh hinh, trong dé (fo, ..., f,) 1a mot biéu dién téi gian cia f.

Dinh nghia 1.6 ([21]). Ham

1 2 .
Ty() = 5= [ Togllf(re™) b,

duge goi la ham dac trung Nevanlinna-Cartan cia dudng cong f, trong

do

f(2)|| = max{|fo(2)],...,|fn(2)|}. Ham nay sé sai khadc mot lugng la
hing s6 khi ta chon mét biéu dién t6i gian khac cia f.

Cho H la méot siéu phang trong P*(W) xac dinh béi dang tuyén tinh
thuan nhat L(zo, ..., 2,).
Dinh nghia 1.7 ([21]). Ham

£t
() e ™

dugce goi 14 ham zdp zi clia f két hop véi sieu phang H. Cht ¥ ring ham

1 2m
mys(r,H) = my(r,L) = %/0 log

nay ciing sai khac mot luong 1a hing s6 khi ta chon mot bieu dién t6i gian

khac cua f.

Tiép theo ta dinh nghia cac ham dém cia dudng cong f két hgp véi
cac situ phang trong ca hai trusng hop phtc va khong Acsimet. Cho
f:W — P"(W) la mot dudng cong chinh hinh, trong dé6 (fy,..., f,) 1a
mot bieu dién tdi gidn ctia f. V6i siéu phang ¢ dinh H trong P"(W), xac
dinh béi dang tuyén tinh thuan nhat L, ta ki hiéu ng(r, H) 1a s6 khong
diem ctia L(f) trong dia |z| < r, ke ca boi, n}' (r, H) la s6 cac khong diem
L(f) trong dia |z| < 7, boi cat cut bdi mot s6 nguyén duong M. Nghia 1a

ne(r,H) = Z ordz)(2);

z€W,|z|<r

ny (r,H) = Z min{ M, ordy s (2)}.

zeW,|z|<r
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Dinh nghia 1.8. Ham

Ny(r,H) = Ny(r,L) := /OT ny(t, H) . ns(0, H)

dt +ns(0,H)logr

dugc goi 1a ham dém ké cd boi va ham

rnd(t, H) — nd(0, H)
N (r,H) = NM(r, L) ::/O / . /

dt+n¥(O,H) logr

dugc goi 14 ham dém boi cit cut béi M ctia dudng cong f két hop vdi siéu
phang H. S6 M trong ki hiéu NJ‘M(T, H) dugc goi 1a chi s6 boi cit cut.
Trudng hop dic biet, néu M = 1, ta viét N;(r, H) thay cho N}(r, H) va
goi 1& ham dém khong ké boi.

Dinh 1y sau day thuong dudc goi 1a dinh 1y co ban thit nhat, ding trong
ca hai truong hgp phiic va khong Acsimet.

Dinh ly 1.1. (Dinh ly co ban tht nhat) Cho f: W — P*"(W) la duong
cong chinh hinh va L la mot dang tuyén tinh trong P"(W). Khi dé néu
L(f) khong dong nhat biang 0 thi vdi moi s6 thuc duong r ta co:

mys(r,L) + N¢(r,L) = T¢(r) + O(1),
trong dé O(1) la mot hang so6 khong phu thudc vao .

Cho X 13 mot khong gian con tuyén tinh xa dnh k chiéu (1 < k < n)
ctia P"(W) va mot s6 nguyén duong N. Cho {Hj, ..., H,} 1a mot ho gom
q > N +1 siéu phang trong P"(W), trong d6 H; dugc dinh nghia bdi dang
tuyén tinh L;, 1 < j < ¢q. Ho {Hy,..., H,} dugc goi 1a ¢ vi tri N—dudi
tong quat doi véi X néu véi moi tap con {ig,...,in} ctia {1,...,q} gom
N + 1 phan tu, ta c6

{freX:Lj(r)=0,j=0,...,N} =0. (1.1)
Khi k = n, ho cac sieu phang {Hy, ..., H,} dudc goi la d vi tri N—dudi
tong quat (d6i véi P*(W)). Khi N = n = k thi ho {H,..., H,} dudc goi

1a ¢ vi tri tong qudt.
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Tiép theo chiing toi gi6i thieu mot sé dang dinh 1§ co ban thit hai cho
dudng cong chinh hinh két hop véi siéu phang c6 dinh, lién quan dén cac
két qua trong luan an. Nhu da néi trong phan mdé dau, nam 1933, H.
Cartan da chiing minh mot dang Dinh 1y co ban thit hai véi ham dém
boi cat cut cho dudng cong chinh hinh phtc trong trusng hop siéu phing.
Nam 1983, Nochka da md rong dinh ly ctia Cartan cho truong hgp cac

sieu phang & vi trf duéi tong quat nhu sau.

Dinh 1y 1.2 ([33]). Cho f = (fo: -+ : fn) : C — P*(C) la mot duong
cong chinh hinh khong suy bién tuyén tinh va Hy, ..., H, la mot ho gom
q > 2N —n + 1 siéu phang phan biet P"(C) & vi tri N—dudi tong qudt.
Khi do .

(¢ —2N +n—1)T§(r) < ZN”(T, H;)+ S(r, f).

D6i véi truong hop dudng cong chinh hinh trén truong khong Acsimet,
nam 1995, H. H. Khoai va M. V. Tu da ching minh mét dang Dinh Iy co
ban thit hai v6i ham dém boi cit cut cho dudng cong chinh hinh trong
truong hop siéu phang. Trong [21], P. C. Hu va C. C. Yang da xem xét
két qua ctia H. H. Khoai va M. V. Tu cho trudng hop ho cic siéu phang

§ vi tri duéi tong quat va thu dude két qua.

Dinh 1y 1.3 ([21]). Cho f = (fo: -+ : fn) : K = P"(K) la mot duong
cong chinh hinh khong suy bién tuyén tinh va Hy, ..., H, la mot ho gom
q > 2N —n + 1 siéu phang phan biét P"(K) & vi tri N—dudi tong qudt.
Khi do
n(N +1
(¢ = 2N +n—1)Ty(r) < Y Nj(r, Hj) - % logr + O(1).
j=1

Ve sau cac dinh 1§ trén duge nhiéu tac gid trong va ngoai nuéc md rong

cho trusng hgp: muc tieu 13 cac siéu phing hay siéu mat c¢é dinh hoiic di

dong 6 cac vi tri tong quat hay duéi tong quat. Nhicu tac gia cling xem
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xét cac dang dinh 1y co ban th hai cho truong hgp f chinh hinh trén mot

mién trong W ho#ic f 1a dudng cong suy bién.

1.2. Dinh 1y co ban thi hai kiéu Cartan

Bac khong diém cuia Wronskian cac ham chinh hinh

Cho fo,..., fu & cac ham nguyén, doc lap tuyén tinh khong cé khong
diém chung tréen W. Ki hieu £ = L(fy,..., f.) 1a tap hop tat ca cac to
hop tuyén tinh khong tam thudng clia cdc ham fo, ..., f,. V6i 2y 1& mot

diém tuy ¥ trén W, niam 2014, Anderson va Hinkkanen da ching minh:

Bo dé 1.4 ([4]). Vdi méi 2y € C, cdc boi khong diém c6 thé co tai zy ciia
cac ham thuoc L = L(fo, ..., fn) tao nén mot day do(2o), d1(20), - - ., dn(20)
thoa man

0= do(Zo) < dl(Z()) <0 < dn(Z())

B6 dé 1.4 cho chiing ta mot tinh chat vé cac boi c6 thé cé clia cac ham
thuoc £ = L(fo, ..., fn) trong truéng hgp cac ham chinh hinh trén C tai
mot diém tiy y. Cha ¥ ring, B dé 1.4 cling ding cho trudng hop khong

Acsimet.

Pinh nghia 1.9 ([4]). Cac s6 dy(20), d1(20), - - -, dn(20) trong dinh nghia

trén dugc goi 1a day cdc boi ddc trung ctia cac ham fy, ..., f, tai 2.

Tiép theo ta nghién ctu mdi quan hé gitta Wronskian clia cac ham
chinh hinh va day cac boéi dac trung ctia ching. Cho fy,..., f, la cAc ham

nguyén khong c6 khong diém chung trén W va it nhit mot trong ching

khac hing, Wronskian ctia cac ham fy, ..., f, dinh nghia bdi
fo o

Woe W = |

R
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B6 dé sau day cho thiy moi quan hé gitta Wronskian ctia cadc ham chinh

hinh va day cac boéi dic trung cua ching:

Bo6 dé 1.5 ([4]). Cho fy, ..., fu la cdc ham nguyén doc lap tuyén tinh,
khong cé khong diém chung trén C. Vdi moi 2o € C, goi do(z), . . ., dn(2n)
la day cdc boi dac trung cua fo, ..., fn tat z0. Khi do

i) Néu W (zg) # 0 thi do(20) = 0 < dy(20) < -+ < dp(20) = n;

i) Néu W (z9) = 0 thi do(z) = 0 < d1(20) < - -+ < d,(20) phu thudc vao

29, hon nia, trong truong hdp nay bac khong diém cia W tai zo bing

B6 dé 1.5 dugc ching minh bdi Anderson va Hinkkanen vao nim 2014
cho trudng hgp cdc ham phan hinh phic. Cha ¥ rang né van dang trong
truong hdp cac ham chinh hinh khéng Acsimet.

Tiép theo chiing ta sé xem xét mot s6 két qua vé boi rit gon va baoi du.
Céac khai niém boi rit gon va boi du da duge dinh nghia trong phan mé
dau. Bo deé sau 14 méi quan hé giita boi khong diém ctia Wronskian ctia
fo, .., fn VA tong cac boi du cia f két hop véi ho cac siéu phang H tai

mot diem z.

Bo6 dé 1.6. Cho f : W — P*(W) la duong cong chinh hinh khong suy
bién tuyén tinh va f = (fo : --- : fu) la biéu dién téi gian cia f. Cho
N > n la mét so6 nguyén. Gid st H = {Hy,...,H,}, ¢ > N+1 la mot ho
cdc siéu phdng ¢ vi tri N— dudi tong qudt trong P*(W). Khi dé

q
Ze(Hj, 29) < (N —n + 1)ordy (zp).
j=1

Chiing minh. Goi L;,1 < j < ¢, la cac dang tuyén tinh dinh nghia
H;, j=1,...,q. Gid st zp € W tuy ¥, ta xét hai truosng hop c6 thé

Xay ra:
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Truong hop 1. Néu W (zy) # 0 thi ordy () = 0. Theo B6 dé 1.5 ta c6

Do d6, v6i méi H; € H ta luon ¢6 e(Hj, z) = 0, dieu nay kéo theo
Za(Hj, z) = 0 = ordy(2p).
j=1
Truong hgp 2. Néu ordy (z9) = m > 1. Ki hieu £ 1a tap hop tat ca
cac to6 hgp tuyén tinh khong tam thudng cia cac ham fo, ..., f,. V6i moi

j=0,1,...,n, ta chon mot ham g; € £ sao cho ordy, (z) = d;(z). Dat
X; = X;(z) ={h € L:ordp(20) > d;(20)} U{0},
v6i méi j € {0,1,...,n}. Khi d6 X; 1a mot khong gian tuyén tinh,
dimX; =n+1—
va ¢6 mot co s6 1a g;,...,g,. Hon nita
X, CX,.1C---CXp

va U7 o X; = Xo. V6i moi [ = 1,2,...,q, ki hieu by = Li(f) € £ va
G={h1,...,hy}. Hién nhién

Zg(Hj,Zo) = Zg(hj,Z()).

j=1 7=1

Néu khong c6 ham nao thuge ho G triét tieu tai zo thi 307 e(hy, 20) = 0,
khang dinh ctia b dé hién nhién ding. Do d6, ta chi can xét trusng hop
c6 it nhat mot ham thuoc ho G triét tiéu tai zg. Do ho H & vi tri N —duéi

tong quat nén véi moi cdch chon N + 1 ham h;,,..., h thudc ho G,

IN+1
dimspan{h;,,..., hiy, .} =n+1,

trong d6 span{h;,,...,hi,  } 1& khong gian tuyén tinh sinh bdi cac ham
{his. .. hiy,, }. Ditu nay kéo theo, v6i mdi j, khong c6 qua N + 1 — j
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ham ctia ho G thuoc X;. That vay, gid su ton tai ho Gy C G gom N +2—j
ham sao cho G; C X, thi ta lay them j — 1 ham tuy y thuoc G khac
v6i cac ham thuoc G;, khi d6 két hop cac ham thuoc G; ta dudc mot
ho gom N + 1 ham tao nén mot khong gian cé s6 chieu khéng vust qua
(n+1—3)+ (j —1) = n, mau thudn véi diéu kién & vi tri N— duéi tong
quéat cua ho H.

Dé thay Ui X; = X1 va Xj chtia khong qua N ham cua ho G, tuc la
khéng c6 qua N ham thudc ho G triét tieu zy, caAc ham nay c6 thé c6 bai
du tai zyp. Khong mat tinh tong quat, ta cé thé sip xép lai trat tu cac ham
néu can, ta ki hiéu cac ham {hy,... hy,} C X; v6iméi j = 1,...,n. Dat

the1 = 0, khi do
0=t <ty <--- <t <N,

ti<SN+1—jvéij=1,...,n

va tl“OIlg hQ Q co tj — tj_|_1 ham thu@C Xj\Xj—H (j = 1,2,.. ., — 1),
t, — tha1 = t, ham thuoc X,,.

q
> e(hy, z0) = Z( = L) (dj — J) Zt dj—1—1)
7=1

< zn:(N+ L=g)(dj —dj1 = 1)

=(N+1) Z(dj —dj1) —=n(N +1) - Zj(dj —dj1)
N n(n2—|— 1)
= (V4 1y = 35— dyr) — (1) 2D
n—1 n(n+ 1)

= (N +1)d, —nd, + > dj+dy—n(N+1) +

j=1 2
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—1) + (N —n)(d, —n).

Cha y réng d; > j voi mo1]:1,...,q, két hop véi Bo deé 1.5, ta co

n—1

q
n(n + 1)
Ze(hj, z9) < ordy (z9) + (N — n) <ordW(z0) Z] )
j=1
= (N —n+ 1)Ol’dw(20).
Bé dé dugc ching minh. O

Chu ¥ 1.1. Khi ho H & vi tri tong quéat, tic 1a N = n, B6 dé 1.6 sé cho

(i) Néu ordy (z9) = 0, ta ludn co:

Zn: E(H z20) =
j=0

Diéu nay kéo theo e(Hj, zp) = 0 v6i moi j = 1,...,q. Ngoai ra, trong
truong hop nay d; = j v6imoi j =0,...,n
(1) Néu ordy (z0) > 1 thi

q
Z €(Hj, Z()) < OI‘dw(Zo),
7=1

trung vdi két qua da duge Anderson va Hinkkanen cong bd trong [4] cho

truong hop phtec.
Pinh 1y co ban thi hai cho ham dém rit gon

Trong phan nay ching t6i sé chitng minh mot dang dinh 1y co ban thit hai
kiéu Cartan cho dudng cong chinh hinh khéng suy bién tuyén tinh trén
truong khong Acsimet trong truong hgp ham dém rat gon véi muc tieu la
cac siéu phang & vi tri tong quat.

Cho f=(fo: - : fn): K— P"K) la mot dudng cong chinh hinh
khong Acsimet v H 13 mot siéu phang trong P*(K). Ta ki hiéu
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Dinh nghia 1.10 ([4]). Ham

Ny(r,H) = /07’ vy(t, H) ; Vf(O’H)dt—i— vs(0, H)logr
dugc goi 1a ham dém rit gon clia ham f két hop véi sieu phang H.
Dé thay
vi(r, H) < n’(r, H)
Nén ta c¢6

Nf(?“, H) < N}l(T, H)
Cho H = {Hy, ..., H,} 1a mot ho cac siéu phang Hy, ..., H, & vi tri tong
quat trong P"(K) va L; 1a dang tuyén tinh dinh nghia H;, j = 1,2,...,q.

Diit
Ly(f)La(f) - - - Le(f)
W ;
trong d6 W 14 dinh thic Wronskian cta fy, fi,. .., f,. Tit Bé dé 1.6, véi

H =

moi zp tly ¥ ta ludn co6

Z e(Hj, zp) < ordyy(20).

Jj=1

V(H, z) = ordw(z) — Zs(Hj, z) = 0.

7=1
Va ki hiéu
Vi(r,H) = > V(H,z2).

|z|<r
Dinh nghia 1.11 ([4]). Ham
"Vi(t,H) — V¢(0
Up(r,H) :/ Vi(t, M) tVf< ’H)dt—Vf(O,H) log r
0

dugc goi 1a ham dém boi du tai cac khong diém ctia ham f két hop véi ho
cac siéu phang H.
Dinh 1y sau day 1a mot dang dinh 1§ co ban thi hai kieu Cartan cho

duong cong chinh hinh khong Acsimet v6i ham dém rat gon.
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Dinh ly 1.7. Cho f = (fo : -+ : fn) : K — P"(K) la duong cong
chinh hinh khong suy bién tuyén tinh va H = {H, ..., H,} la mot ho gom
q > n+ 1 siéu phang & vi tri tong qudt trong P*(K). Khi dé ta co:
q
(q—n—1)Tp(r) <Y Ni(r,H;) —Us(r,H) = N(r,H)
j=1
n(n+1)
2

khi r — oo ngoai mot tap cé do do hiu han tuyén tinh.

logr + O(1),

Chiing minh. Ki hiéu L; 1a mot dang tuyén tinh dinh nghia siéu phang
H; v6i mdi j = 1,...,q. Dé chiing minh Dinh Iy 1.7 ta can bo dé sau day:
Bo dé 1.8. Vi gid thiét cia Dinh Iy 1.7, véi moir > 0, ton tai mot hodn

Vi My, ..., My cua cdc so nguyén 1, ..., q thoa man:

|Lm1(f)’7‘ = ’ng(f)‘r Z e 2 |Lmq<f)|r- (1'2)
Va ton tai mot hang s6 A chi phu thudc vao cdc hé so cia cdc dang tuyén
tinh L; thoa man:
| filr < AlLp, (f)]r (1.3)
voi mor0< g <nval<t<qg—n.

Chitng minh. V6i r > 0,|L;(f)|- 7 = 1,...,q 1a cac hang s6 duong, do
d6 ta c6 thé chon dugc mot phép hoan vi P = {my,...,m,} cla tap
{1,...,q} théa man (1.2).

Bay gio ta ching minh sy ton tai cia A. Do nén L;(f) 1a mot dang

tuyén tinh clia f; nén
Li(f) =) arifi (1.4)
k=0

v6imoi j =1,2,...,q,trongd6 a; € K,5=1,2,...,¢,k=0,...,n. Goi

mi,...,mg théa man (1.2) vat:1<t < q¢—ntuy ¥, goi

{hOa h17 SRR hn} - {Lmt(f)7 Lmqfnﬁ»l(f)’ Lmq7n+2(f)’ s 7Lmq(f)}
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khi d6 hg, h1, ..., h, 1a doc lap tuyén tinh vi ho H & vi tri tong quat. T
(1.2) ta cob :
\hjle < | L, (f)]ry, Vi=0,1,...,n. (1.5)

T (1.4) ta co :
hj = bicj fr, (1.6)
k=0
trong d6 by; 1a cac hang s6 dugdc tao ra tir ar;. Do h; 1a doc lap tuyén tinh

nén tir (1.6) ta co :

n
fk = chkhj (17)
§=0
voi k=0,1,...,n, trong do ¢;, 1a phu thudc vao by,. Do d6 ¢;, phu thudc
vao ag,. Dat
A= jInax cj|r va Ap = . Hﬁé{_ﬂAt.
Khi d6 tu (1.7) ta c6
| felr = \chkhl max g fr[hly
<A, max |hj|, < Ap max |hjl, (1.8)
7=0,1,...n j=0,1,....n

v6i moi k =0,...,n. Tir (1.5) va (1.8) ta c6 :

| filr < Ap|Lin, ()]
véimoi k=0,...,.nval<t<qg—n.
Cht ¥ rang, véi moéi phép hoan vi A ta tim dugc Ap. Ta c6 thé lua
chon A = maxp Ap, trong d6 maximum la lay trén tat ca cac hoan vi P

clia tap céc s6 nguyén {1,2,...,¢q}. Nhu vay hing s6 A théa man (1.3).

(]

B6 dé dudc chiing minh.

Ta tiép tuc ching minh Dinh 1y 1.7. Ki hieu W = W (fo,..., fn). D

Dn

nhan thay ti s60 va mau s6 ctia ham

Li(f) La(f) - - - Ly ()
W ,

H:
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14 cac ham chinh hinh trén K. Do d6 néu z; € K 13 mot khong diém ctia
H thi ton tai j € {1,2,...,¢} sao cho L;(f)(z0) = 0. Hon nita, dé dang
thay rang

ordy(20) Z ordy, ()(20) — ordyw (20).
V6i moi zp € K tuy ¥, ta sé ching minh

ordy(z) = Z v(Hj, z0) — V(H, 20). (1.9)

That vay, ta xem xét hai trusng hop c6 thé xay ra
Truong hop 1. Néu W (zy) # 0 thi ordy(z) = 0 va tit Bo dé 1.5 ta c6

diéu nay kéo theo
6(Hj, Zo) =0
v6i moi j = 0,1,...,q. D& thdy trong trudng hop nay ham L;(f) khong

c6 boi du tai zgp, tic la
j = V(Hj, ZO) = Ol“dLj(f)(Zo) = dj.

Va V(H, z) = ordw(20) — >, e(Hj, z) = 0. Kéo theo

q
ordg(29) E ordz, (s E v(H;, z).
J=1

Suy ra (1.9) la ding trong trudng hgp nay. Vi
q
V(H, Z()) =m — ZE(H]‘, Z()) =0
Truong hop 2. Néu W (z) = 0 thi ordyy(29) > 0. Tt dinh nghia ta c6 :

ordi (20) = ) _e(Hj,20) + V(H, 20)

B

1

.
I

I
NE

(OrdLj(f)(ZO) - V(Hj7 ZO)) + V(Hv ZO)'

1

.
I
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Suy ra
q q
ordy(z) Z ordp, (5 (20) — ordy (20) ZZ/ H;, z) — V(H, 2).

Nhu vay (1.9) dung trong Truong hop 2. Do d6 (1.9) ding trong céc trudng
hop c6 thé xay ra.
V6i moi r > 0, tir (1.9) ta co

n(r, %) = ;Vf(?“, Hj) - Vf(?“,?‘[),

kéo theo
1 q
N(r, E) = ;Nf(fr, H;) — Uyp(r, H). (1.10)
Tt Bo dé 1.8, ton tai mot hoan vi my, ..., m, clia cac sd nguyén 1,...,q

va mot hang s6 A > 0 sao cho :

[ Lon, ()l Z | Liny (D = -+ Z | Lin, (F)]r
va
‘fj‘r < A’Lmt(f)‘r

v6imoi j =0,...,nval<t<qg—n. Suyra
Ifllr = max {1fjlr} < AlLm, (f)]r
v6i moi 1 <t < g —n. Kéo theo
Ty(r) = log || f[lr < log | Ly, (f)] + O(1)

v6i moi 1 < t < ¢ — n. LAy tong hai vé bat dang thic trén véi ¢ tir 1 dén

qgq—n—1,taco

q—n—1
(g —n—1)Ty(r) Zloglet ) +O(1)
= log ’Lm1( )‘7‘ s |Lmq7n71(f)|r + 0(1)
< max log [ Ly, (f)]r - - - [ Ly ()]s

1<k <k <o <ky_n—1<q

+0(1). (1.11)
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Bay gic ta dat

v(r) = max log | L, ()] - - [ Ly s ()]

1<ky <hy<-<hy_n_1<q
Goi {a1,ag,...,a5-n—1} C{1,2,...,q} trong do
I<ar < - <agn-1<¢q
va
{b1,ba, ..., bp1} =4{1,2,...,¢} \ {a1,a2,...,ag-n-1},
tu tinh chat Wronskian ta co:
CW (L, (f); Lo (f), - Loy () = W(fos - o5 fa),

trong d6 C' = C'(by,ba,...,bys1) # 0 1a mot hing s6. Kéo theo
Ly(f)La(f) - - - Lg(f)

"= W
LB L)
CW(Lbl(f)a ng(f)7 SR Lbn+1 (f))
— Lal (f)Laz(ng : Laq—n—l(f)7 (112)
trong dé
1 1
(Lo, () (Lo, (F))
G = W(Lbl)(f>7"'7Lbn+1(f) . Lb1(f) Lbn+1(f)
B Lb1(f)7"'7Lbn+1(f) a : :
(Lo, (F))™ (Ly,.,, ()™
Lbl(f> . Lbn+1(f)
Dat

w(r) = max{log |CG|, : 1 < by < by < -+ < byy1 < q}y
tur (1.12) ta co
v(r) <log|H|, +w(r)+ O(1).
Do d6 tit (1.11)

(¢ —n—1)T(r) <log|H|, +w(r)+ O(1). (1.13)
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Ap dung cong thiic Jensen, ta co:

log |H|, = log u(r, H) = N(T, %) — N(r,H)+ O(1). (1.14)
Két hop (1.10), (1.13) va (1.14) ta c6 :
(q—n—1)Ty(r) Z —Us(r,H) — N(r,H)
+ w(r) + O(1). (1.15)

Bay gio ta udc lugng w(r). V6i mdi bo 1 < by < by < -+ < b1 < g, ta

co
- (La(a)(f))(j)
G =) sign(o) :
2o I
trong d6 tong lay trén tit ca cac hoan vi ctia tap con {ai,...,q,} cla

tap cac s6 tu nhién {by,ba, ..., b, 1}. Do d6

) ()Y Loap(f)V
: = max 1 i)
a(aj)(f) * Z o8 O’(Olj)(f) ,
Ta c6
| Eoea | i ()
Loy (f) | (o) (f)
log — = —jlogr
Nhu vay
log |G, < n(n2—|— D log 7.

Suy ra

w(r) < Z—j logr + O(1)
j n(n+1)

= —Tlogr +O(1).
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Két hop (1.15) ta ¢6

(g —n—1)T(r) < Z./\/f(r, H;)—Uf(r,H) — ngr + O(1).

Jj=1

Dinh 1y dugc chiig minh. ]

Chu y 1.2. Véi mbi dudng cong chinh hinh f v& v6i mdi sieu phang H.

T dinh nghia ta dé dang nhan thay
Ni(r, H) < Ni(r, H).

Do d6 bat dang thiic trong Dinh 1y 1.7 clia chiing t6i manh hon bat dang
thic trong Dinh 1y B cia H. H. Khoai va M. V. Tu.
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Két luan Chuong 1

Trong chuong nay toi da thyc hien mot s6 noi dung nghién ciu sau:

1. Gidi thieu mot s6 kién thiic co ban st dung trong luan an: trudng cac
s6 p—adic, 1y thuyét phan b gia tri Nevanlinna-Cartan cho dudng cong
chinh hinh trén trudng phic hoic khong Acsimet va mot s6 khai niém lién
quan dén ham dém rat gon.

2. Chitng minh mot sb két qua bod trg vé quan hé giita bac khong diém
ctia Wronskian ctia cac ham chinh hinh véi bac khong diém c6 thé c6 ctia
cac ham thuoc cac tap cac té hop tuyén tinh khong tam thudng cla cac
ham dé.

3. Chitng minh mot dang dinh 1y co ban thit hai kiéu Cartan cho dudng
cong chinh hinh khong Acsimet v6i ham dém rat gon két hop véi siéu

phang & vi tri tong quéat (Dinh 1y 1.7).
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Chuong 2

Mot s6 dang dinh 1y co ban thd hai
cho dudng cong chinh hinh

Trong chuong nay chtng t6i chitng minh hai dang dinh 1y co ban thit hai
cho dudng cong chinh hinh, bao gom dinh 1y co ban tht hai kiéu Cartan-
Nochka cho dudng cong trén truong khong Acsimet va Dinh 1§ co ban thi
hai cho duong cong chinh hinh phtic trén hinh vanh khuyen. Cac két qua
chinh trong chuong nay viét dua trén Ban thao [1] va Bai bao [3] trong

Danh muc Coéng trinh ctia tac gia lien quan dén luan an.

2.1. Dinh 1y kiéu Cartan-Nochka cho dudng cong trén trudng
khong Acsimet

Trong phan nay ching toi sé chiing minh mot dang dinh 1y co ban thd
hai cho dudng cong chinh hinh khong Acsimet v6i ham dém rat gon trong
truong hgp muc tiéu 13 cac sieu phang c6 dinh 8 vi tri N—duéi tong quat.
Trude hét ching to6i gisi thieu mot s6 khai niém va két qua nghién ciu

lien quan dén viéc ching minh dinh 1y chinh.
Bo6i du vé6i trong Nochka

V61 mdi mot tap hitu han R, ta ki hiéu |R| 14 s6 cac phan tit cia R. Nam
1983, E. 1. Nochka da ching minh hai két qua sau lién quan dén ho céac

siéu mit 6 vi tri N—duéi tong quat.

Bo6 dé 2.1 ([34]). Cho ¢ > 2N —n + 1 va {H;}i_; la mot ho cdc sieu
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phang & vi tri N—dudi tong qudt trong P"(C). Ki hieu Q = {1,2,...,q}.
Khi dé ton tai cdc s6 hiu tj duong w(j) théa man cdic dieu kién:
i) 0 <w(j) <1 wvdimoije Q;
i) Dat w* = maxw(j), ta co
Jjeq
Zw(j) =w(¢q—2N+n—1)+n+1;
j=1
n+1 n
v SW K
W oN a1 S S W
i) Vi moi R C Q théa man 0 < |R| < N +1, ta c6
> w(j) < rank{H,};er:
jeR
Céc s6 hitu ty khong am w(j),j = 1,...,q, trong Bb dé 2.1 dudc goi 1a

trong Nochka va w* dudc goi 1a hang so Nochka.

Bo6 dé 2.2 ([34]). Cho ¢ > 2N —n + 1 va {H;}i_, la mot ho cdc siéu
phdng & vi tri N—dudi tong quat trong P"(C). Goi w(j),j € Q, la cdc
trong Nochka trong Bo dé 2.1. Ki hieu Q = {1,2,...,q} va E; > 1,5 € Q,
la cdc sb thuc tuy 9. Khi dé, véi méi R C Q véi 0 < |R| < N + 1, ton tai

mot tap con Ry C R thoa man
|R0| = rank{Hj}jeRo = rank{Hj}jeR,

V4

jeR jeRy
Cha ¥ rang cac bo dé 2.1 va 2.2 ciing dung trong truong hgp ho cac
siéu mat & vi tri N—duéi tong quat trong khong gian P (K).
Cho f : K — P"(K) 1a mot dudng cong chinh hinh, trong d6 (fo, .. ., fn)
13 mot biéu dién t6i gian ctia f. Ta nhic lai £ = L(fy, ..., f,) 1a tap tat

cd cac té hop tuyén tinh khong tam thuong cta fy,. .., f, va

Wf :W(f()w--;fn)
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la dinh thic Wronskian cta fy, ..., f,, hay con goi la cua f.

Cho H la mot siéu phang trong P"(K), ta nhic lai véi mdi z € K,

e(H, 2) 1a boi du ctia H; o f tai diém 2o, tic 1a e(H, z9) = d;j(z9) —j = 0
khi ordy;0;(20) = dj(2). Ta ¢6 bo dé sau vé quan hé gitta boi khong diem
cua Wronskian mot dudng cong chinh hinh f va boi du v6i trong Nochka
ctia f két hop v6i mot ho cac siéu phang.
Bo dé 2.3. Cho f: K — P"(K) la mot dudng cong chinh hinh khong suy
bién tuyén tinh va H = {Hy, ..., H,} la mot ho gom q¢ > 2N —n+1 siéu
phang trong P"(K) ¢ vi tri N—dudi tong qudt. Goi w(j),7 = 1,...,q, la
cdc trong Nochka trong Bo dé 2.1. Khi dé vdi moi 2y € K, ta c6

'M@

w(j)e(Hj, z) < ordy,(20). (2.1)

j=1

Q>

trong doé ordyy,(zo) la boi khong diém cia Wy tai 2.

Chiing minh. Ta xét hai trusng hgp c6 thé
Truong hop 1. Wy(z9) # 0. Khi d6 ordw, (20) = 0. Hon nita, tit Bo dé 1.5

tacod; =jv6imoij=0,...,n, dodo
€(Hj,20>20

véi moi j € {1,...,q}. Diéu ndy kéo theo (2.1) ding.

Truong hop 2. Wy(2) = 0. Khi d6 ordy,(20) > 1. V6iméi j =1,...,q,
ta ki hieu L; 1a dang tuyén tinh thuan nhat dinh nghia H;. Goi Sy la
mot tap con cla {1,...,¢} théa man L;(f)(z) = 0 véi moi j € Sy va
Li(f)(z0) # 0 v6i moi j € {1,...,q}\Sp. Tt gia thiét ho cic siéu phang
H & vi tri N—dudi tong quat, |So] < N. Goi S C {1,...,q} 1a mot tap
théa man Sy C S va S| = N + 1. Dé dang kiem tra dugc e(Hj, z) = 0
véi moi j € {1,...,q}\S. Diéu nay kéo theo

ZIU(j)g(Hj, Zw Hk,ZO (22)

Jj=1 keS
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Dit E; = eHi#0) v6i méi j = 1,...,¢q, khi d6 E; > 1. Tt gia thiét ho

cac siéu phang H 1& 6 vi tri N— duéi téng quat ta cé
rank{ Hy}res =n + 1,
do d6 tit B6 dé 2.2, ton tai mot tap con Sy C S théa méan

|So‘ = rank{Hk}kegO = rank{Hk}keg =n-+1

115" < I] &v

kesS keSy

Lay logarit hai vé ctia bat dang thitc trén ta c
Zw(k:)s(Hk,zo) = Z e(Hy, 20). (2.3)
kes keSo
Chi ¥ rang ho cac siéu phang {Hy, k € Sy} & vi tri tong quat nén tir
Bé dé 1.6, ta c6
Z e(Hy, z9) < ordwy, (20). (2.4)
keSy

Két hop (2.2), (2.3) va (2.4) ta ¢6 (2.1). Ménh dé dugc ching minh. [

B6 dé 2.3 cho chiing ta thiy tong tat ca boi du véi trong Nochka ciia
mot dudng cong chinh hinh két hop mot ho cac siéu phang & vi tri N —duéi
tong quat tai mot diem 2y luon nhé hon boi khong diem ctia Wronskian
cla f tai diem d6. Chu y rdng, B6 dé 2.3 dudc chitng minh trong trudng
hop dudng cong chinh hinh khong Acsimet vi bo dé nay vaAn con ding
trong truong hop duong cong chinh hinh phtec.

Dinh 1y co ban thit hai

Cho f: K — P"(K) la mot dudng cong chinh hinh, trong dé6 (fy, ..., fa)
13 mot bieu dién t6i gidn cta f. Cho H = {Hj,..., H,} 12 mot ho gom
q > 2N — n + 1 siéu phang trong P*(K) & vi tri N—du6i tong quat. Goi
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w(j),7 =1,...,q, 1a cc trong Nochka ctia ho H trong Bo dé 2.1. V6i mdi
z € IC, ta ki hiéu

NE

V(H,z) = ordw, () — w(j)e(Hj, 2),

1

.
I

6 day Wy = W (fo,..., fn)- Theo Bb dé 2.3 ta dé dang thay ring
V(H,z) = 0.

Vé6i r > 0 ta dat

Vi(r,H) =) V(H,=2)

|z|<r

va gol

"Ve(t,H) = Vr(0,H
Ur(r,H) :/ () . (0, )dt—Vf(O,’H)logr
0
ham dém boi du vdi trong Nochka ctia dudng cong chinh hinh f két hop
v6i ho siéu phang H.

Véimdi j =1,...,q, gid st rang
w(j) = a;/b;

trong d6 aj, b; 1a céc s6 nguyen khong am va b; # 0. Ki hieu M = b;...b,.
Va dat

(2.5)

trong d6 Wy = W (fo,..., fn). Nam 2023 ching t6i da ching minh mot
dang dinh 1y co ban thit hai v6i ham dém rat gon cho dudng cong chinh
hinh khong Acsimet két hop v6i mot ho cac siéu phéng G vi tri N— dudi

tong quat trong khong gian xa dnh P*(K) nhu sau:

Dinh 1y 2.4. Cho f : K — P"(K) la mot dudng cong chinh hinh khong
suy bién tuyén tinh va H = {Hy,...,H,} la mot ho gom q siéu phang
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(q = 2N —n+1) trong P"(K) & vi tri N—dudi tong qudt. Khi dé

1 N N
(g —2N +n—1)T¢(r) ;Nf r H)__uf(r H)—M—N(r D)
(N—g Dn logr 4+ O(1),

khi r — oo ndm ngodi mot tap co do do tuyén tinh hitu han.

Ching minh. Goi L;,1 < j < ¢ 1a cac dang tuyén tinh trong K[z, .. ., 2]
dinh nghia H; tuong tng va (fo, ..., [») 1a mot biéu dién t6i gian ciia f

Dé chitng minh Dinh 1y 2.4 ta can ciAc ménh dé sau

Meénh dé 2.5. Véi cdc gid thiét cia Dinh ly 2.4, ton tai mot hing s6

A > 0 chi phu thudc vao cdc hé so cla L; théa man vdi mot r > 0,
1L ()l < A Sl (2.6)
vdi mor ) =1,...,q.

Chiing manh. Ki hiéu
Lz, ... Z i 2k (2.7)

voi j =1,...,¢. Ki hieu ||L;|| = max {lax;|}. V6i méi r > 0 ta c6

bAs 7

n
Hlr = | ;akjfk|T < kg%)??’.(’n“akj“‘fk“}
< max {lag;|p max {[fyfo} = [[Lj[|-]] /]l
=0,...,n k=0,...,n
v6imoi j = 1,...,q. Khi do6 ta dit
A= max ||L]],
ji=1,...,

thi A théa méan (2.6). Ménh dé dugc ching minh. H

Meénh dé 2.6. Vdi cdc gid thiét cia Dinh ly 2.4. Khi dé vdi méi r > 0,

ton tar mot hodn vi my, ..., my cua cdc so tu nhién 1,2, ..., q théa man

|Lm1(f)’?" > ’Lmz(f)‘r Z e 2 |Lmq(f)|r- (2-8)
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Hon nia, ton tei hang s6 duong B chi phu thudc vao cdc hé so cia L;

thoa man

1 f [l < Bl L, (f)]r (2.9)
vt mor 1 <t <qg— N.
Ching minh. Ta biét rdng, v6i mdi r > 0 va v6i mdi j € {1,...,n},

|L;(f)]r 1a mot s6 s6 thuc khong am, nén ta c6 thé chon dugc mot hodn
vi P ={my,...,m,} cla tap cac s6 ty nhién {1,..., ¢} théa man (2.8).

Ta tiép tuc chiing minh sy ton tai cia hang s6 B. Dt
Li(z0,...,2,) = Z Qi 2k (2.10)
k=0

véimoi j =1,...,¢, trong d6 ar; € K, =1,...,¢,k =0,...,n la cac
hdng s6. Goi my, ..., m, 1a cac s6 tu nhién trong (2.8) va ¢ 1a mot s tu
nhién théa man 1 <t < ¢ — N, ta ki hieu Ty, ..., T la cac dang tuyén
tinh Ly, Lo, v.s L
{T},,...,T;,} < {Tp,...,Tn} thoa man

., Ly, Tt Bo dé 2.2, ton tai mot tap con

Mg-N+27

rank{7},,...,T;, } =n+1,

tic 1a Tj,, ..., T}, 1a doc lap tuyén tinh.

Tit (2.10), v6i méi i = 0,...,n ta c6
T, =3 by 211
k=0

trong d6 cac hang s6 {by;,} dugc lay tir tap céc hiang s6 {ax;} trong (2.10).
ViTj,...,T;, doclap tuyén tinh nén tur (2.11) ta c6

n
2= YTy, (2.12)
i=0
v6i k =0,...,n, trong d6 cac hang s6 {c;x} chi phu thudc vao cac hing

s6 {by;, }. Nhu vay {c¢;r} chi phu thuoc vao cac hing s6 {ax;} trong (2.10)
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va mot trong ching la khac 0. Dat

B = max Cjiklr = max lcjx] >0 va Bp= max B.
i=0,...,n Z0,.m t=1,...g—N
Ta biét rang s6 cac hoan vi {my,...,m,} ctia {1,...,¢} 1a hitu han nén

ta c6 thé chon B = max Bp > 0, trong d6 maximum dudc 1ay trén tat ca
cac hoan vi P clia tap cac s ty nhien {1,...,q}.

Bay gio ta ching minh B théa man (2.9). Tu dinh nghia caa Ty, ..., Ty
va (2.8) ta c6

T3 < [ L, () (2.13)
véi méi j € {0,..., N}. Ti (2.12), ta c6
= 13 e Dl < g e T D)l < B s, 1)
< B max [1,(7)], < B_max 1,1, 2.14)
voi k =0,...,n. Két hop (2.13) véi (2.14), ta c6
| felr < Bl L, ()]

v6imdi k=0,...,nvd 1<t < qg— N. Diéu nay kéo theo

1l < Bl L, (f)]r

véi méi 1 < ¢ < ¢ — N. Tuc 1a B théa man (2.9). Ménh dé dugc ching
minh. L]

Ta tiép tuc ching minh dinh 1y. V6i méi j = 1,...,¢q, gid st

Li(z,..., E akj 2k,

=0,...,n ‘a/k:j ‘ .

Do ho céc siéu phang H & vi tri N—duéi tong quat nén tir Bo dé 2.1,
ton tai cac trong Nochka w(j),j = 1,...,¢ vd hing s6 Nochka w* ddi vdi
ho cac siéu phang H théa man Bo6 dé 2.1, Bo dé 2.2 va Bo dé 2.3. Ta nhic
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lai réng néu w(j) = a;/b; véi j = 1,...,q, trong d6 a;, b; 1a cac s6 nguyén
khong am va b; # 0 thi M = b;...b; va

LM L)

P —
M )
Wy

(2.15)

trong d6 Wy = W(fo, ..., fn). Dé thay rang ci t va mau cia ® la céc
ham nguyén.

V6i moi zy € K, ta sé chiing minh

1 q
Mordq) 20) Z;w v(H;, z0) — V(H, ). (2.16)
That vay, tu dinh nghia cua @, ta cé
q
orde(zg) = M Zw(j)ordLj(f)(zo) — Mordyy, (20). (2.17)
j=1

Ta xem xét hai truong hop cé thé xay ra:
Néu Wy(z) # 0, thi ordy,(20) = 0. Tt Ménh dé 1.5, ta c6 v6i moi

j€{0,...,q},
ordy, (5)(20) = dj = j = v(Hj, 2),

suy ra £(H;, 29) = d; — j = 0. Diéu nay kéo theo
V(H, z) = ordy,(2) Zw e(Hj, z) = 0.
Do d6 tu (2.17), ta c6
ordg(zg) = Miw(j)u([—[j 20
j=1

Diéu nay kéo theo (2.16).
Néu Wy(z9) = 0. Tt dinh nghia cta V(H, 29) ta c6

w(j)e(H;, 20) + V(H, 20)

ordyy,(20) =

M-

1

J

w(j) ordz,p)(z0) — v(H;, ) + V(H. 20)

I
.MQ

1

J
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Diéu nay kéo theo (2.16). Nhu vay (2.16) ding trong moi truong hop.

Vi r > 0 tuy ¥, tit (2.16) ta c6

1 1 :
;T = <ZU)(])Vf<7",HJ)—Vf(T,7’[)
') S &
q
< w' va(r, H;) = Vi(r,H),

diéu nay kéo theo

! N(r L) <uw q Ny(r,H

Vg ) Sw ; f(r,Hj) —Up(r,H). (2.18)
Ta thiy v6i mdi r > 0, tit Ménh dé 2.6, ton tai mot phép phan hoach

my, ..., m, cla tap cac s6 nguyén duong 1,...,¢ vd mot hing s6 duong

cd dinh B théa man

|Lm1(f)‘r > ‘Lmz(f”r Z e 2 |Lmq(f)|r
va
f1lr < B| L, ()]

v6imoi 1 <t < qg— N. Do dé

L)l 1 219

Ifll- ~ B

v6i moéi 1 < t < ¢ — N. Diéu nay kéo theo

i (|Lmt il )“’W | 1

2 w(m q—N-1 .
t—1 Hf” Bu( t) Bz w(my)

Hon nita tit Ménh dé 2.5 ta cé

q 1

t=1

q—N—l w(mt q— N-1
| L (f)‘r) a—N-1
el I Awlme) — AXizr wlm)
(%) < 1
bat Cy = mgx Bueswl) O = maX A2ies®® trong d6 maximum dudc

lay trén tat cd cac tap con S C {1, ...,q} théa man |S| = ¢g— N — 1. Khi



46
dé
1 g—N-—1 L, ; w(my)
— < (‘ t(f)| > < Cl- (2_20)

t=1
bat Q@ ={1,...,¢}, S={myt=1,...,q— N—1}thi|S|=q—N—1.
Dat R = Q\S, khi d6 ta ¢
w(j) ( Hf”r )w(j)
€R I1Li(f

e
-11 (|L|‘J]Eﬂ)|> g%(\!flj\ AL H)

<

jes

.

(2.21)

Chi y ring |R| = N + 1, nén theo Bo dé 2.2, ta thu dugc mot tap con
Ry C R, ‘Ro‘ =n+ 1 théa man

1AL HMMH
H(www) H

JjER JERy

i e

JER JERy

khi d6 C' > 0 1a mot hdng s6 va tur (2.21) ta ¢6

()Y )
g(uw) CH(WH)
mwwww>|ww
1f1ee Y Tlier, [Li(]

HjEQ‘Lj( )r() 1
[Lier, 1Li ()]s Hfl\ijGQ w(j)—n—1
[Tjco i (H)IFY |
HjeRO ‘L ( )‘r *(g—2N+n-1)"

=C

=C

=C
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Lay logarit hai vé bat ding thtc trén ta c6

L)\ -
h%H(ﬁm ) <log [T LN~ tog T] 1L ()
" JjeQ

jes JERy
—w'(q—2N+n—1DT(r)+0O(1). (2.22)

Tu (2.20) ta suy ra

LU
o[ () =0

jes

do dé6 tur (2.22) ta c6

[jeo |Zi(A)FY Wy,
w*(q — 2N +n — 1)T(r) < log —~ + log
! W, [jer, 1Li(Dr
I w(j)
LT
1 [ gy
M WJ{” .
W
+1log| = ; Z(f) +0(1). (2.23)
JjERy I r
I ) Wy y .
Bay gio ta u6c lugng log Tor L,05)|. Dat Ry = {b1,...,bp1}- Vi
J1€Ry I r

rank{H,}er, =n+1=|Ro|,
nén theo tinh chat ctia Wronskian ta cé,

W(f()a - 7fn) = CW(Lbl(f)7 . ->Lbn+1(f))7

Do dé
Wf _ CW(Lbl(f)v s 7Lbn+1(f))

[jer, Li(2) Ly, (f) -+ Ly, (f)

= CG,



48

trong dé
1 . 1
(Lbl (f))/ (Lbn+1 (f))l
O — Lb1(f) | Lbn—k‘l(f)
(L, ()™ (Ls,,, ()™
Ly, (f) Ly, (f)
Ta biét rang "
= sgn(o - (La(aj)<f)) ’
G_EJ: & ( )j];[ LU(Oéj)(f) ’

trong dé tong dudc lay trén tat cd cidc hoan vi o ctia tat ci cac tap

{aq,...,a,} thuoc {by,... b1} Suy ra

‘ <La(a)(f))(j)
log |G|, < maxlog ’
‘ | ];[ La(ozj)(f)
J=1 T
a ( J(a-)(f))(j)
= max » log :
2 L),
& (La(a )(f))(])
=max » logu |, :
j; ( La(ozj)(f)
- 1 i n(n +1
émaleogﬁ:Z—jlogr:— ( )logr.
j=1 j=1
Nhu vay
Wy n(n + 1)
log < —————logr + O(1). (2.24)
[er, Li(2)1, 2
Theo cong thitc Jensen ta c6
1
log |®|, = log u(r, ®) = N(?", 5) — N(r,®)+ O(1). (2.25)
Két hop (2.23), (2.24) va (2.25), ta ¢6
w*(q —2N +n —1)Ty(r)
1 1
< 57 log| @) - @mgr +0(1)

< %(N(r, é) N, cp)) _ @bgr +0(1).
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Do do, tir (2.18) ta c6

w(q—2N+n—1T¢(r) < w leNfTH Uf(T,H)—%N(T,CD)
— Mlogr +O(1).
Suy ra
(¢ — 2N +n — 1)Ty(r) ZNf rH) — U H) — —— N(r, D)
e w wk
— —(ngr ) logr+ O(1)
q
< ;Nf(r, H)) ~ S UyrH) — = N(r. @)
— Mlogr + O(1).
Nhu vay dinh 1y dugc chiing minh. []

Chii ¥ réing, do Ny(r, H;) < Nj(r,H;) v6i mdi j = 1,2,...,¢, nén
Dinh I 2.4 ctia chiing t6i 1a mot cai tién cla dinh 1§ co ban thi hai kiéu
Cartan-Nochka (Dinh 1y 1.3) cho dudng cong chinh hinh khong Acsimet.
Hon nita khi ho H & vi trf tong quat N =n thiw(j) =1véij=1,...,q,
M =1, ® = H va ham dém boi du véi trong Nochka Us(r, H) trung véi
ham dém bai du. Trong truong hop nay Dinh 1y 2.4 nhan lai Dinh Iy 1.7.

2.2. Dinh ly cho dudng cong trén hinh vanh khuyén

Trudc khi ching minh dinh 1y chinh, ching t6i gi6i thieu mot s6 khai
niém, ki hiéu va két qua vé phan bé gia tri cho ham va dudng cong chinh
hinh trén hinh vanh khuyén, can thiét cho viéc chiing minh cac két qua

chinh. Cho Ry > 1 1a mot s6 thuc duong hodc bang +oo, ta goi

1
A:{ze(C:R—<|z\ < Ry}, (2.26)
0
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14 mot hinh vanh khuyeén trén C. V6i méi s6 thuc r théa man 1 < r < Ry,
ta ki hiéu

A, ={z€C: 1<\z| <1}, Ay ={z€C:1< |z <1},
Ar:{zEC:;<\z|<r}.

Cho f 1a mot ham phan hinh trén A, ¢ € C, ta dat

1 2 .
mirf) = 5= [ log” IS as
1 1 [ 1
—_—) = — log™ . dl.
"D =0 )y O e —a
Ki hiéu
mo(r, f) = m(r, f) + m(r~ 1, f),
va
1 1 1
mo(r, ﬁ) = m(r, ﬁ) +m(r = C)-
. 1 e .2 2 1
Ta going (r, 7 ) 1a 50 cac khong diem ctia f—c trong A, no <7“, 7 )
—c —c

la 86 cac khong diem cia f — ¢ trong Ay, ny(r, 00) 12 s6 cac cuc diem cia

Ay, va ng(r,00) 1a 86 cac cuc diem cla f trong Ay, Dat

1 U (t, 7 1 " no(t, 7
N, <r, > :/ Mdt, N, <r, ) :/ Mdt,
f—C 1/r t f—C 1 l

va
Ml ) = Nroo) = [ My
Na(r, f) = No(r,00) = /; —ng(t£ ) gt
Ki hiéu

N0<T’fic> :M(T’fic) +N2<T’fic>
)

No(r, f) = Ni(r, f) + Nao(r, f
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Ham

TO(Ta f) - m()(?“, f) + NO(Ta f) o 2m(17 f)
dudc goi 1a ham ddac trung Nevanlinna cia f. D& thiy ring cac ham
mo(r, ), No(r, f) 1a khong am va ham Ty(r, f) 1a khong am, lién tuc, 161
va khong gidm theo log r. Ménh dé sau day 14 mot dang ctia dinh 1y Jensen
cho ham phan hinh trén hinh vanh khuyén.
Meénh dé 2.7 ([24]). Cho f la mot ham phan hinh khdc hdng trén hinh
vanh khuyén A. Khi dé, vdi moir € (1, Ry) ta c6

2 2
No(r L) = No(r, f) = = / log | f(re)[df + / log | £ ()| d6
f 27T 0 27'(' 0
1

27
- ] 10 '
~ [ g as

Meénh dé sau day 1& Dinh 1§ co ban thit nhat cho ham phan hinh trén
hinh vanh khuyén.

Meénh dé 2.8 ([24]). Cho f la mot ham phan hinh khdc hang trén hinh
vanh khuyén A. Khi dé véi moir € (1, Ry), ta cé

1
f—c

To(r, ) =To(r, f) +0O(1)

vd1 mot hang so c € C.

Trong luan an nay, ki hiéu “||” trong cic bat dang thic vé quan hé
gitta cac ham Nevanlinna cia ham phan hinh hay duong cong chinh hinh
trén hinh vanh khuyén dudc hiéu 1a véi Ry = +oo, bat ding thic ding
véi r € (1,400) ndm ngoai mot tap A/ théa man fA; M ldr < +o00, va
v6i Ry < +oo, bat dang thitc ding véi r € (1, Ry) ndm ngoai mot tap

A! théa man [, ( dr < +oo, trong d6 A > 0. Ménh dé sau day

Ry — r)M1
la mot dang B6 dé dao ham logarit cho dudng cong chinh hinh trén hinh

vanh khuyén.
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Meénh dé 2.9 ([25]). Cho f la mot ham phan hinh trén A va X > 0. Khi
doé vdi moir € (1, Ry), ta co
(Z) Néu PLQ = 400,

/

T, f7) = O(logr + log To(r, f)).

I mol

(i) Néu Ry < +oo,

f/
—)=0(
Dinh nghia 2.1 ([39]). Cho f 1a mot dudng cong chinh hinh tit A vao

P"(C), khi d6 ton tai cdc ham chinh hinh fy, ..., f, trén A, trong d6 c6

I mao +1log To(r, f)).

it nhat mot ham khong dong nhat bing khong sao cho

f(z) = (folz) =2 ful2))

v6imoi 2 ¢ {fo = -+ = f, = 0}. Ta goi (fo,..., fn) la mot bieu dién clia
dudng cong f. Néu cac ham fy,..., f, khong c6 khong diém chung trén

A thi ta goi (fy, ..., f,) 1a mot biéu dién toi gidan cia f.

Dinh nghia 2.2 ([39, 41]). Duong cong chinh hinh f: A — P"(C) dugc
goi 1& suy bién tuyén tinh néu dnh cia f chita trong mot da tap tuyén
tinh thuc sy nao dé ctia khong gian xa anh P"(C). Duong cong chinh hinh
f dugc goi 1a suy bién dai so néu dnh clia f chita trong mot da tap dai s6

thuc sy nao dé cua P"(C).

Cho f=(fo: - : fu): A — P"(C) la mot dudng cong chinh hinh
tren A va f = (fo,..., f,) 1a mot bieu dién tdi gidn ctia f, tic 1a céc
ham fy,..., f, chinh hinh khéng c6 khong diém chung trén A. V6i méi
1 < r < Ry, ham dac trung Nevanlinna-Cartan T%(r) cta f dugc dinh

nghia bdi

2T . 1 2T 1
7y() = 5= [ ol stre ) db+ 5 [ tog 1M,
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trong do ||f(2)|| = max{|fo(2)|,-..,|fa(2)|}. Dinh nghia nay khong phu
thuoc vao cach chon biéu dién t6i gidn ctia ham f (co thé sai khac mot
hing s0).

Cho D la mot siéu mat trong P"(C) bac d va @ la da thitc thuan nhat

trong Clxg, ..., x,] bac d dinh nghia D, ta nhic lai, néu
ng )
Q(z0,--,2n) = Z apzy® ...z,
k=0

trong d6 ng = ("1 — 1 va iy + -+ +ip, = d véi k= 0,...,ny, thi ta ki
hiéu
ng
(f;D)=Q(f) = arfy ... fi.
k=0

Gia st (f, D) # 0, v6i 1 <r < Ry, ham xap xi cia ham [ két hgp vdi
sieu mat D dinh nghia bdi
Lo fre)]? Lo e
me(r, D) = —/ log ——df + — log .
DY =5x o BT et 2y B DY e

dinh nghia nay khéng phu thudc vao cach chon biéu dién t6i gian ctia ham

do,

f (c6 thé sai khac mot héng sd).
Véir: 1 <r < Ry, ki hieu ny ¢(r, D) la s6 cac khong diém cta Q(f)
trong Ay, ng ¢(r, D) la 56 cic khong diem ciia Q(f) trong As,., ké ca boi,

Ham dém ctia f két hop véi sieu mat D dude dinh nghia béi

! t,D o (4D
Nus(r, D):/_l st D) 4 Nw(r,D):/1 %dt’

N¢(r,D) = Ny ¢(r, D) + Ny f(r, D).
Cho «a 13 mot s6 tu nhién duong, ta ki hieu nf ¢(r, D) la s6 cac khong diém
v6i boi cat cut béi a ctia Q(f) trong Ay, ng (7, D) 1a s6 céc khong diem
ctia Q(f) trong Ay, trong d6 mdi khong diém duge tinh béng s6 boi clia
n6 néu boi dé nhé hon o va bang o trong trudng hop ngudc lai, tic 1

n{ y(r,D) = Z min{ordg)(2), a},
2€A1,,Q(f)(2)=0
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ngif(r, D) = Z min{ordgs)(2), a}.
ZEA2,T7Q(f)(Z):O

Ham dém boi cit cut ciia ham f duge dinh nghia bdi
1 n$ (¢, D) "ng (t, D)
« 17 ’ (0% 27 ’
Ny (r, D) = / —ft dt, Ng(r,D) :/1 —ft dt,
va

N§(r,D) = Ni'4(r, D) + Ny 4(r, D).

Tiép theo ching t6i chiing minh mot dang dinh 1§ co ban cho dudng
cong chinh hinh trén hinh vinh khuyén cho ham dém boi cit cut véi muc
tieu 14 cac siéu mit 8 vi tri tong quat, can thiét cho viéc chitng minh
dinh 1y duy nhat cho dudng cong chinh hinh trén hinh vanh khuyén trong
Chuong 3. Dau tién ching to6i gidi thieu vé Wronskian, giéi thiéu va chiing
minh mot s6 kién thic lién quan.

Cho fy, ..., fn 1& cAc ham chinh hinh, ta ki higu W (fq, ..., f,) 12 Wron-

skian cta cac ham fy,..., f,, tic la

ooh el
W(wa-'afn): :O :1 :n

Meénh dé 2.10. Cho f : A — P*(C) la mot duong cong chinh hinh khong
suy bién tuyén tinh va (fo:---: fu) la mot bieu dién toi gidn cia f. Khi

dé vdi moi 1 <r < Ry, ta cé

W(fO:---afn) _ r
| m0<fr, T >—Of( ). (2.27)

Chiing manh. Ta chiing minh cho truéng hgp Ry = +o0, truong hgp Ry <

+00 duge ching minh tuong tu. Khong mat tinh téng quéat ta gid st
fo khong 1a ham hing. Bang lap luan tuong tuy nhu chiing minh cta
Bo dé 1.4.3 trong [29], ta c6

W(for-. s 1) :fgw((%>/,..., (%))
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bat g, = f;/fovéij=1,...,n, khi dé ta c6
W(f07 7fn) W<g/17797/1)

= ) 2.28
fo- o fa gi---Gn (2.28)
Ta thay rang
W, ... "
(91 gn Z sgn(o H
gi- =1
j
trong d6 tong dugc 14y trén tat ca cdc hoan vi o ctia {1,...,n}. Didu nay

kéo theo v6i modir: 1 <r < Ry, ta ¢

m0<r, W(gl,...,gn ) szo( )()) (2.29)

[ . 9o (j)
Tu Ménh dé 2.9, v6i méi hoan vi o va j € {1,...,n}, ta c6
900
| mo <r, gg(j)) < O(S(r) +log To(r, go(s))) (2.30)
trong d6 S(r) = logr néu R = +oo vd S(r) =log1/(R—7) néu R < +oc.
Léy sieu phang H = {(20: -+ : 2,) : 20 = 0}. Khi d6 ta c6

Ny(r, H) = No(r,1/ fo) = No(r, f;/ fo),

v6i mdi j = 1,...,n, dieu ndy kéo theo

To(r, g5) = To(r, [/ fo) = mo(r, fi/ fo) + No(r, £/ fo)
2 10 2 -1 29
:i log+Md9+i/ 1g+Md0+N(rH)

2 \fo(riw)\ 27 | fo(r _106 ol
1/ (re®)]| 1/ Gte)] )
< m/ log 7 fre >|d9+27r/ log |7 (- gmy 0 + N H)
—mf(r H)—|—Nf(r H) = ( )+ O(1). (2.31)

Két hop (2.28), (2.29), (2.30) va (2.31) ta c6 két luan ctia ménh dé. [

Ta nhic lai rang Dy,...,D,;, ¢ > n, trong P*(C) dugc goi 1a 6 vi tri

tong quat néu véi moi cach chon iy, ... 0,41 € {1,..., ¢}, ta luon c6

() supp(D;,) = 0.
k=
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Meénh dé 2.11 ([3]). Cho Dy,...,D, la q siéu mdt trong P"(C) c6 bdc
giong nhau va bang d & vi tri tong qudt trong P*(C). Dat M = ("+d) 1.
Khi dé ton tai (M — n) siéu mat Ty,..., Ty, trong P"(C) théa man
vdi moi tap con R C {1,...,q} vdi #R = rank{D;}jer = n + 1, thi
rank{{D;}jen U T "} = M+ 1

Chii ¥ rang, trong chiing minh ctia Ménh dé 2.11 cho thay cac siéu miit
T;,j=1,...,M —n c6 cung bac d.

Nam 2022, H.T. Phuong va L. Vilaisavanh da ching minh dinh Iy sau
goi 1a dinh Iy co ban thit nhat cho dudng cong chinh hinh trén hinh vanh
khuyén.

Meénh dé 2.12 ([41]). Cho D la mot siéu mdat trong P"(C) c6 bdc d va
f=o:: fn): A — P"C) la mot duong cong chinh hinh ma anh
ctiia né khong chita trong D. Khi dé, vdi moi 1 <r < Ry, ta cé

my(r, D) + Ny¢(r, D) = dTy(r) + O(1).

Bay gio ching t6i ching minh mdt dang dinh 1y co ban thd hai cho
duong cong chinh hinh trén hinh vanh khuyén két hop vé6i cic siéu mit.
Dinh 1y 2.13. Cho f : A — P"(C) la mot duong cong chinh hinh khong
suy bién dai s6 va D;,1 < j<q, la cic sieu mat trong P"(C) bac d; tuong
ing ¢ vi tri tong qudt. Goi d la boi chung nhé nhdt cia cdc d; va dat
M:(”Zd) 1. Khi dé, véi moi 1 <r < Ry vaiq> M+ 1, ta c6

q
1

| (g=M = 1)Tp(r) < 3 Ny (r, Dj) + O4(r). (2.32)
j=1 "

Chaing minh. Goi (fo:---: f,) la mot bieu dién t6i gidn cta f va goi P;,

1 < j < g, 1a cac da thic thuan nhéat bac d; trong Clzy, . . ., z,] dinh nghia
D;. Tadat P={P;,j=1,...,q}.

Trudc hét ta xem xét trudng hop dy = do = -+ = d, = d. Dit
Ty, ..., Ty 1 cac sieu mit trong P*(C) théa man Menh dé 2.11 va
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goi Q;,1 < j < M —n la céc da thic thuan nhat bac d trong Clz, . . ., 2]
dinh nghia céc siéu mit Tj. Ta ki hieu Z; = {1y, ..., Iy} 1a tap tat ca cac
bo n+1 s6 tu nhién bac d, tic 1a véi méi j = 0,..., M, I; = (ijo,. .., i)

théa man ;o + -+ +4;, =d. V6imoi j =0,..., M, ta dat

cJn

trong d6 I; = (ijo,...,4n). Vi f 1& dudng cong khong suy bién dai sd nén
Fy, ..., Fy doc lap tuyén tinh trén C. Do d6

Wgrp=WI(Fy,...,Fy) #£0.
Khang dinh 1. Ton tai mot hang sé duong 5 théa man
Qi(F)(2)| < BIF ()] (2.33)
vdi mot j =1,...,M —n va vdi moi z € A.
Chatng minh Khang dinh 1. Thyc vay, v6i méi j € {1,...,q}, gid st ring

Q;(20,. .., 2n) = Z arzl ... 2

Li=(i0;--sin)E€Lq

bat 5, = (M + 1)maIX|aj[i| > 0 va 8 = max §; > 0. Khi d6 v6i moi
d

Ie j=1,...q
z € A, taco
QiNEI=| > anfe@). fr ()
Ii:(io,...,in)EId
< Bj(max{] fo(2)], - .| fu(2) D)
< Bl )"
Diéu nay kéo theo két luan ciia khang dinh. O

Khang dinh 2. Ton tai mot hing sé duong o théa man vdi moi cdch

chon tuy ¢ {i1, ..., i1} C{1,...,q}, ta luon co

1 <a max |P(f)(2)] (2.34)

j=1,...n+1

vdi moi z € A.
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Chitng minh Khang dinh 2. Thuc vay, goi R = {i1,...,ins1} C{1,...,q}
14 mot tap con bat ky. Véi 2 € A, vi Dj, 1 < j < ¢, & vi trf tong quat,
theo Hilbert’s Nullstellensatz [50], v6i mdi s6 nguyen k € {0,...,n}, ton
tai mot s6 nguyén duong my > d thdéa man

n+1

2 = Z(Sjk(zo, oy zm) B (20, 2),
j=1

trong d6 05,1 < j < n+1,0 <k < n,lacac da thic thuan nhat véi cac

hé s6 trong C bac my — d. Do d6

()™ < arllf ()™ max{| By (F)(2)], - 1P (F) ()]}, (2:35)

trong 6 [|f(2)] = max{[fo(2)] ... [fu()]}, o 1a mot bing sb duong,
chi phu thuoc vao cac hé s6 ctia dj5,1 < j < n+ 1,0 < k < n, tic 1a chi
phu thudc vao cac hé s6 ctia P, 1 < j < n+ 1. Cha y rang, (2.35) ding

véi moi k=0,...,n,do do

1) < ar max{|P;, (f)(2)] - - | P (F)(2)]}- (2.36)

Dit a = max ar, do dé tir (2.36) ta c6 két luan ctia khang
R:{il,...,inJrl}C{l ..... q}
dinh. [l

Ta tiép tuc chitng minh dinh 1. Véir: 1 <r < Ry, goi x € A, |z] =7
14 mot phan t ¢6 dinh, khi d6 ton tai mot hoan vi {iy,...,4,} cla tap

cac chi s6 {1,...,q} théa man

1P (F)(@)] < [P (F)(2)] < --- < B () ()]

W, = W<Pz1(f)7 R Pin+1(f>7Q1(f)7 ce 7@M—n(f))a

ra’nk{Pip . . '7Pin+17Q17 . . '7QM—n} =M + 17
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nén ton tai mot hing sé C; # 0 thda man W, = C,Wp. Tt Khang dinh 1
va Khang dinh 2 ta c6

|P;(F)(@)] < BlIf ()]

véimoi j =1,...,q va
If @ <o max [P (f)(z)] < a|P(f)(2)
7=1,... n+1
véimoi k=n+2,...,q. Do do6 ta cé
1f(2)]]%
W .
W) \Pl(f)(x)---Pq(f)(x)l
n+1 Hf q
S Saxrire ! v o
n+1 Hf
< o We(x |H i (2.37)

Tu dinh Wp va W, tit (2.37) ta co

£ ()
PN @) B (@)
Qt L | () [ ) [0+

T 12, () @) T Q5 () ()]

(Wr(x)].

~X

diéu nay kéo theo

Lf (@)1 Wp ()

8 ) <><|sc>|
< d(M + 1) log | f(2)]| + log” ——— W 0)] FlogC
1P, (@) T 10,
< d(M + 1)log | /(2)]
+ Z log™ |WRA§@J +log C, (2.38)

RC{1....q} 1 1P;(f)(z)| jHl Qi (f) ()]

jER
trong d6 C' = a2 " 1pM="/|Cy], tong duge lay trén tat ci cic tap con
RcCA{l,...,q} v6 i #R =n+ 1 va

WR:W(PJ(] ER)an(j - 17"‘7M_n))’
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S(z) = lo
@ R{Z} * TP )\H "N @)

do do, tir (2.38) ta co

log 1/ )qu\WF(:U)\
[PL(f) (@) - Py(f) ()]

< d(M +1)log || f ()|
+ S(z) +log C. (2.39)

Lap luan tuong tu & trén cho y € A |y| = 1/r, ta c6

1/ (y )quIWF( )

|
8B - B W)

< d(M + 1) log || f(y)
+ S(y) + log C. (2.40)

Lay tich phan hai vé (2.39), (2.40), cong vé véi vé, tit Ménh dé 2.7, ta c6
o 0 1oy 40

dlg =M= DTy < [ (Sre®) + 86?3

0 s

+ Z Ny(r, D;) — No(r, WLF) + O(1). (2.41)

j=1
Tu Ménh dé 2.10, ta c6

= /0 "(S(re”) + S(r1e)) db

- m T WR
_Rc{lz} ( 120 TS 1Q(f >|>

..... q ]ER

= O4(r). (2.42)

1 .
Bay gio ta uéc lugng > %, Nf(r,D-) — No(r, W) V6i mdi zyp € A,
F
ton tai cdc s6 tu nhién §; > 0, 1 < j < ¢ va cac ham g; chinh hinh, khong

triét tiéu trong mot lan can U cua 2y thoa man

Pi(f)(2) = (2 = 20)"g;,

vl j = 1,...,q, trong d6 §; = 0 néu P;(f) khong triét tieu tai zp. Vi

cac siéu mat Di,..., D, G vi tri tong quat, ton tai nhiéu nhat n chi s6
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j € {1,...,q} théa man B; > 0. Khong mat tinh tong quét ta gia si
Bi>0voil<j<k<nvaf;=0véj>k.
Dit R = {1,...,n+1} va

Wr=W(P,...,P1,Q1,..,Qnri—n).

Khi d6 ton tai mot hing sé khac khong Cy thdéa man Wy = Cy.W5. Do

dé ta c6 Wy triét tieu tai zo v6i bac it nhat 1a

k q
> max{0, 8 — M} =) max{0,5; — M}.
J=1 j=1

Do dé
1 q
Zle r,Dj) = Nifr, 57 < > NYMi(r, D;).
F =1

.

Lap luan tuong tu ta cé

1 q
ZNQfTD — Ny(r, WF)<ZN%(7~,Dj).

j=1
Kéo theo
q
1
> Ny(r,Dj) = No(r, WF) <> N{(r, D). (2.43)
J=1 j=1
Két hop (2.41), (2.42) va (2.43) ta c6
q
| d(g— M —1)Ty(r) <Y N (r,Dj) + Op(r), (2.44)

j=1
diéu nay kéo theo (2.32).

Tiép theo ta xem xét trudng hop di,...,d; 1a khac nhau. Goi d la
boi s6 chung nhé nhat cta cac dy, ..., d, ta dat P; = de/dj v6i moi
j€{l,...,q}. Khido6 Py,..., P/ c6 cing bac d. Dat D; la siéu mat dinh
nghia bdi P; véi j =1,...,q. Tit (2.44) ta c6

| d(g— M —1)Ty(r) ZN )+ Oy(r). (2.45)
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Chii ¥ ring néu z € C 1a mot khong diém ctia P;(f) v6i boi 3 thi z 1a mot
khong diém P’ (f) véi boi fd/d;. Didu nay kéo theo
N (r, DY) = NY%(r, D}) + Ny (r, D)
d d s d \ar
< d_le,f(Ta D]) + d_sz’f(r’ DJ) - d_ij (T7 D])
Diéu nay kéo theo (2.32) tit (2.45). Nhu vay dinh Iy duge ching minh. [

Nhan xét 2.1. V6i Ry < Ry 1a cac s6 thuyc duong hosic Ry = 0, Ry = 00

va zy € C, ki hiéu
Ay = {R1 < |Z — ZO‘ < RQ} (246)

14 mot hinh vanh khuyén trén C. Bay gio ta nghién citu phép bién hinh
bién vanh khuyén xac dinh trong (2.46) thanh hinh vanh khuyeén dinh
nghia béi (2.26). Xét hai trusng hop cu thé

Truong hop 1. Ry, Ry 1a cac s6 thuc duong, khi d6 phép bién hinh

1
\/m(z — %),

. 1
sé bién hinh vanh khuyén Ay thanh A = {E < |w| < Ry}, trong d6
0

Ro = \/Ra2/Ry.

Truong hop 2. Ry = 0, Ry = 00, khi d6 phép bién hinh

w(z) =

w(z) =z — 2o,

bién hinh vanh khuyén Ag thanh A, trong d6 Ry = oo.

Nhu vay, trong moi trudng hop ta déu cé the bién doéi duge hinh vanh
khuyén xac dinh bai (2.46) thanh hinh vanh khuyén dinh nghia béi (2.26).
Do dé, dinh Iy ctia chiing t6i van c6 theé sit dung dude cho trusng hgp dudng
cong chinh hinh trén hinh vanh khuyén bat ky trong Nhan xét 2.1 v6i mot
s6 diéu chinh vé dinh nghia va phat biéu dinh ly.
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Két luan Chuong 2

Trong chuong nay chung t6i da xay dung hai dang dinh 1y co ban thi hai
cho dudng cong chinh hinh trén truong khong Acsimet va trudng sé phic.
Cu thé

1. Ching minh mét dang dinh 1y co ban tht hai kieu Cartan-Nochka
cho dudng cong chinh hinh khong Acsimet v6i ham dém rit gon két hop
v6i sieu phang & vi trf dudi tong quéat (Dinh 1y 2.4).

2. Dua ra mot dang dinh 1§ co ban thi hai kiéu Cartan v6i ham dém
boi cit cut cho dudng cong chinh hinh trén mot hinh vanh khuyén trong

m&t phang phitc két hop véi cac siéu mat & vi tri tong quat (Dinh 1y 2.13).
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Chuong 3

Pinh 1y duy nhat cho dudng cong
chinh hinh trén hinh vanh khuyén

Trong chuong nay ching toi ching minh mot s6 dinh 1y duy nhat cho
dudng cong chinh hinh, bao gdm mot dinh 1y duy nhat kiéu Chen-Yan va
hai dinh 1y kiéu Fujimoto. Céac két qua chinh trong chuong nay viét dua
trén hai bai béo [3] va [4] trong Danh muc Cong trinh cta tac gia lién

quan dén luan an.
3.1. Dinh l§ duy nhét kiéu Chen-Yan

Dé chitng minh két qua chinh, ching ta can mot s6 két qua bo trg sau:

Meénh dé 3.1. Cho f : A — P*(C) la mot duong cong dai s6 khong suy

bién tuyén tinh va D1, Dy la cdc siéu mat cung bac d. Khi dé,

(f, D1)
Ty (7", (7 Dg)) < dTy(r)+ O(1), (3.1)

vdi moi 1 thoa man 1 < r < Ry.

Ching minh. Ta co

T(fﬁﬁDli)zmo(““iﬁl)+N0( fD?)*O
o (f,D1 2” (s D), 1 |20
g/o log* (F. D) 7“6 i gt (F.Dy) (7‘ e )%

LN, (fr, (f)ZQ)) +0(1). (3.2)
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T Ménh dé 2.7, ta c6

1 2n i, dO
N0<7”a m) </0 log |(f, D2)(re )%
do

+/0 7Tlog|(f, Dg)(?ﬁ_lew)\% + O(1). (3.3)

do do

Ta thay rang
27 (f D1> . 27 ’
logt ’ LAY el / 1 D LAYl
| o |G e e+ [ esltr D) e

[ gt LGN LI, Dore?)] &
i (7, D2)(Tei9)| 27
o

2T
+ [ tog |t D eI

_ / 7 o L D) |+ [(f, Da)(re”)] df
0 |(f, D2)(rei?)) o

2 . de
+ / log | (f, D2) (re®)| o2
do

2m
B /0 Wlog(l(f, Dy)(re) |+ |(f, D2)(re”) )5

<

27

2m
< d/o log max{|fo(re)], ..., |fn(rei9)|}£ + O(1). (3.4)

Tuong tu, ta c6

o (fsD1), 1 jo\|d0 o 1 gy, 40
+ (M7 had -
|t (e 5+ [ sl D)t
o -1 36 —1 6 d9
<d/ logmax{|fo(r )] 1fulr Y5+ O0). (35)
0 s
Két hop (3.2), (3.3), (3.4) va (3.5) ta c6 (3.1). O

V6i f,g : A — P"(C) 1a cac dudng cong chinh hinh khong suy bién
dai s6, ta dat

T(r) = Ty(r) + Ty(r).

V6i moi siéu mat D; € D, trong d6 D = {Dy,...,D,} 1a mot ho cac siéu
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méit va s6 nguyén duong J, ta dit

6—1 0—1
Fy(0) = Y (6 = )N 4(r. D) = 50— N, . D).

Goi D = {Dy,...,D,;} 1a mot ho gom ¢ siéu mat & vi tri tong quat.

Ta ki hiéu bac ctia sieu mat D; 1a d; v6i moi j = 1,..., ¢ va goi d 1a boi
chung nhé nhat cta cic d;. Ki hieu M = (”Zd) — 1. Dinh Iy sau day la

mot dang dinh 1y duy nhat kiéu Yan - Chen cho dudsng cong chinh hinh

trén hinh vanh khuyén dudc ching t6i cong bdé nam 2023.

Dinh ly 3.2. Cho D = {D,...,D,} la mét ho gom q siéu mat & vi tri
tong quat va f,g : A — P"(C) la cdc dudng cong chinh hinh khong suy
bién dai s6 théa man Of(r) = o(T¢(r)) va O,(r) = o(Ty(r)). Gid si rang
a) E4(D;))NE¢(D;) =0 vdi méii+#je{l,...,q};
b) E¢(D;) C E (D;) véi méi j = 1,2,...,q va f(z) = g(z) vdi moi
z € E¢(D).
) limint 31, N} (r, D))/ S Nj(r, D) >
Néu q = 2M + 3 thi ton tai tap con S C {1,...,q} théa man #S > M +1

V4

(f, D)% _ (g, D)™™
(7 D) = (g, Dy vdi moi k #1 €S, (3.6)

Chiing minh. Dé ching minh Dinh 1y 3.2, ta can cac ménh dé sau

Meénh dé 3.3. Vi cic dieu kién cia Dinh lj 3.2 va gid thiét thém
Dy,...,D, c6 cung bac d. Khi do vdi mos s6 6 > 0 va vdi moi k #

o (f,Dr) (g, Dr) )
le{l,....q} thoa man ® = — 0, ta co
t 2 (f; D) (9, D) 7
SN} (r, Dy)+ON}(r, D) + Y N}(r, D;)

J

< dT(r) + Fu(8) + Fi(8) + Gu(8) + Gy(5) + O(1),  (3.7)

trong d6 1 < r < Ry vd tong > dugc lay trén tat ca j € {1,...,q}\{k,1}.
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Chitng minh. Tru6c hét ta chiing minh
1
> Ni(r,D;) + Nj(r, Dy) = G(6) < No(r, 5). (3.8)
Je{1,...g}\{k,l}
That vay, néu zy € U {z € A:(f,D;)(2) = 0}, thi tit f(2) =
Je{1,...,g\{k,l}

g(z) v6i mdi z € fHD;) va fH(D) N fY(D;) = 0 v6i moi i # j €
{1,...,q}, ta cd

(f7 Dk)(zo) - )‘(97 Dk)(ZO) 3& 0, (f, Dl)(zo) = A(g, D[)(Z()) 7& 0.

Diéu nay kéo theo ®(zy) = 0.
Néu zp € {z € A: (f,Di)(z) =0} € {z € A: (9,Dr)(z) = 0}, thi

D(29) = 0 va ve(20) = min{y s p,)(20), Vg0, (20)} = 1. Dit
a=vpy(0) 21, B =ugpy(z) > 1.

Ta xem xét hai trusng hgp cé thé xay ra:

Truong hop 1. 1 < a <6 — 1.
Néu 8 > a thi ve(z) > min{a, 8} = a = min{«,d}.
Néu 1 < 8 < o thi

ve(z) 2 min{a, f} = f=a—(a—p)>a—(6—-F)
= min{a,d} — (6 — 8) min{3, 1}.

Truong hop 2. o > 0.
Néu 8 > « thi vg(29) = min{«, 8} = a > min{a, }.
Néul<B<avafB>0th

ve(z9) = min{a, f} = 6 > § = min{a, d}.
Néul<B<avafB<dth

ve(zg) > min{a, B} =5 =090 — (0 — )
= min{«,d} — (6 — B) min{f3, 1}.
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Do d6 ta c6 (3.8).
Tiép theo ta ching minh
1

No(r, ) <T(r) = N9 (r, Dy) + Gi(8) + O(1). (3.9)
Ta c6
No(r. 3) < Tolr, )
< To(r, @) + O(1) = No(r, @) + mo(r, @) + O(1). (3.10)
Hon nita
i) < G0 e 55) ot

Do d6 tit Meénh deé 3.1, ta c6

mo(r, ) < dT(r) — Ny (7“, (flel)> _ N, <7~, gl ) +0(1).

Khi d6 (3.10) tré thanh

No(r, é) < dT'(r) = No (T’ (f,lDz)> —No (T’ (9,1Dz)>

+ No(r,®) 4+ O(1). (3.11)

Ta thdy rdng néu 2 € A la mot khong diem cta (f, D;) hodc (g, D))

thi 2, 13 mot cuc diém cia @ va
Vg)O(ZO) < maX{V(f,Dl)(ZO)7 V(g,Dl)(ZO)}a
trong d6 v (zp) 1a bac clia cuc diem clia @ tai zp. Suy ra

V(5,00 (20) + Vg0 (20) — Vg (20) Z v(5,0)(20) + V(g.0))(%0)
— maX{V(f,Dl)(ZO), V(g,Dl)(ZO)}

= min{u(f,Dl)(zo), V(gyDl)(Zo)}.
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Lap luan nhu chiing minh bat dang thic (3.8), ta c6

Ny <7", %) N (r, L) ~ No(r, @) > Ni(r, Dy) — Gy(0).

f Dl (gyDl)
(3.12)
Két hop (3.11) va (3.12) ta c6 (3.9). Do do tir (3.8) va (3.9), ta c6
> Nj(r, D;)+Nj(r, Dy) — G(0)
j
< d'T(r) = N§(r, Dy) + Gi(8) + O(1). (3.13)

Chi § rang
N{(r,Dy) = 6N{(r, Dy) — Fi(0);  Nj(r,Dy) = 6N (r, D;) — Fi(5),
do d6 tir (3.13) ta ¢6 (3.7). Diéu nay kéo theo két luan ctia ménh dé. [

Ta tiép tuc ching minh dinh 1y chinh. Goi @; 1a da thic thuan nhét
bac d; dinh nghia D; v6i méi j = 1,2,...,q. Goi d 1a boi chung nh6 nhat
ctia cac dy,dy, ..., d,. V6i j = 1,2,...,q, ta dit P; = Q" va dit D} Ia
situ mat bac d dinh nghia bdi P;. Dat

D*={D;,D;,..., D},

khi d6 D* 1a & vi tri tong quat.

Ta dé thiy rang néu f = g thi (f,D;) = (g9, D;) véimoij =1,...,q,do
d6 ta c6 két luan ctia dinh ly. Bay gio ta xem xét truong hgp f # g, khi
d6 ton tai cac chisd a, 8 € {0,...,n} sao cho fogs Z f39a. Tt dinh nghia
D* ta ¢6 E4(D*) = E4(D) va E,(D*) = E,(D). Do dé6 tit gia thiét cta
Dinh 1y 3.2 ta c6 Ef(Df) N Ef(D}) = 0 v6i mdi cap i # j € {1,...,q},
Ef(D;) C Ey(D;) v6i moi j = 1,2,...,q va f(z) = g(z) véi moi z €
E4 (D).

Ta biét réng néu 2, € C la mot khong diem ctia (f, D), thi zy € Ef(D*).
Diéu nay kéo theo g(z0) = f(29), do d6

fa(20)95(20) = f5(20)9a(20),
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titc 1a zp 1a mot khong diem ctia ham h = f,g5 — f3ga. Tu
E((D})NEf(D;) =0

v6i mdi cip i # j € {1,...,q}, ta suy ra zg khong 14 khong diém ctia
(f,Df) vé6imoii € {1,...,q}, i # j. Diéu nay kéo theo
: 1
> Nj(r. Dj) < No(r, 1) +0(1),
7=1
véimoir: 1 <r < Ry.
Tu Ménh dé 2.7 ta c6

1 1 21 .
g) = %/0 l0g |(fags — f390) (re’)|d0

1 [ .
w0 [ o8 l(fugs = faga) e la0 + O(1)

NO (T7

1 2w

<3 ) log(2 max [5(re™)| max |g;(re”)])df
1 27 y

Ton ) log (2. max |f;(r'e)| max |g;(r"e")])d6
+O(1)
1 27
p (log Jax | fi(re’ )\d9+log max. |g;(re™)|)do
™ Jo ©  j=0..n T T T =0,
1 2m
- (log max. \fi(r™ )\d@—i—log max. g;(r~te”)|)df
m™Jo ~  J=0e.n " g=0,.,
+O0(1)

trong d6 T'(r) = T(r) + T,(r).
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Tt Ménh deé 2.13, ta cé

(¢ =M —=1Ts(r) <

l
-

N7 (r, D) + Of(r)

1

<
I

1 q . M—-1 o )
=23 (MN) D)) = (M~ W D))
j=1 k=1
+ Of(?“). (3.15)
Twong tu cho dudng cong g, ta co
M- 1
1 T *
(q— M — 1)T,(r dZ(MN (r, D7) k:l N_(rD)>
+O,(r). (3.16)
V6i méi j € {1,2,...,q}, ta dat
M—-1 M—-1
=Y (M —k)Ny(r,D}) . (M — k)N, _y(r, DY).
k=1 k=1
Khi dé tur (3.15) va (3.16) ta co
q q
dqg— M —1)T(r) <MZN}(7~ D)+ MY Ni(r,D;)  (3.17)

.
Il
[t

J=1

(Fj(M) + G;(M)) + o(T(r)).

B

1

<.
Il

Gia stt phan ching ring Khang dinh (3.6) khong ding. Bing viéc sap
xép lai day cac chi s6 ta c6 thé gia thiét ring
D" —DiUD;U---UD,

trong dé

:{D:T’.. } DQ_{D81+1"" D;kz}
{Dsk 1—|—17"'7Dsk}73k = (g,

théa man
(. Dp) _ (., D))
(9.D%)  (9,D7)
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néu Dy, Dy € D;,1<j <k va

(f, D) _, (/, Dp)
(9, D)~ (9, D7)

néu D}, D} thudc cdc nhom khac nhau. Khang dinh (3.6) khong dting nén

#

50 siéu mat 6 trong m6i nhém D; nhiéu nhat 1a M + 1. Ta dinh nghia dnh
xap:{l,...,q} — {1,...,q} bdi
(Z.):{Z:—i—M—i—l, néui+ M+1<q,
i+M+1—¢q, néui+M+1>q.
Khi dé p la song anh. Véi méi i € {1,...,q}, ta co |p(i) —i| > M + 1 vi
q > 2M + 2. Diéu nay kéo theo D} va Dy ;) thuoc hai nhém khéc nhau,
do do6

o _ DD (90D

(f, D;(i)) (9, D;(i))

Tt Ménh dé 3.3, ta ¢

MN}(r,D}) + MN}(r,Di) + Z N}(r, D7)
FE{Lmng}\{ip (i)}
< dT(r) + Fy(M) + Eyiy (M) + Gi(M) + Gy (M) + O(1). (3.18)

Léay tong ctia (3.18) trén tat ca cac chisdé i € {1,...,q}, ta co

q
MZ Ni(r, D) + Ni(r, Dyi)) ZNfTD
1=1 j=1

q

< Z (Fi(M) + Fyi) (M) + Gi(M) + Gyi) (M)
—:-da(T) +0(1). (3.19)

Vi p la song anh nén (3.19) dugc viét lai nhu sau

q

(q+2M —2)> Ni(r,D;) < qdT(r Z M)) 4+ O(1).

j=1
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Diéu nay kéo theo

+2M — 2 & d
qf S ONHr DY) — L1+ 0(1)
j=1

< Eq: (F;(M) + G;(M)). (3.20)

Tit (3.17) va (3.20) ta c6

dlg—M — )T (r) <M Zq: Ni(r,D}) + M Zq: N, (r,D})

J=1 J=1

SRS N D)) + W) + ofT ().

—_

<

Diéu nay kéo theo

d(q — 22]\4 — Q)T(r) < %;N}(r, D7)
+ MZN;(T, D3)) 4 o(T(r)) (3.21)

Chi § rang
Nj(r,Dj) = Ny(r, D;); N, (r, D}) = Ny(r, D;),

nén (3.21) tré thanh

d(q — 22M - 2)T(T) < Z%q ; N D))
+ M Z N, (r,D;)) 4 o(T(r)) (3.22)

Két hop (3.14) va (3.22) ta c6

q

e - 22M —2) 21\7}(73 Dj)

J
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tit ¢ > 2M + 2, nén bat ding thiic trén tuong duong véi

oM X
ZNfTD S(d+1)g—2Md — 2d—2ZN (7, Dy) oI ()

Diéu nay kéo theo

2M

liminf Y N;(r, D;) N, (r,D; .
}E}gngf /; " Di) S (G g~ 20id — 2d 2
Néu ta lay ¢ > 2M + 3 thi
oM M
1
11~”iio%fZNfTD /ZN D) S Sare =

j=1
Mau thuan véi gia thiét ctia dinh ly. Nhu vay Khang dinh (3.6) ding va
dinh 1y dugc chitng minh. H

3.2. Dinh ly duy nhat kiéu Fujimoto

Dé chitng minh két qua chinh, truéc hét ching toi gidi thitu théem mot sb
kién thic vé ham dém vd mot dang dinh 1y co ban thit hai stt dung cho
chiing minh cac dinh 1y. Cho f la mot dudng cong chinh hinh trén hinh
vanh khuyén A, D 1a mot siéu mat va @ 1a mot da thitc thuan nhat dinh
nghia D. V6i mdi s6 thyc r : 1 < r < Ry, v6i cac s6 nguyén duong k va

a, ta dinh nghia

nt ;(r, D, < k) = Z min{ordg s (2), a},
2€A1 -, 0<ordg () (2)<k
ny ;(r,D <k) = Z min{ordg s (2), a}

2€0s -, 0<ordg () (2)<k

va
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Ta dat
N¢ . (r,D) = N (r, D, < k) := N{';(r, D, < k) + N3 ((r, D, < k).

Tuwong tu ta ki hiéu

nif(r, D,> k)= Z min{ordg)(2), a},
z€Aq ordgp(2) =k
ny y(r,D > k) = Z min{ordgf)(2), a}.

2€Qg ordg(g(2) 2k
Ta dinh nghia

Ln® (t,D, >k
1p(r, D, > k):/_l it " >dt7
"ng . (t,D, >k
Ng'y(r, D, > k)=/ h t Lot
1

Dit
Nﬁ>k(r, D) = N}"(r, D, > k) := fof(r, D,>k)+ N;ff(r,D, > k).
Dé dang thay rang
N¢(r,D) = N¢(r,D,< k) + N¢(r,D, > k + 1)
dtng v6i moi s6 a va k.

Meénh dé sau 13 mot dang dinh 1y co ban tht hai cho dudng cong chinh
hinh dugc H.T. Phuong va L. Vilaisavanh chting minh ndm 2022, can thiét
cho viéc ching minh cic dang dinh Iy duy nhat trong phan nay.

Ménh dé 3.4 ([41]). Cho f: A — IP’”(C) la mot duong cong chinh hinh
khong suy bién dai so, va D;, 1< j<q, lacac sieu mat trong P"(C) bac
d; J v tri tong quat. Goi d la boi chung nhé nhat cia cic s6 dy,ds, . .., d,.
Vor 0 <e <1 va

a > (d(n+1)*22Me 1 +1)".
Khi dé vdi moi 1 <r < R, ta cé

q
| (g—(n+1)—¢e)T(r) Z lef (r,Dj) 4+ O¢(r).
7=1



76

Cho D = {Dy,...,D,} 1a mot ho gom ¢ siéu mat & vi tri tong quat.
V6i méi j = 1,...,¢, ki hieu d; la bac cta D; va goi d la boi chung nhé
nhat ctia cic d;. Dat dp := min{dy,...,d,} va M = (d(n+ 1)22"*1 +1)".
Hai dinh 1y sau 1a cac dang dinh 1y duy nhat cho dudng cong chinh hinh

trén hinh vanh khuyén kiéu Fujimoto.

Dinh 1y 3.5. Cho f va g la cdc duong cong chinh hinh khong suy bién das
s tu A vao P*(C) théa man Os(r) = o(T¢(r)) va Oy(r) = o(Ty(r)). Goi
D ={D,...,D,} la mot ho gom q > n+1+2Mn/dp cdc siéu mat & v tri
tong qudt trong P"(C) théa man f(z) = g(z) vdi moi 2 € E;(D)U E,(D).
Khi do f = g.

Chatng minh. Gid st phan ching rang f # ¢, khi d6 ton tai cac chi s
l,t € {0,...,n}, | # t théa man fig; # figi. Goi d; la bac clia siéu mat
Dj, j=1,...,q vagoi dlaboisd chung nhé nhat clia céc d;. Goi k 13 mot
s6 nguyén duong di 16n, ta sé chon sau. V6i cac gia thiét ctia Dinh 1y 3.5,

ta co

N}%, D;) = N]M(r, Dj, <k)+ N}”(r, Dj,> k)

k 1
+ Nt (r,D;,> k)
k M
<k—_l_lN]{’w(raD]agk)+k—HN}(raD37<k)
+ MNj(r,Dj,> k)
< LNM(T D; </<:)—I—£Nl(r D;, < k)
Sk+1 S T0E k+1 770
M
+ k—_HNf(r, D, > k)
k M
M
+ k—HNf(T, Dj, > k)
k

M
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Do N¢(r,D;) < d;jT¢(r) nén ta c6

N (r, D) < Nf (r, Dy, < k)+TTf( r)+O(1),

k+1
tu do ta co

1 k
—_NM D. <—

Diéu nay kéo theo

¥ TMTf(m + o). (3.23)
Mat khéc, tit Ménh dé 3.4 v6ie =1/2, ta c6
3 1 (

(q—n—é)Tf \Zdij (r,D;) + Og(r). (3.24)

Két hop (3.23) va (3.24) ta c6
q
(q—i—ﬁ—n—%) Z_:dl (r,Dj, < k) + Oy(r).

Diéu nay kéo theo

(¢(k+1—M)—(n+

27

Jj=1

)(k + 1)) Ty(r)

[\GI V]

A
>

N (r,Dj, < k) + Oy(r)

&

N}(r, D, < k)+ Oy(r)

&.|,_x

/N
S

1%

J
Mk
)

/N

M-

Ni(r,Dj, < k) + Og(r). (3.25)
1

j
Gia stt 29 € A 1a mot khong diém ciia D; o f v6i boi 16n hon hay béng
k, khi d6 zy € E;(D) U E,(D). Diéu nay kéo theo g(z9) = f(20), do d6

fi(20)9:(20) = fi(20)91(20),



78

tic 14 zy 14 mot khong diém cta ham h = fig; — fig;. Chu ¥ ring, tit gid
thiét ho cac sieu mat D & vi tri tong quat trong P*(C) nén ton tai nhidu
nhat 1a n situ mat D; trong D théa man D; o f(z)) = 0. Dieu nay kéo
theo

q

1
ZN}(T, D;, < k) <nNy <7’, E)
j=1

Vi h 1a mot ham chinh hinh nén tit Ménh dé 2.7 ta cé

1 1

2 )
Mo(ri) = 5 [ loglChor — (e e las

2
+i/“mam%—ﬁmvwww+ww

..........

1 2m
—I-% 10g(2 max. £ (re™)] Jmax g;(re”)])df + O(1)
1 27T
o . (log max | fi(r e’ )|d9+10g max |g;(r~e™)])do
7)o N =0, TN T TR0

2m
—I——/ log max | fi(ré’ )\d@—Hog max g;(re”)])df + O(1)
= Ty(r) + Ty(r )+0( )

Béi vay (3.25) trd thanh

(qlk+1—M)—(n+ g)(k: + 1)) Ty (r)
o nMk
)
Tuwong tu cho anh xa g ta co
(qlk+1—M)—(n+ ;)(k: + 1)) Ty(r)

”]‘54 )+ Ty )+ Os(r). (3.27)

Két hgp hai bat dang thic (3.26) va (3.27) ta c6

(alk +1 = M)~(n+ 5)(k + D) (Ty(r) + Ty(r))

< )+ Ty() + O5l0) + O, ().

(T¢(r) + Ty(r)) + Op(r). (3.26)

<
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Diéu nay kéo theo

3 2Mnk - O¢(r) + Oy(r)

gl +1= M) = (n )l +1) = == < ZHm i S

dtng v6i moi s6 thuc r di 16n. Cho r — oo ta c6
2Mnk

3
q(k+1—M)—(n+§)(/<:+1) 5 <0
Diéu nay tuong duong véi
3 3
k(qo — (n + 5)5 —2Mn)+ (¢ —qM — (n + 5))5 < 0. (3.28)

Néu ta lay
(gM —q+n+2)0

b= g6 — (n+32)6 —2nM’
thi tir gia thiét ¢ > n+2+ Qn(sM ta sé ¢6 mau thudn. Nhu vay fig; = fgi
v6i moi i # j € {0,...,n}, tic 1a f = g. Diéu nay kéo theo két luan ctia
dinh 1y. 0

Dinh ly 3.6. Cho f va g la cdc duong cong chinh hinh khong suy bién
dai so ti A vao P"(C) théa man Os(r) = o(T¢(r)) va Oy(r) = o(T,(r)).
Goi D = {Ds,...,D,} la mot ho gom ¢ > n+ 1+ 2M/ép siéu mat & vi
tri tong qudt trong P*(C) sao cho

(a) f(2) = g(2) véi moi z € E4(D) U E,(D),

(b) EHD;)NED;) =0 va E,(D;) N Ey(D;) =0 vdi moii # j €
{1,...,q}.
Khi do f = g.

Chitng minh. Ta cling gid thiét phan ching 1a f # g. Giéng nhu trong
ching minh dinh 1y trén, ton tai hai chi s6 [,t € {0,...,n}, | # t thoa

man f;g; — fig; Z 0. Cho k 1a mot s6 nguyén duong du 16n, ta sé chon sau.
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Véi cac gia thiét ctia Dinh 1y 3.6 va ching minh ctia Dinh 1y 3.5 ta cé:
3
(q(k+1—M)—(n+ —)(k + 1)) T(r)

MkZN} k) 4+ Oy(r). (3.29)

Ta biét ring, néu 2y € A 1a mot khong diém ctia Dj o f v6i boi nhd hon
hay bang k thi zp 14 khong diém ctia ham fig; — f;g;. Theo gia thiét ta c

E;(D) NEf(D;) =0

v6i mdi cip i # j € {1,...,q}. Do d6 néu z, 1a mot khong diém ctia D;o f
thi 2y khong 1a khong diém ctia D; o f véimoii # j € {1,...,q}. Do d6

Zq;N}(T, Dj, < k) < N0< e ! ftgl> < Tr(r) + Ty(r) + O (r).
Béi jfay (3.29) tré thanh
(q(k +1—M)—(n+ §)(/f + 1))Tf(7’) (3.30)
< Aﬁk (T5(r) + Tylr)) + Oy (r).
Tuong tu cho anh xa g, ta c6
(qlk+1—M)—(n+ §)(lc+ 1)) Ty(r) (3.31)
M(s’“(Tf( )+ T(r)) + Oy(r).

Két hgp cac bat dang thiic (3.30) va (3.31) ta ¢6

(alk +1 = M)~(n+ 2)(k + D) (Ty(r) + T(r))
2ME

< T(Tf(r) +Ty(r)) + Of(r) + Oy(r).
Diéu nay kéo theo

2Mk < Of(?“) + 09(7“)
0 7 Typ(r) + Ty(r)

q(k+1—M)—(n+g)(k+1)—
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dtng v6i moi s6 thuc r di 16n. Cho r — oo ta c6
3 2M k

q(k:+1—M)—(n+§)(k+1)—T<O
Diéu nay kéo theo
3 3
k(qd — (n+ 5)5 —2M) + (¢ — gM — (n + 5))6 <0. (3.32)

Néu ta lay
(gM —q+n+2)0

k > ,
g6 — (n+32)6 —2M

) 2M .
thi tu gia thiet ¢ > n+2 + —~ ta c6 mau thuan. Nhu vay fig; = f;g; voi

moi i # j € {0,...,n}, tic la f = g. Dinh 1y dugc ching minh. O
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Két luan Chuong 3

Véi muc dich nghién cttu mot s6 dang dinh 1y duy nhat cho dudng cong
chinh hinh trén hinh vanh khuyén, trong chuwong nay t6i da thu dugc mot
s6 két qua chinh sau:

1. Chting minh moét dang dinh 1y duy nhat kiéu Chen-Yan cho dudng
cong chinh hinh trén hinh vanh khuyén véi muc tiéu la cac siéu mit
(Dinh 1y 3.2).

2. Ching minh hai dinh 1y duy nhat kiéu Fujimoto dudng cong chinh
hinh trén hinh vanh khuyén véi muc tiéu la cac siéu mat (cac dinh 1y 3.5

va 3.6).
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Két luan

Trong luan 4n nay ching to6i nghién citu mot s6 dang Dinh 1y co ban
v6i ham dém rit gon hay ham dém boi cat cut cho dudng cong chinh hinh
trén hinh trén truong W v van dé duy nhat cho dudng cong chinh hinh
trén hinh vanh khuyén trong mat phang phic C.

Cac két qua chinh ctia luan an bao gom:

1. Ching minh hai dang Dinh Iy co ban thi hai cho dudng cong
chinh hinh trén truong khong Acsimet véi ham dém rat gon trong hai
truong hop muc tiéu 1a cac sieu phang & vi trf tong quat (Dinh 1y 1.7) va
& vi tri dudi tong quéat (Dinh 1y 2.4).

2. Xay dung mot dang Dinh 1y co ban thi hai cho dusng cong chinh
hinh trén truong phtc C trong truong hgp dudng cong chinh hinh trén
hinh vanh khuyén khong suy bién dai s6 v6i ham dém bai cat cut két hop
v6i cac siéu mat & vi trf tong quat (Dinh ly 2.13).

3. Dua ra ba dinh 1y méi vé van dé duy nhat cho dudng cong chinh
hinh trén hinh vanh khuyén v6i muc tiéu 1a cac siéu mat 6 vi tri tong quat
(cac dinh 1y 3.2, 3.5, 3.6).

Chiing t6i dé xuat mot sé huéng nghién citu tiép theo:

1. Nghién cttu mot s6 Dinh 1y co ban thid hai cho dudng cong chinh
hinh v6i rat gon trong cac truong hgp khac nhau cia muc tiéu.

2. Stt dung cac két qua veé cac dang Dinh 1y co ban thit hai vé6i rat

gon dé nghién citu van dé duy nhat cho dudsng cong chinh hinh.
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