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LG1 cam doan

Toi xin cam doan day la cong trinh nghién cttu ctia t6i dudi sy huéng
dan ctia PGS. TS Ha Tran Phuong. Cac két qua viét chung véi cac tac gia
khac da dugc su nhat tri ctia dong tac gid khi dua vao luan an. Cac két qua
clia luan an 14 méi va chua ting duge cong bo trong bat ky cong trinh khoa

hoc cua ai khéc.

Thai Nguyén, thang 10 nam 2022

Tac gia

LEUANGLITH Vilaisavanh



ii

LG1 cam on

Luan an dugc thyc hién va hoan thanh duéi du huéng dan tan tinh cua
PGS. TS Ha Tran Phuong. Tac gid luan 4n xin bay t6 long biét on chan
thanh va sau sic nhat dén thay.

Tac gia xin tran trong cdm on Ban Giam d6c Dai hoc Thai Nguyén, Ban
Dao tao Dai hoc Thai Nguyén, Ban Giam hiéu, Phong Dao tao, Ban chu
nghiém khoa Toan va cac phong Ban chiic nang Truong Dai hoc Su pham -
Dai hoc Thai Nguyén da tao moi diéu kién thuan lgi giap do tac gid trong
quéa trinh hoc tap nghién cttu va hoan thanh luan an.

Téc gia xin chan thanh cAm on cac thay, co, ban be trong cac Seminar tai
Bo moén Giai tich va Toan tng dung, Khoa Toan Truong Dai hoc Su pham
- Dai hoc Thai Nguyén da luon gitup da, dong vién tac gia trong nghién citu
khoa hoc.

Tac gid xin chan thanh cam on Truong Dai hoc Savannakhet nuéec CHD-
CND Lao cung cac dong nghiép da tao dieu kién gitp dd toi vé moi mat
trong quéa trinh hoc tap va hoan thanh luan an nay.

Cubi cling tac gid xin bay té long biét on nhitng nguoi than trong gia
dinh, nhitng nguoi da chiu nhiéu khé khan, vat va danh hét tinh cam yeu
thuong, dong vien, chia sé, khich 1é dé tac gia hoan thanh dugc luan an.

Thai Nguyén, thang 10 nam 2022

Tac gia

LEUANGLITH Vilaisavanh
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Mdé& dau

1. Lich s nghién citu va 1y do chon dé tai

Ducgc bat nguon béi cac cong trinh ciia R. Nevanlinna tit dau thé ky
XX, Ly thuyét phan bd gia tri cho ham phan hinh (con goi 1a Ly thuyét
Nevanlinna) duge danh gia 14 mot trong nhitng thanh tyu sau sic va dep
dé ctia Toan hoc. V6i noi dung chinh bao gom hai dinh 1y co ban: Dinh 1y
co ban thi nhat va Dinh 1y co ban thi hai, Ly thuyét phan b gia tri ngay
cang thu hat duge st quan tam clia nhiéu tac gid trong va ngoai nuéce, thu
duge nhieu két qua quan trong va c6 tng dung trong nhiéu linh vite khéc
nhau ctia Toan hoc nhu van dé duy nhat cho ham phan hinh, hé dong luc
phtc, phuong trinh vi phan phiic,....

Ki hi¢u P"(C) 1a khong gian xa &nh n chiéu trén truong C. Nam 1933, H.
Cartan da mé rong cac két qua ctia Nevanlinna cho truong hop duong cong
chinh hinh vao P"(C) va dua ra mot s6 ting dung. Theo hudng nghién cttu
nay nhiéu nha toan hoc trong va ngoai nudc da cong bé nhiéu két qua dic
sac ve cac dang dinh 1y co ban thit nhat va thi hai trong cac trudng hop
khac nhau va nghién cttu ng dung ctia cac dinh 1y nay trong nhiing linh
vitc khac nhau ctia Toan hoc, dac biét 1a van dé duy nhat cho duong cong
chinh hinh.

V6i duong cong chinh hinh f : C— P"(C) c6 mot biéu dién tdi gian la
(fo,- -+, fn), ham

27 .
7y(r) = 5 [ Tog /(e o



dugc goi la ham ddac trung Nevanlinna-Cartan ctiia duong cong f, trong do

LF ) = max{|fo(2)], .., |fu(2)]}-

Cho H 1a mot sieu phang, xac dinh bdéi dang tuyén tinh L. Ham

ret?
mys(r,H) =my(r,L) = 217r/ 10g%d9

dugc goi la ham zdp xi cia f két hop véi sieu phang H. Ki hieu ns(r, H) la
s6 khong diém ctia L(f)(z) trong dia {|z| < 7}, ké ca boi, n}' (r, H) la s6
cac khong diém L(f)(z) trong dia {|z| < 7}, boi cit cut béi mot s6 nguyen
duong M. Ham

gt H) — np(0, H
Nf(r,H):Nf(T,L):/O ny(t >t”f(’ >dt—|—nf(0,H)logr

duge goi 1a ham dém ké cd boi va ham

rnd(t, H) — n3(0, H)
N%(r,H):N%(r,L):/O ! . ! dt +n4' (0, H) logr

duge goi 1a ham dém boi cat cut béi M clia duong cong f két hgp véi sieu
phang H, trong d6 ns(0, H) = }i_%nf(r’ H), ny(O,H) = }iirbn%(r, H).
S6 M trong ki hieu N}W(r, H) dugc goi 1a chi so boi cat cut.

Nam 1933, H. Cartan ([4]) da chiing minh hai két qua sau:
Dinh 1y 1. Cho dudng cong chinh hinh f : C—P"(C) va mot siéu phang
H sao cho f(C) ¢ H, khi dé ta co

Tf(?“) = Nf(?“, H) +mf(r,H) —|—O(1)

Dinh 1y 2. Cho duong cong chinh hinh khong suy bién tuyén tinh f :
C —P"(C) va q siéu phang Hy, ..., H, & vi tri tong quat trong P"(C). Khi
do bat dang thic

(g —n—1)T¢(r) ZN (r, H;) + o(T¢(r))

7=1
ding vdi moi v > 0 du lén nam ngoai mot tap cé do do Lebesque hitu han.
Dinh 1y 1 dudc goi 14 Dinh 1y co ban thi nhat, Dinh 1y 2 duge goi 1a

Dinh 1y co ban thit hai v6i boi cat cut cho duong cong chinh hinh tit C vao



P"(C) khong suy bién tuyén tinh két hgp vé6i cc siéu phang & vi tri tong
quat. Cong trinh nay cia H. Cartan dugc danh gia hét siic quan trong, né
md ra mot huéng nghién ctu méi trong viec phat trién 1y thuyét phan bd
gia tri - nghién citu sy phan bo gia tri clia anh xa phan hinh, chinh hinh
- ma ngay nay ta biét dén véi tén goi gan vdi tén hai nha todn hoc xuat
sic “Ly thuyét Nevanlinna-Cartan”. Cac két qua nghién citu theo huéng
nay trong thoi gian gan day tap trung vao hai van de:

1. Xay dung cac dang dinh 1y co ban (dinh 1y co ban thit nhat va thi hai)
cho dudng cong chinh hinh tit C hodc mot mién trong C vao P"(C) hodc
mot da tap dai s6 xa anh trong P"(C) véi muc tiéu la cac siéu phang, siéu
mit c6 dinh hodc di dong, bang cach thiét 1ap quan hé gitta ham dic trung
Nevanlinna-Cartan véi cic ham xap xi, ham dém hay ham dém boi cit cut.
Tt do6 suy ra cac két qua vé quan hé s6 khuyét.

2. Nghién citu cic ting dung ctia 1y thuyét Nevanlinna-Cartan trong cic
linh vuc khac nhau ctia toan hoc, chang han, nghién ctu su suy bién cla
cac duong cong dai s6, van dé duy nhat cho ham phan hinh va duong cong
chinh hinh, hé phuong trinh vi phan, dao ham riéng phtc, ....

Huéng nghién cttu thit nhat da thu hat duge sy quan tam ctia rat nhiéu
nha toan hoc va thu duge nhiéu két qua sau sic, chang han, G. Dethloff,
E. I. Nochka, M. Ru, P. Vojta, H. H. Khoai, D. D. Thai, T. V. Tan, T. T.
H. An, S. D. Quang .... Nam 1983, Nochka ([33]) d& md rong két qua cta
H. Cartan cho trusng hop ho céc siéu phing Hi, . .. ,Hy & vi trd N —tong
quat trong P"(C). Nam 2004, M. Ru ([41]) d& dua ra mot dang Dinh 1y co
ban thit hai cho dudng cong chinh hinh khong suy bién dai s6 két hop véi
cac sieu mat c6 dinh. Trong ([42]), Ong da mé rong két qua d6 cho dudng
cong chinh hinh vao mot da tap dai s6 xa anh V. Nam 2007, T. T. H. An va
H. T. Phuong ([1]) va nam 2008, Q. M. Yan va Z. H. Chen ([51]) da ching

minh mot quan hé gitta ham déc trung T(r) ctia dudng cong chinh hinh



f : C—=P"(C) v6i cac ham dém boi cat cut Nfcw(r, D;) trong truong hop
ho cac sieu mat ¢6 dinh {Dy,...,D,} & vi trf tong quéit. Ngoai ra, trong
nhiing nam gan day G. Dethloff, T. V. Tan ([13]), D. D. Thai, S. D. Quang
([48]), L. Shi ([45]), P. C. Hu, N. V. Thin ([23])... d& cong b6 mot s6 cong
trinh theo huéng nay cho duong cong chinh hinh mot hoic nhiéu bién phiic
vao P"(C) hay mot da tap dai s6 xa anh trong P"(C) v6i muc tieu la cac
siéu phang hay siéu mat, c6 dinh hay di dong, & vi tri tong quat hay N—
duéi tong quat.

Mot trong nhitng ting dung quan trong ctia 1y thuyét Nevanlinna-Cartan,
ciing nhu 1y thuyét Nevanlinna 14 nghién citu su xac dinh ctia anh xa chinh
hinh cfing nhu ham phan hinh théng qua anh ngude ctia mot hay nhiéu tap
hitu han phan tit. Van dé nay cling thu hut sy quan tam ctia nhiéu nha toan
hoc: A. Boutabaa, W. Cherry, G. Dethloff, H. Fujimoto, M. Ru, L. Smiley,
C. C. Yang, H. H. Khoai, D. D. Thai, T. V. Tan, S. D. Quang, H. T. Phuong
va nhiéu tac gia khac.

Cho anh xa chinh hinh f : U — P"(C) va mot biéu dién t6i gian (fy, . .., fn)
ctia f, trong d6 U la toan bd mit phang phiic C hoic mot mién trong C.
V6i mot ho céc siéu mat ¢6 dinh D = {Dy,..., D,}, véi méi D; € D, ta ki
hiéu

Ey(Dj)={2€U| Qo f(2) =0 khong ké boi};

E¢y(Dj) ={(z,m) e U XN | Qo f(z) =0 vaordg.s(z) = m}.
Va dat

EyD)= |J Ef(D;) va EiD)= J Es(D)).
D;eD D;eD

Ki hieu F 1a mot ho cdc d4nh xa chinh hinh khac hing tut U vao P"(C).
Ho céc sieu mat D dude goi 1a tap zdc dinh duy nhat khong ké bai, ki hieu
URSIM (hodc tap zdc dinh duy nhat ké ca bgi, ki hisu URSCM) cho ho &nh
xa JF néu véi mdi cap anh xa f,g € F, didu kien E;(D) = E,(D) (hoic



E¢(D) = E,(D) tuong tng) kéo theo f = g. Cac tap URSIM, URSCM
dude goi chung 1a tdp zdc dinh duy nhat cho ho anh xa F.

Nam 1975, H. Fujimoto ([15]) da chiing minh mot két qua vé van dé duy
nhat cho anh xa phan hinh vao khong gian xa anh phtc, cho thay ton tai
cac tap xac dinh duy nhat ké ca boi gom 3n+2 siéu phang & vi trf tong quat
cho ho cac anh xa phan hinh phitc khong suy bién tuyén tinh. Két qua nay
dugc xem nhu mdé dau cho cac nghién ctiu vé van dé duy nhat cho anh xa
chinh hinh. Tiép theo cong trinh nay, nam 1983, L. Smiley ([46]) gi6i thi¢u
mot két qua mdi vé van dé duy nhat cho 4nh xa phan hinh khong suy bién
tuyén tinh béi anh ngude ctia mot ho hitu han céc siéu phing, van dé nay
duge H. Fujimoto ([16]) nghién ctu lai ndm 1998. Nam 2006, G. Dethloff
va T. V. Tan ([13]) xem xét van dé tuong tit cho truong hgp siéu phiang
di dong. Nam 2008, bang viéc st dung Dinh 1y co ban thi hai v6i boi cat
cut cho duong cong chinh hinh ctia An-Phuong ([1]), Dulock va Ru ([14])
da chitng minh mot s6 dinh 1§ duy nhat cho duong cong chinh hinh trong
truong hop siéu mat. Nam 2011 va nam 2013, H. T. Phuong da ching minh
mot s6 két qua vé van dé duy nhat cho duong cong chinh hinh véi muc tiéu
la cac sieu phang c6 dinh hay di dong (xem [35], [36]). Va nhiéu két qua
khac vé van dé duy nhat cho duong cong chinh hinh trong truong hgp nhiéu
bién dugc cong bd béi M. Ru, D. D. Thai, T. V. Tan, D. Quang .... Chu y
rang, hau hét nhiing ching minh ciia cac két qua vé tap xac dinh duy nhat
déu dya vao cac dang Dinh 1y co ban thi hai v6i boi cat cut.

D6i v6i van dé duy nhat cho ham phan hinh, nam 1926, R. Nevanlinna
ching minh: Hai ham phdan hinh phic khdc hang f, g théa man f1(a;) =
g Ya;), i=1,...,5, thi f = g. Két qua nay ctia Nevanlinna cho thay hai
ham phan hinh dugc xac dinh duy nhat béi anh ngudce ciia nam diém phan
biet. Tiép theo cong trinh Nevanlinna, c6 rat nhiéu cong trinh ciia cac téc

gid trong v ngoai nudc duge cong bo, tap trung vao cac huéng: cac ham



phan hinh chung nhau mot phan ti hay mot tap hop, c¢6 tinh boi va khong
tinh boi. Ki hiéu

oo(f) = liminf log log T'(r. f>

7 — 00 log r

Cho f,g la hai ham phan hinh trén mit phéng phic va a € C. Ta néi
ham f vd g chung nhau gié tri a khong ké boi néu f —a va ¢ — a c6 cing
cac khong diém, f vd g chung nhau gia tri a ké cd boi néu f —a va g — a
c6 cling cac khong diém ké ca boi. Nam 1996, trong bai bao ([2]), Briick da
dit ra gia thuyét ma vé sau ching ta quen goi la gia thuyét Brick: cho [ la

mot ham nguyén théa man oo f) khong la mot sé6 nguyén hay oo. Néu f va
/

f" chung nhav mot gid tri hitu han a € C ké cd boi tha = ¢, trong do

¢ la mot hang s6 nao dé. Chi ¥ rang, gid thuyét trén da duf(CjLC Briick chiing
minh trong truong hgp a = 0 trong bai bao [2]. Nam 1998, Gundersen va
Yang ([18]) da chiing minh gid thuyét Briick dung khi f 1a ham nguyén c6
bac hitu han (khong phéai 1a s6 nguyén). Trong truong hop f la mot ham

1 .
c6 bac vo han vé6i oo f) < ot gia thuyét Briick duge ching minh bdi Chen

va Shon (xem [10]). Truong hop oo(f) > % van con la mot van dé md. Mot
huéng nghién cttu tha vi khac vé van dé duy nhat lién quan dén gia thuyét
Briick 1a thay f vé6i f", thay thé f béi mot da thitc vi phan hosic thay thé a
bdi mot da thic hay mot ham. Nam 2008, L. Z. Yang va J. L. Zhang ([52])
da chitng minh mot két qua lién quan dén gid thuyét Briick nhu sau: cho f
la mot ham nguyén khdc hang, n > 7 la mot so6 nguyén va F = f*. Néu F

va F' chung nhau gid tri 1 CM, thi ' = F' va f ¢6 dang
f= cez/",

trong dé ¢ la mot hang s6 khdc 0. Nam 2008, Li va Cao ([30]) nghién cttu
mot md rong cia gid thuyét Briick khi thay thé hang s6 a bdi mot da thiic

phit hop va thay thé dao ham cap mot f' bdi dao ham cap cao. V6i mot



ham phan hinh f, ki hiéu

MIf] = F () (fm)e)

va F = frtmtetie trong d6 m,n, ..., ng, t1, ..., t 12 cac s6 nguyén duong.
Mot van dé tha vi thu hat dude sy quan tam ctia nhiéu tac gid d6 1a nghien
citu gia thuyét Briick khi thay f béi F, f' boi M[f]. Cac cong trinh nay
tao nén hudéng nghién citu mdi, thuong goi 1a van dé duy nhat cho cdc ham
phdan hanh lien quan dén gid thuyét Brick.

Nhu vay, viéc tiép tuc phat trién 1y thuyét Nevanlinna-Cartan, dic biét
nghién citu cac dang Dinh 1§ co ban thit hai v6i boi cat cut 1a thie sut can
thiét. N6 sé cho ching ta nhiing co s6 quan trong dé nghién cttu van dé duy
nhat cho ham phan hinh va anh xa chinh hinh. Hién nay, van dé phéat trién
ly thuyét Nevanlinna-Cartan va nghién citu tng dung ctia 1y thuyét nay
ciing nhu 1y thuyét Nevanlinna trong nhiing nganh khoa hoc khac nhau da
va dang dude quan tam manh mé, gan lién vdi cac cong trinh ctia rat nhieu
nha toan hoc trong va ngoai nuée: A. Boutabaa, H. Cartan, W. Cherry, G.
Dethloff, Ph. Griffiths, M. Ru, P. Vojta, P. M. Wong, H. H. Khoai, D. D.
Thai, T. T. H. An, S. D. Quang, H. T. Phuong, V. H. An va nhiéu tac gia
khac.

Su lira chon dé tai "Veé 1y thuyét Nevanlinna cho hinh vanh khuyén
va van dé duy nhat" cia tac gia luan an nay ciing nham tiép tuc phat
trien them nhiing diéu 1y tha ctia Ly thuyét Nevanlinna - Cartan cho dudng

cong chinh hinh trén hinh vanh khuyén va van dé duy nhat.

2. Muc dich va déi tuong nghién ciu

e D6i tuwong nghién citu
Trong luan an nay ching toi tap trung nghién cttu cac tinh chat cla

ham phan hinh trén mit phing phitc C va duong cong chinh hinh trén



hinh vanh khuyén. Day ciing 13 cac déi tuong nghién cttu co ban cua ly

thuyét Nevanlinna va Nevanlinna-Cartan.

e Muc dich nghién ciu :

Hudng nghién ciu thi nhat: xay dung mot s6 dang dinh 1§ co ban (thi
nhat va thit hai) cho dudng cong chinh hinh trén hinh vanh khuyén véi
cac muc tieu l1a siéu mat bang cach thiét 1ap quan hé gitta ham dic
trung Nevanlinna-Cartan v6i cdc ham xap xi, ham dém hay ham dém
boi cat cut.

Hudng nghién ciu thi hai: thiét 1ap mot so diéu kien di dé hai dusng
cong chinh hinh trén hinh vanh khuyén la trung nhau trong trucng hgp
muc tieu la céc sieu mat & vi trf tong quat déi véi phép nhing Veronese.
Hudng nghién ciu thi ba: xay dung mot sd6 két qua mdi vé van dé
duy nhat cho cac ham phan hinh lién quan dén gia thuyét Briick trong

truong hop thay thé f boi F va f/ boi M[f].

3. Tong quan vé luan an

Trong sudt luan an nay ta luon ki hieu R > 1 14 mot s6 thuc duong hodc
+00 va

1
A:{zG(C:}—%<|z\<R}

]& mot hinh vanh khuyén trong mat phang phic C. Mot trong nhitng huéng
nghién cttu trong 1y thuyét Nevanlinna va Nevanlinna-Cartan 1a xem xét cic
dinh 1y co ban thit nhat va thit hai cho truong hgp anh xa ti f : A —P"(C).
Theo huéng nghién cttu nay, R. Korhonen ([26], nam 2004), A. Khrystiyanyn
va A. Kondratyuk (xem [24, 25], nam 2005) da c6 cac cong bo dau tien ve
phan bo gia tri cho ham phan hinh trén hinh vanh khuyén. Van dé nay lap
titc thu hat duge sy quan tam ciia cac tac gia trén thé giéi nhu H. Cao, S.

Liu, N. Lu, M. E. Lund, D. Meng va thu dugc mot s6 két qui quan trong.



D6i v6i duong cong chinh hinh trén hinh vanh khuyeén, gan day, nam 2015,
H. T. Phuong va N. V. Thin ([38]) da cong bd hai dinh 1§ co ban thit nhat
va thit hai cho duong cong chinh hinh trén hinh vanh khuyén véi muc tiéu
1 céc siéu phang di dong. Cac qua ma ching t6i dat duge trong luan an
nay vé phan bd gia tri cho dudng cong chinh hinh trén hinh vanh khuyeén
la cac dinh 1y co ban thit nhat va thi hai trong truong hop muc tiéu 1a céac
sieu mit. Két qua cu thé nhu sau:

Dinh ly 1.2.3. Cho f: A—=P"(C) la mot duong cong chinh hinh va D la
mot sieu mat trong P"(C) ¢6 bac d sao cho anh cia f khong chita trong D.

Khi d6 vdi moi 1 <r < R, ta ¢
mys(r,D)+ Nyg(r,D) = dT(r) + O(1).

Dinh ly 1.3.6. Cho f : A—P"(C) la mot duong cong chinh hinh khong
suy bién dai so va Dj,1 < j < q, la mot ho cdc sieu mat trong P*(C) c6
bic d; tuong ting & vi tri tong qudt. Goi d la boi s6 chung nhé nhat cia cdc

dy,da,...,d,. Voi0<e<1
a > (dl(n+1)"2")e" "] +1).
Khi do voi moi 1 <r < R ta co

| (g —(n+1) =) Ty(r) < Y d; "N (r, Dj) + Of(r),

j=1
trong do
O(logr + log T(r)) néu R =400
Oy(r) = 1 :
O(log Fr— +1logT¢(r)) néu R < +o0.
0 —

Dinh 1y 1.2.3 13 mot dang dinh 1y co ban thit nhat cho dudng cong chinh
hinh trén hinh vanh khuyén. Dinh 1y 1.3.6 1& mdt dang Dinh 1y co ban thi
hai v6i boi cat cut cho dudng cong chinh hinh tit A vao P"(C) két hgp véi

cac siéu mat & vi tri tong quat trong P"(C), cho thiy mot quan hé gitta ham
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dac trung T¢(r) ctia dudng cong chinh hinh f : A — P"(C) véi cac ham dém
boi cat cut N }W (r, D;). Céc két qué chinh theo huéng nghién citu nay ching
t01 viét va cong bd trong bai bao [40].

D6i v6i van dé duy nhat cho dudng cong chinh hinh trén hinh vanh
khuyén, nam 2013, H. T. Phuong va T. H. Minh ([37]) d& chting minh mot
sO két qua vé van dé duy nhat cho duong cong chinh hinh trén hinh vanh
khuyén v6i muc tiéu 1 cac siéu phang ¢ dinh, nam 2021, H. H. Giang ([17])
cong bé mot so6 két qua theo huéng nghién cttu nay cling véi muc tiéu 1a cac
sieu phang.... Cac qua ma ching t6i dat dugc theo huéng nghién citu nay
nhu sau:

Dinh ly 2.2.1. Cho f va g la hai duong cong chinh hinh khong suy bién
dai so ta A vao P"(C) sao cho Of(r) = o(T¢(r)) va Oy(r) = o(T,(r)). Ki
hieu D = {D1,..., D} la mot ho gom q = np + 1+ 2n3 /dp siéu mat & vi
tri tong qudt doi vdi phép nhing Veronese trong P"(C). Gid s f(z) = g(2)
vdi moi z € E4(D) U Ey(D). Khi dé f = g.

Dinh ly 2.2.2. Cho f va g la hai duong cong chinh hinh khong suy bién
dai so ta A vao P"(C) sao cho Of(r) = o(T¢(r)) va Oy(r) = o(T,(r)). Ki
hiéu D = {Dy,...,D,} la mot ho gom q > np+ 1+ 2np/mp siéu mat & vi
tri tong qudt doi vdi phép nhing Veronese trong P"(C). Gid si

(a) f(2) = g(2) vdi moi z € E;(D) U Ey(D),

(b) Ef(D;) N E¢(D;) = 0 va E,(D;) N Ey(D;) = 0 vdi moii # j €
{1,...,q}.

Khi do f = g.

Dinh 1y 2.2.1 va Dinh 1y 2.2.2 13 hai diéu kién dai s6 dé xac dinh duy
nhat doéi véi duong cong chinh hinh trén hinh vanh khuyén véi muc tieu la
ho céc siéu mit & vi tri tong quat véi phép nhing Veronese. Nhu da néi 6
phan trén, cac cong trinh da cong bd trude clia cac tac gia khac tap trung

chli yéu vao muc tiéu la cic siéu phang, két qua ctia ching toi nghién ctu
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trong truong hop siéu mat. Hai dinh 1y 2.2.1 va 2.2.2 dugc chiing t6i ching
minh trong bai bao [39].

Cho f va g 1a hai ham phan hinh va a va b 13 hai s6 phiic phan biét. Néu
g—b=0mdikhi f—a=0thitaviét f=a=g=b.Néeuf=a=g=0»b
vig=b= f=athitaviét f=a< g=>5b. Néu f —a vh g — b c6 chung
khong diém va cyc diém ké ca boi thi ta ki hieu f —a = g — b. Theo huéng
nghién citu thit ba vé van dé duy nhat cho cac ham phan hinh lién quan dén
gid thuyét Briick, chung toi da dat duge dinh 1y sau vao nam 2018:

Dinh ly 3.2.4. Chon € Nwa k,n;,t; € N« = 1,...,k théa man mot
trong cdc dieu kién sau:
k=1, n=0, ng >t +1;
k
2)n>1hoick>2 nj>t;, n+Y nj>» tj+2.
j=1 j=1

Cho a va b la hai gid tri hitu han khdac O va f la mot ham nguyén khdc hang.
Néu frémsesm — q = fo(pm)t) (fo)) = b thi

P () b

fn—i—nl—i—---—i—nk —a

:C7

trong dé c la mot hang so. Ddc biét, néu a = b thi f = c1e'?, trong dé c¢; va
t la cdc hang s6 khdc 0 va t théa man (tny)™ ... (tng)* = 1.

Dinh 1y 3.2.4 clia ching to6i 13 mot két qua vé van dé duy nhat cho cac
ham phan hinh lien quan dén gia thuyét Briick trong truong hop thay thé
f bsi F, f’ bsi M[f]. Dé chiing minh két qua vé van dé duy nhat trudc
hét ching toi phai thiét 1ap mot tieu chuan chuan tic cho ho cac ham phan
hinh nhu sau:

Pinh 1y 3.2.3. Cho F la mot ho cdc ham phan hinh trén mién phang phic
D. Cho a va b la hai s6 phitc théa man b # 0, goi n € N, k € N* va nj, t;,
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j=1,2,...,k théa man
k
ng 2t n+y n;=y ti+3, (1)

i T = g e PP (f)0) = b dbi g mdi f € F. Khi
dé F la mot ho chuan tdc. Ngodi ra, néu F la mot ho cdic ham chinh hinh
thi khang dinh ding khi (1) dudc thay thé bdi mot trong cdc diéu kien sau:
k=1, n=0, ni >t + 1;
k

n>1hoick>2n;>t,n+> nj>y tj+2.
j=1 j=1

K¥ thuat chting minh st dung Dinh 1y 3.2.4 duge két hop cong cu cla
Iy thuyét ho chuan tic va ly thuyét Nevanlinna. Céc két qua nay ching toi

da cong bo trén bai bao [47].

4. Phuong phap nghién citu

Trong ludn an nay chiing t6i st dung phuong phap nghién cttu co ban:
trén co sé nghién citu cac tai liéu theo huéng nghién cttu, chiing t6i phat hién
cac van dé md can phai gidi quyét va st dung cac kién thic, k§ thuat cia
giai tich phtc, 1y thuyét phan b gia tri Nevanlinna va Nevanlinna-Cartan,
hinh hoc dai s6, 1y thuyét ho chuan tic dé dé xuat nhitng phuong phap phit

hop hodc st dung mot s6 ki thuat da c6 nham gidi quyét cac van dé dat ra.

5. Cau trac luan an

Luan an gom phan mdé dau, ba chuong noi dung, két luan luan an va
danh muec tai liéu tham khéo.

Chuong 1 ¢6 tén la Hai dinh ly co bin cho duong cong chinh hinh trén

hinh vanh khuyén. Trong chuong nay ching toi giéi thieu mot s6 khai niem

co ban trong 1y thuyét Nevanlinna va Nevanlinna-Cartran cho ham phan
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hinh va duong cong chinh hinh trén hinh vanh khuyén, bao gom: ham xap
xi, ham dém, ham dic trung cho ham phan hinh v dudng cong chinh hinh;
dinh 1y Jensen, dinh 1§ co ban thi nhat va dinh 1§ co ban thi hai cho ham
phan hinh trén hinh vanh khuyén. N6i dung chinh ctia chuong nay la phat
biéu va chiing minh hai dinh 1y co ban thit nhat va thit hai cho dusng cong
chinh hinh trén hinh vanh khuyén trong truong hgp siéu mat.

Chuong 2 v6i téen Van dé duy nhat cho duong cong chinh hinh trén hinh
vanh khuyeén, chiing toi tap trung vao gidi thieu mot s6 khai niem co ban veé
van dé duy nhat va phat bieu, chitng minh hai dinh 1y vé vAn dé duy nhat
cho duong cong chinh hinh trén hinh vanh khuyén trong truong hgp siéu
mat & vi tri tong quéat ddi véi phép nhiing Veronese.

Chuong 3 danh cho viéc trinh bay cac két qua nghién cttu ciia ching toi
ve van dé duy nhat cho ham phan hinh véi tén goi Van dé duy nhat cho ham
phan hanh lien quan dén gid thuyét Brick. Trong chuong nay, ngoai viéc gisi
thieu mot s6 khai niém co ban trong 1y thuyét phan bd gia tri Nevanlina
cho ham phan hinh, kién thtc vé ho chuan tic, ching toi chiing minh mot
tieu chuan chuan tic cho ham phan hinh va trén co sé d6 chitng minh mot
két qua ve van dé duy nhat cho cac ham phan hinh lién quan dén gia thuyét
Briick.

Ngoai viéc cong bo trén cac tap chi, cac két quéd chinh ctia luan an da

dudce bao cao tai :

e Seminar ciia Bo mon Giai tich, Khoa Toan, Truong Dai hoc Su pham,
Dai hoc Thai Nguyén hang nam.

e Hoi nghi Quoc té vé Dai s6 - Ly thuyét s6 - Hinh hoc - To po 2021, 21
- 23 /10/ 2021 tai Trusng Dai hoc Su pham, Dai hoc Thai Nguyén.
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Chuong 1

Hai dinh 1y co ban cho dudng cong
chinh hinh trén hinh vanh khuyén

1.1. Mot sb6 kién thitc co ban trong Ly thuyét phan bd gia tri

cho cac ham phan hinh
1.1.1. Truong hgp ham phan hinh trén C

Trong phan nay ching toi sé gidi thieu mot s6 kién thiic co ban trong 1y
thuyét phan b gia tri cho cdc ham phan hinh trén mit phang phiic C. Cho
f 1a mot ham phan hinh trén C.

Dinh nghia 1.1.1. ([19]) Ham

2T
m(r, f) = — /O log* | (rei®)| dy

T o
duge goi 1a ham wdp xi ctia ham f, trong d6 log™ x = max{log z,0} véi méi
s6 thue x > 0.
Ki hieu n(r, f) 1a s6 cuc diém ké ca boi, n(r, f) 1a sd cuc diém khong ké
boi ciia f trong D, = {z € C: |2| < r}. V6i k 13 mot s6 nguyen duong, ki
hieu ny(r, f) 14 s6 cue diém boi cit cut béi k ctia f (tiic 14 mdi cie diém

boi [ > k chi dugc tinh k lan trong tong ny(r, f) trong D,.).

Dinh nghia 1.1.2. ([19]) Ham

N(r, f) = /7‘ n(t, /) ; n(o’f)dt+n(0,f) log r

0
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dudc goi 1a ham dém ké cd boi clia f (con goi 1a ham dém tai cac cuc diém).

Ham

N(T,f):/OTﬁ(tjf);ﬁ(()’f)

dugc goi 1a ham dém khong ké boi. Ham

Vit ) = [ DO D 0,y tog

dt +n(0, f)logr

dude goi 1a ham dém boi cat cut béi k, trong do
S6 k trong Ni(r, f) duge goi 1a chi s6 boi cat cut.

Dinh nghia 1.1.3. ([19]) Ham

T(r, f) =m(r, f) + N(r, f)
la ham dac trung cia ham f.

Ham dac trung T'(r, f) ham xap xi m(r, f) va cac ham dém N(r, f),
N(r, f), Ni(r, f) 1a cAc ham co ban trong 1y thuyét phan bo gia tri, né con
goi 14 cAc ham Nevanlinna. Ménh dé sau day cho chiing ta mot s6 tinh chat

cd ban ctia cac ham nay.

Meénh dé 1.1.4 ([19]). Cho cdc ham phan hinh fi1, fa, ..., fp, khi dé:

(1) m(r,Y f) <D mlr, f,) +logp;
2 m(r ][ ) <D mlr f);
(3) N f) <) N f):



16

5) T )<Y T(r f,)+logp;
v=1 v=1

6) T ][£) <D T 1)

Tiép theo chiing t6i nhic lai Bo dé dao ham logarit, Dinh 1y co ban thi
nhat va Dinh 1y co ban tht hai trong 1y thuyét Nevanlinna cho cdc ham

phan hinh phiic.

Bo6 dé 1.1.5 (B6 dé dao ham logarit [19]). Cho f la ham phan hinh khdc
hang trén C va k la s6 nguyén duong. Khi doé ding thic

ding vdi moi r € [1,00) ngoai mot tap c¢é do do Lebesque hitu han.

Dinh 1y 1.1.6 (Dinh 1y co ban thi nhat [19]). Cho f la ham phdan hinh
khdc hang trén C va a la so phic. Khi dé

1
f—a

Nhan xét. Tt Dinh 1y co ban thtt nhat, véi mot ham phan hinh f va mot

T(r, ) =T(r, f) + O(1).

s6 phtc a, ta luon c6
1

f—a
1

f—a
Dinh 1y 1.1.7 (Dinh Iy co ban thit hai [19]). Cho f la ham phan hinh khdc

N(r

) <T(r, f) +0(1),

N(r

) < T(r, f)+O(1).

hang trén C. Cho ay,...,a, la q s6 phic phan biét trong C. Khi dé

1

m)JFS(?”;f)

(¢q—1)T(r, f) < N(r, f) + Zﬁ(r,

ding vdi moir € [1,00) ngoai mot tap cé do do Lebesque hitu han, trong dé

S(r, f)=o(T(r, f)) khi r — oo.
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1.1.2. Truong hop ham phan hinh trén hinh vanh khuyén
Trong phan nay chung toi nhic lai mot s6 kién thiic co s6 trong 1y thuyét
phan bo gia tri cho ham phan hinh trén hinh vanh khuyén, can thiét cho
viéc chitng minh cac dinh 1y trong luan an. Trudc hét ta nhac lai mot s6 ki
hiéu.
Cho R > 1 1a s6 thuc duong ho#c +oo, ta ki hieu
1
A:{ZE(C:—< z <R},
= <le
14 hinh vanh khuyén trong C. Véi méi s6 thuc r théa man 1 < r < R, ta ki
hiéu
1
A, ={zeC:-< |z <1},
r
Ng,={2z€C:1<|z] <1}

AT:{zE(C:%< 2] <1} = AU Ag,.

Cho f(z) 1a mot ham phan hinh trén A va zp 1a mot diém thuoe A. Néu
f(z) c6 khong diém boi a tai 2o, tiic 1a ton tai mot ham chinh hinh g(2)
khong triét tiéu trong mot lan can U C A cla zy va

f(2) = (z = 20)"9(2)
v6i moi z € U, thi ta ki hieu v¢(29) = a. Néu f(z) c¢6 cuc diém boi « tai
2y, ttic 1a ton tai mot ham chinh hinh ¢(z) khong triét tiéu trong mot lan
can U C A ctia zg va

f(z) = (2= 20)""g(2)
v6i moi z € U, thi ta ki hieu vf(29) = a. Trudng hop f(zp) # 0, 00 ta ki
hieu vf(29) = 0 va 7 (29) = 0. V6i mot s6 nguyén duong k, ta ki hieu

V];(ZO) = min{k, v¢(20)}, Vﬁ,oo(zo) = min{k, vy (20)}.

Cho f la mot ham phan hinh trén A, tic Ia f chinh hinh trén A tri ra

mot s6 cac diem bat thuong cuc diém, ta nhic lai
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1 1 [ 1
— == log™® . do
m(“f—a) 27r/o e —al”

L[ if
m(r, f) = m(r,00) = o / log™ |f(rei®)|d6,

trong d6 a € C var € (R71, R) va log" 2 = max{0,logz} v6i s6 thuc

x > 0.
V6i mot s6 thue r € {1 < r < R}, ta ki hiéu

1 B 1 I 1
my T,m =m T,f_a +m ;’f—a :

mO(Ta f) - m(r, f) + m(r_la f)

1 4
Céac ham my (r, 7 ), mo(r, f) duge goi 1a ham zap zi hay ham bu cla
—a
f tai a € C va tai oo.
1 2 2 2
Ki hieu n, (r, 7 ) la s0 cac khong diem ké ca boi cua f — a trong
—a

1 2 2 2
Ay, va ng (r, 7 ) la s cac khong diem ké ca boi cia f — a trong A,y
—a
tic la
1
ni (r, )" Z Vi—a(2),
a ZGALT
1
no\ 7, f— = Z Vf,a(z).
a ZEAQ’T
Ta dat

Ham dém tai cic khong diem ké ca boi ctia ham f — a dude dinh nghia béi:

N()(T’,fla) =N1<7“,—f1a> +N2<T’,f1a).
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Ki higu ny(r, f) 1a 86 cac cuc diém ké ca boi clia f trong Ay ., na(r, f) 1a

s0 cac cuc diem ke cd boi ctia f trong Ag ., tiic 1a

ni(r, f) = Z vaoo(z),

2€A »
na(r ) = 3 vrael2).
z€Ay
Ta dat
o L nl(t7f)
N f) = N(r,o0) = [P0t
Nalr f) = Nalro0) = [ el Sg,

Ham dém tai cac cuc diém ké ca boi ciia ham f dudce dinh nghia béi:

No(r, ) = Na(r, ) + Nao(r, f).

1
f—a

Véi mot s6 nguyen duong k, ki hieu n¥ (r, ) la s6 cac khong diem

- ]- Z « 2 .
boi cat cut ciia f — a trong Ay, va ng (r, f—> 1a s0 cac khong diem boi
—a

cat cut clia f — a trong Ay, tic la

Ta dat
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Ham dém tai cac khong diem véi boi cat cut bsi mot sé nguyen duong k

cia ham f — a dugc dinh nghia bdéi:

Né“(r,—fia) N’f( fi >—|—N2k<7“,—fia>.

Ki higu nf(r, f) 1a 86 cac cuc diém boi cit cut ctia f trong Ay, n(r, f)

1a s6 cac cuc diém boi cit cut ciia f trong Ay, tic la

anf nyoo

ZGAlT
n2 T, f Z I/foo
Z€A27
Ta dat L
ny(t,
]ﬁmﬁ:Nme:/-i%ﬁ%
1/r
" nk(t,
NE(r 1) = Natr o) = [ "26:0ae
1

Ham dém tai cac cuc diém véi boi cit cut bsi mot sé nguyen duong k clia

ham f duge dinh nghia bdi:

NE(r, f) = N{(r, f) + N5 (r, f).

Ham dac trung Ty(r, f) cia f duge dinh nghia béi
To(r, f) = mo(r, f) = 2m(L, f) + No(r, f).

Céac ham xap xi, ham dém va ham dic trung duge goi 1a cac ham Nevanlinna
cia mot ham phan hinh trén hinh vanh khuyén.

Menh dé sau day 13 mot dang ciia dinh 1y Jensen cho ham phan hinh trén
hinh vanh khuyén.

Meénh dé 1.1.8 ([24]). Cho f la mot ham phan hinh khdc hing trén A. Khi

dé vdi moir € (1, R), ta cé
1 2w

1 21 ) 1 )
No(r. ) = Nalr.£) = 5= [ loglftre™)lab+ 5 [ og ey
1

2T
——/1%uwmw.
T Jo
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Cac ménh dé sau day cho chiing ta mot so tinh chat ctia cac ham Nevan-

linna cho ham phan hinh trén hinh vanh khuyén.

Ménh dé 1.1.9 ([24]). Cho f la mot ham phan hinh tréen A. Khi dé vdi
moir € (1, R), ta ¢

1 [ 1
To(r, f) = 27r/ N()(T’few)de'

Meénh dé 1.1.10 ([24]). Cho f la mot ham phan hinh trén A. Khi dé vdi
moir € (1, R), ta co

To(r, f) = To(r, 1/ f),
To(r, f) = To(r, f(1/2)).

Ménh dé 1.1.11 ([24]). Cho f la mot ham phan hinh trén A. Khi dé vdi
moir € (1, R)

To(r, fr + f2) < To(r, f1) + To(r, f2) + O(1),

To(r, fiof2) < To(r, 1) + Tolr, fo) + O(L),
T 2) To(r, f2) + To(r, f2) + O(L).

Menh dé sau day thuong duge goi 1a Dinh 1y co ban thit nhat cho ham
phan hinh trén hinh vanh khuyén:

Meénh dé 1.1.12 ([24]). Cho f la mot ham phan hinh trén A. Khi dé véi
moir € (1, R), ta co

)~ Ty, )+ O(1)
ding vdi moi hang so ¢ € C.
Ménh dé sau day thuong dude goi 1a Bo dé dao ham logarit.

Meénh dé 1.1.13 ([25]). Cho f la mot ham phdan hinh tréen A va A > 0.
Khi dé:
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i) néu R = oo thi m()(r, f’/f) = O(log(rTo(r, f))) vdi moi r € (1, R)

ngoai tri mot tap A, théa man: [, A ldr < 4-00;

i) néu R < oo th mo(fr, f’/f) = O(log <T;%(T’ f)>> vdi moi r €

—(R — r))‘—l < +00.

Meénh dé sau day thuong dugc goi 1a Dinh 1§ co ban thit hai cho ham

(1, R) ngoai tra mot tap A; théa man fA,‘

phan hinh trén hinh vanh khuyén:

Meénh dé 1.1.14 ([25]). Cho f la mot ham phan hinh tréen A, aq, as, . . ., ay
la cdc so phitc phan biet va X > 0. Khi do:

mo(r, f) + > my ( f - a ) < 2Ty(r, £) = NgV(r, f) + S(r, f)
r=1 v

trong do

NP, ) = Nolr, 1/ ) + 2No(r, f) — No(r, f)

V4
i) néu R = oo thi S(r, f) = O(log(rTy(r, f))) vdi méi r € (1, R), ngoai
tru mot tap A, théa man: fAT rtdr < +o0;
. T .
i) néu R < 400 thi S(r, f) = O(log (#)) vdi moi r € (1, R),
—r
d,)

—(R — r))‘—l < +00.

Cho f 1a mot ham phan hinh khac hang tren Ay = {2z : 0 < |z| < o0},

ngoai tric mot tap A, théa man [,

ta ki hieu cac s6 khuyét

e o 1/f — a)
do(a) = lirgglof To0r. f)

va

T . mO(T7
dp(00) = 1i“i}£of T )
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Ménh dé 1.1.15 ([25], Quan he s6 khuyét). Cho f la mot ham phdn hinh
tréen Ao, ay, v = 1,...,q la cdc s6 phic phan biét, ¢ thé bao gom cd oo.
Khi do

Z 50(&,/) < 2.

v=1

1.2. Cac ham Nevanlinna-Cartan va DPinh 1y co ban thi nhat
1.2.1. Cac ham Nevanlinna-Cartan

Trong phan nay ching toi gidi thiéu mot sé khai niém co ban trong
ly thuyét Nevanlinna-Cartan cho duong cong chinh hinh trén hinh vanh
khuyén. Ngoai ra chiing toi phat biéu va chitng minh mot dang dinh 1y co
ban thit nhat trong 1y thuyét Nevanlinna-Cartan cho dudng cong chinh hinh
trén hinh vanh khuyén trong truong hop siéu mat. Trude hét toi trinh bay

khai niém vé duong cong.

Dinh nghia 1.2.1. Mot dnh za chinh hinh ti A vao P"(C), hay con goi la
duong cong chinh hinh, trong khong gian xa anh P"(C) duge dinh nghia la

anh xa

f=0Uo: - fn):A—P"C)
2 (fo(2) 1+t ful2)),

N

trong d6 f;,0 < j < n, la cdc ham nguyén tréen A. Néu f;,7 =0,1,...,n,1a
cac da thitc thi f duge goi 1a duong cong dai so. Trong truong hop fo, ..., fn
khong c6 khong diém chung tren A thi ta goi (fo, f1,..., fa) 12 mot bién

dién rat gon cua f.

Dinh nghia 1.2.2. Dudng cong chinh hinh f : A — P"(C) dugc goi la
suy bién tuyén tinh néu anh cia f chita trong mot da tap tuyén tinh thuc

su nao do6 cua khong gian xa anh P"(C). Dudng cong chinh hinh f duge goi
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1 suy bién dai s6 néu anh clia f chita trong mot da tap dai s6 thuc st ndo
d6 cua P"(C).
Tu dinh nghia dé dang nhan thay rang, &nhxa f = (fo: - : fu) : A —
P"(C) suy bién tuyén tinh néu cac ham fy, ..., f, 1a phu thudc tuyén tinh.
Cho f=(fo: - fn): A—P"(C) la mot dudng cong chinh hinh, trong
dé fo, ..., fu la caAc ham chinh hinh khong c6 khong diém chung trong A.
V6i 1 < r < R, ham dac trung T¢(r) ctia f dude xac dinh béi

1 27 ) 1 27 e
7y(0) = 5= [ logllfrela0+ 5= [ tog L),

trong d6 || f(2)|| = max{|fo(2)|,...,|fn(2)]}. Khai niém nay doc lap véi
moi cach chon biéu dién t6i gidn ctia ham f, sai khdc mot hing s6.

Cho D la mot sieu mat bac d trong P"(C), xac dinh bdi da thiic thuan
nhat Q. Ham xap i ctia f két hop véi sieu mit D dude xac dinh béi

27 0\ ||d 27 —1_i0\|(|d
L [ g O e
0

my(r, D) = o 8 |Q o f(rei?)] o+ 2 Jo log |Q o f(r—1ei?)]

Cho M 1a mot s6 nguyen duong, ki hieu ny s(r, D) va ng s(r, D) 1a s6 cac

khong diem ctia Q(f) lan lugt trong Aq, va Ay, ké ca boi, n{‘?f(r, D) va
ny’s(r, D) 1a s6 cac khong diém boi cit cut béi M cta Q(f) 1an lugt trong
Al,r va Azr, tuce la:

nyp(r, D) = ni(r,1/Q(f)), mnays(r, D) = na(r,1/Q(f));

ny'y(r, D) = ny' (r,1/Q(f)),  ny's(r, D) = ny' (r,1/Q(f)).
Ki hiéu

! t,D r t,D
Ny (r, D) :/ g (t, )dt, Nos(r, D) :/ nz,f(ta )dt,

1 4 1
LM (¢, D rny'(t, D
N} (r,D) = / SRt AN (t )dt, Ny(r,D) = /1 n2,;(t, D)

Ham dém va ham dém boi cat cut duge dinh nghia bdi

R

dt.

Nf(T, D) = Nf(?“, Q) = Nl’f(T, D) + Ng,f(”f’, D),
N (r,D) = N (r, Q) := N{(r, D) + Ny's(r, D).
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Cho Dy, ..., D, la cac siéu mit trong P"(C), ta goi @;, 1 < j < ¢, 1a céc
da thtc thuan nhat bac d; trong Clz, ..., 2,] xac dinh D;. Cac siéu mait
Dy, ..., D, dugc goi la & vi tri tong quat néu ¢ > n v véi mdi bo gom n+ 1

chi 86 phan biet iy,...,4,.1 € {1,...,q}, taco
{z€P"(C):Qi(2) = Qi(2) =+ = Qi,,(2) =0} = 1.
1.2.2. Dinh 1y co ban thi nhat

Nam 2022, ching t6i chiing minh dinh 1y sau day la moét dang cia dinh
1y co ban thi nhat cho dudng cong chinh hinh trén hinh vanh khuyén trong
truong hop siéu mat:

Dinh ly 1.2.3 ([40]). Cho D la mot sieu mdt bac d trong P"(C) va f =
(fo:-: fu): A=P"(C) la mot duong cong chinh hinh ma anh cia né
khong chita trong D. Khi dé vdi moi 1 <r < R, ta cé

mys(r,D)+ N¢(r,D) = dT(r) + O(1).
Chiing minh. Goi P 1a da thic thuan nhat bac d xac dinh siéu mat D. Theo
dinh nghia clia cdc ham T¢(r), N¢(r, D), m(r, D) va tit Méenh dé 1.1.8, ta

co

my(r, D) + Ny(r, D) = my(r, D) + Ny (r’ %>

1 2w f ’I"Bw d 1 2w f ,r—lew d
“5 ), e et 5 | R B e
+31/%mgpofwa%ua+31/%mgpof@1a%ue
21 Jo 21 Jo
+ O(1)
= (52 [Toglstrelan+ o [Tiog e o)
21 Jo 21 Jo
+ O(1)

— dTy(r) + O(1).

Diéu nay kéo theo két luan ctua dinh 1y. ]
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Dinh 1y 1.2.3 cho chting ta mot quan hé dang thiic gitta ham dac trung
ctia mot duong cong chinh hinh trén hinh vanh khuyén véi cac ham xap xi,
ham dém két hop véi mot sieu mit. Két qua nay ciing tuong tu nhu truong

hop dudng cong chinh hinh trén mat phang phic C .

1.3. Dinh 1y co ban thw& hai

Trong phan nay chiing toi sé phat biéu va chiing minh mot dang Dinh 1y
co ban thi hai cho dudng cong chinh hinh trén hinh vanh khuyén két hop
v6i cac situ mit & vi trf tong quat. Dé ching minh két qua chinh ta can

them mot s6 khai niem va két qua bod tro.
1.3.1. Kién thiic bo trg

Dau tién ta nhic lai khai niem vé Wronskian. Cho f : A — P"(C) 14 mot
duong cong chinh hinh, trong dé (fo,. .., f,) 1a mot biéu dién t6i gidn cla
f, tic 1a cac ham fo, ..., f, chinh hinh v& khong c6 khong diém chung trén
A. Dinh thic Wronskian cua f duge dinh nghia béi

folz)  fi(z) . fu(2)

KON ORI O
Ta ki hidu Ny (7, 0) 1a ham dém tai cac khong diém ctia W (fo, ..., fu) trong

A, tic 1a
1
Ny (r,0) = No(r, W)-
Goi Ly, ..., L, la cic dang doc lap tuyén tinh clia z,..., 2,. V6i mdi

j=0,...,n, dit
Fj(z) = L;j(f(2)).

Theo tinh chat ciia Wronskian, ton tai cac hing s6 C' # 0 sao cho

(W(Fo, ..., Fo)| = CIW(fo, -, fu)l.
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Tiép theo ta nhic lai thit tu tit dién ctia cdc n—bd cac s6 tu nhién: cho

(G) = (1, -+, 4n) va (i) = (i1,...,1,) 1& hai n-bo céc sd ty nhién, ta noi
(j) > (i) néu va chi néu ton tai b € {1,...,n} ta coé j; = i, v6i moi | < b
va jp > dp. V6i mot n—bo (i) = (iy,...,4,) cac s6 tu nhien, ta ki hieu

o(i) =D 711

Bay gio ta nhéc lai vé loc Corvaja-Zannier. Cho Q1,...,Q, la da thic
thuan nhat bac d trong Clz, . .., z,], xd¢c dinh mot da tap con trong P"(C)
c6 sO chiéu 0. V6i mot s6 nguyen 16n N chia hét cho d, ta ki hieu Vi 1a
khong gian cac da thitc thuan nhat bac N trong Clzo, .. ., 2,]. Goi S 1a ho
tat cd cac n—bo cac s6 tu nhién (i) = (i1, . ..,7,) théa man o(i) < N/d da
dugc sap xép theo thit ti tit dien. Véi mdi (i) = (iy,...,4,) € S, ta ki hiéu
khong gian W(;) = W) bai

W) = > T QU VN e
(€)=(e1,.en)ES,(€)=(i)

Khi d6 Wiy o) = Vv va W D Wiy néu (i) < (i) va ho {W;) }ies dudce

goi la loc cua Vy.

Meénh dé 1.3.1 ([1]). Gid s (') > (i) la hai phan ti lien tiép theo thi tu

ti dién trong S. Khi dé ton tai diang cau

Wi VN_do(i)
Wiy (@1, Qn) N V_aop)
) W .
Ngoai ra, ta co thé chon dugc mot co so cua W—() tu tap hop tat ca cac lop
(i)

tuong duong coé dang Qzll ... Q'n modulo Wiy, trong do m la mot don thic

baic N — do(i) cia 29, 21, ..., 2Zn.
V6i (i) > (i) 1a hai phan tit lien tiép nhau trong S, ta dit

W)

A(l) = dim .
W(i/)

Khi d6 ta dé dang chiing minh dugc
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Ménh dé 1.3.2. Néu (i) va (iz) la hai cip n—bo thuoc S théa man o(iy) =
O'(ig) thi
A

11

) = Ay
Ménh dé 1.3.3 ([1]). Néu o(i) < N/d —n thi
W)

W(i/)
trong dé (i") > (1) la hai phan ti lién tiép trong S.

A(l) = dim = dn,

Trong luan &n nay, ki hidu “||” trong mot bat dang thitc nao dé thi ta
hiéu bat dang thic d6 ding véi moi r € (1, +00) ngoai trtt mot tap £ ma

[ ldr < 400 v6i R = +00 va bat dang thite ding véi moi r € (1, R)
1

(R — r)M1

sau dugc Phuong - Thin chitng minh nam 2015, can thiét cho viéc chiing

ngoai trit mot £ ma fE dr < 400 v6i R < 400. Hai ménh dé

minh dinh 1y co ban thi hai ctia ching toi.

Meénh dé 1.3.4 ([38]). Cho f = (fo: -+ : fu) : A—=P"(C) la mot duong
cong khong suy bién tuyén tinh va Hy, ..., H, la cic siéu phang P"(C) & vi
tri tong qudt. Khi dé ta co

/ maleog HfT@w)H d‘9+/2ﬂmaleog 1 f(r™ ew)u a0

28 (. o) 2 28 (. ) Tem) 2
< (n+ 1)Ts(r) — Nw(r,0) + O(r),
trong do
O(log r + log T(r)) néu Ry = +00
Oy(r) = 1 p
O(log +logTy(r)) mnéu Ry < o0,
RO - T
d day mazimum dugc lay trén tat cd cac tiap con K cia {1,...,q} sao cho

aj, j € K, la doc lap tuyén tinh.

Meénh dé 1.3.5 ([38]). Cho f = (fo: -+ : fu) : A — P"(C) la mot duong
cong chinh hinh khong suy bién tuyén tinh va Hy, ..., H, la cdc siéu phang
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trong P"(C) & vi tri tong qudt. Voi méi j = 1,...,q, goi L; la dang tuyén
tinh zdc dinh H;. Khi do

q 0

[ f(re®)]|  db
me(r, H;) / maleog @ 7"619)‘%
j=1 irf

jeK

2 et db
—I—/O maXZlog TG )H — +0(1).

ey, )(rte?)| 2m

1.3.2. Dinh 1y co ban thi hai

Dinh Iy sau day dugc ching t6i chiing minh vao nam 2022 la mot dang
Dinh 1y co ban tht hai cho duong cong chinh hinh trén hinh vanh khuyén

trong trudng hop sieu mat 6 vi tri tong quat.

Dinh 1y 1.3.6 ([40]). Cho f : A—P"(C) la mot duong cong chinh hinh
khong suy bién dai so va Dj, 1 < j < q, la mot ho cic siéu mat trong P"(C)
co6 bac d; tuong ting J vi tri tong qudt. Goi d la boi s6 chung nhé nhat cia

cic dy,da, . ..,d,. Khi dé vdi méi s6 duonge:0<e <1 wva
a > (d[(n+1)*2")e ] + 1),

ta co

| (¢g—(n+1)—e)Ty(r) Z lef (r,D;) + Oy(r)

7=1
ding vot moit 1 <r < R, trong dé
O(log r + log T¢(r)) néu R =400
O¢(r) = 1 )
i(r) O(logR +logT¢(r)) néu R < 4o0.
—r
Chiing minh. Gia st (fo : ... : f,) 12 mot biéu dién t6i gidn ctia f va P
la da thic thuan nhat bac d; trong Clz, .. ., 2,] x4c dinh sieu mat D;, v6i

moi j = 1,2,...,n. Ta gid st rdng ¢ > n + 1.
Liy r : 1 < r < R tuy y. Truéc hét ta xem xét trong truong hop
di=dy=...=d;=d. V6imdi z,y € C,|x| =r va |y| = 1/r ton tai hai
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hoan vi {i1,...,4,} va {l1,...,l;} ctatap {1,...,q} sao cho
[Py o f(z)] < [Pyo flz)] <...<|P, o f(x)], (1.1)
va

[Byo f)l < [Pyo fy)l < ... <|B, o f(y)l (1.2)

Do cac sieu mat D;;,1 < j <n+ 1,06 vi tri tong quat nén theo Hilbert’s
Nullstelensatz ([50]) ta c6: v6i mdi s6 nguyeén k,0 < k < n, ton tai s nguyeén
ti > d sao cho

n+1

Zli;k = Z ij-(ZO, <. 7ZTL)Pij(ZO7 I Zn)7
j=1

trong d6 Qjr,1 < 7 < n+1,0 <k < n, lacac da thic thuan nhat bac
t;, — d véi cac he s6 lay tren C. Suy ra

n+1

(@)™ <D 1Qik(fol), - fal@)) 1P, (folz), .o fula))]. (1.3)
=1
Do @, 1a cac da thitc thuan nhat bac t; — d nén

Qi fol), -, ful@)] < e max{] fola)|" .. [ fule)[~)
= cjp(max{|fo(x)], ... [ fa(2)[})"*
= el f ()],
trong d6 cji 1a tong tat cd cac modun clia cdc hé s6 cdc don thiic trong
da thic Qjp. Hién nhién ¢jr chi phu thuoc vao ) ma khong phu thudc

foy ..., fn. Mat khéc, v6i moi k =0,...,n, ta cd

n+1

Z 1B, (fol@), s fu(@)] < (04 1) max{[ P, o f(x)],...,[F,., o f(z)[}.

Ta dat

Ci=m+1)max{cyr:j=1,....,n+1; k=0,...,n}.
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Bat dang thitc (1.3) kéo theo

[fe(@)[" < Cillf(@) " max{| P, o f(2)l,..., [P0 f@)]}, (14)

trong d6 C 1a mot hing s6 duong chi phu thudc vao cac hé s6 clia cac don
thic trong b, 1 < j < n+1,0 <k < n, tic la phu thuoc vao cac hé sO
clia cac da thitc thuan nhat P, =1,...,¢. Chu y rang (1.4) ding v6i moi

k, nén

1 (@)™ < Cillf (@) ||*“ max{|P;, o f(z)],...,|P,, o f(x)[}.
Hay
1/ (@)Y < Crmax{|P;, o f(x)],...,|P,., o f(z)|}. (1.5)
Két hop (1.1) va (1.5) suy ra

H“!fof\ld (H If (2 ||d|)( 111|||f(}|(d)>

7=1
d
trong d6 Cj 1a hang s6 duong chi phu thudc vao céc he sd P;.
Lap luan tuong tu ta ciing co
q d d
QLI H|uu o
[Pjo f(y) LB o

trong d6 Cs 1a hing s6 duong chi phu thuoc vao céc hé so P;. Bat dang thiic
(1.6) kéo theo

g (e
ZT/ 1P o fred)

J=1
[T L 0
h 0 Of( 620)|27T

+ (¢ —n)log C4

u 7 _fre”)]? do
< — .
< /0 {.max log | | P, o [(re)| 27 + (¢ —n)log C4
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Tuong tu, tit Bat dang thic (1.7) ta c6
Z /27T Lf(r=e)]| 20
27 \P o f(r—1tei)]

27 n -1 19 d
</ 176 a9
0

1
(s 08 .o f(r-1e)| 2

+ (¢ — n)log Cs.
i1 |0

Nhu vay, tir dinh nghia ta co:

- o - Hf(?“e”)Hd d
m¢(r, D; </ max log ——

2 e ap

+ max lo 7

[ gH Py o fr ) 2n
+ (¢ —n)(log C1 + log Cs). (1.8)

Goi N (N > nd) 1a mot s6 nguyen c¢b dinh, ki higu Viy 1a khong gian cac
da thitc thuan nhat bac N trong Clz, . . ., 2,]. Ki hieu M := dim Vyy va goi
Q1,...,Qu 12 mot co s6 c6 dinh cia V. V6i mdi j = 1,2,..., M ta dat
Fy = Q;(f) va dat

F=(F::Fy): A=PY ),

khi d6 tir gia thiét f 1a khong suy bién dai s6, ta c6 F' khong suy bién tuyén
tinh.

Lay tuy ¥ n da thic phan biet {aq,...,a,} C {Py,..., P}, tur gid thuyét
& vi trf tong quat clia céc sieu mat {Dy, ..., D,} ta suy ra ho cac da thiic
{a1, ..., ay} xac dinh mot da tap con c¢6 s6 chiéu bang 0 trong P"(C). Goi S
14 ho tat ca cac n—bo céac s6 tu nhien (i) = (iy,. .., i,) thtaman o(i) < N/d
da dudc sip xép theo thit tu tit dién, theo quy trinh xay dung loc Corvaja-
Zannier, ta xay dung dugc mot loc cac khong gian con {W(;) }a)es ctia Vv
va theo Ménh dé 1.3.3, ta ¢6
Wa)

A(l) = dim ——~
W(i/)
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v6i méi (') > (i) 14 hai n—bo cac s6 tu nhién lién tiép thuoc S théa man
o(i) < N/d —n.

Bay gid ta sé chon mot co s thich hop B = {41, ..., ¢y} ctia Viy : ta bat
dau véi khong gian con nh6 nhat khac {0} ciia loc {W;) }aes clia Vi, ki
hieu 1a W5+ va chon mot co s6 bat ky ctia n6 dé dua vao B. Ta tiép tuc xay
dung cac phan ti tiép theo clia co sd bang quy nap nhu sau: gia st ta da
chon duge mot co s6 Wi;) trong loc dé dua vao B va (i) < (i) 1a n—bo lien
tiép thuoc S. Ta biét rang moi phan tii ctia khong gian thuong Wiy /Wi
1a mot 16p tuong duong va trong méi 16p do6 sé c6 mot phan tit thuoc Wiy,
c6 bieu dién dudi dang ozil, ...,a"@, trong d6 Q € VN_do()- Ta b6 sung
cac phan ti nay vao B va lip qua trinh nay cho dén khi Wiy = V. Bang
con duong nhu vay ta sé thu duge mot co s6 B = {1, ..., ¥y} cua Vy.

Hién nhién v6i méi j : 1 < j < M, phan tit ¢; bicu dién duge dudi mot
dang tuyén tinh, ki hiéu 1a L;, ctia Q1,...,Qx va do B = {¢1,...,¥u}
1& mot co s6 ctia Viy nén Ly, ..., Ly 1a doc lap tuyén tinh. Hién nhién, ti
cach xay dung ta c6 ;o f = L;(F).

Lay z € A tly y. Gia sit ¢; € B la mot phan tit thuoe W;) duge xay
dung tit khong gian thuong W) /Wiy, trong do i = (41, ... ,4,) < (i’) 1a hai
n—bd cac s6 tu nhién lien tiép thuoe S. Khi d6 ¢; = alf, ...,aln@Q, trong

d6 Q € Vy_go(i), do do ta c6
W50 f(2)| <lano f(2)] .. Jaro f(2)]"]Q o f(2)]
< Cylar o f(2)| .. |am o ()] f(2)]| V-2,

trong d6 C5 1a mot hang s6 duong chi phu thudc vao ;. Suy ra

log| L; (F)(2)| = log ¢ o f(2)]
<iploglajo f(z)] + -+ i, log |y, o f(2)]
+ (N —do(i)) log || f(2)[| + log C's

d d
< Nlog | £(2)]| — intog SN 1o W@ 0,

a1 o f(2)] | o f(2)]
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Cha ¥ réing c6 dang Ag) ham ¢; trong co s6 B, nhu vay ta c6
M J ]
o [T ILi(F)(2) < =3 gy (i tog Ly 10 WY
= (i)

o 0 f(2)] an o f(2)]

+ MNlog || f(2)|| + Mlog Cy
- Hd

(ZA )i Zlog ”f ]

—I—MNlong(z)H + M log Cs

_ FEN
Alog + M N log || f(2)|| + M log Cs,

Uo7
trong d6 A = Z (i)%;- Dieu nay kéo theo
1£(2) Hd 1£(2) M
— —1 F
H‘%of H‘L O o F
N M
N g 172 + I1og G, (19)
Chu y rang ta chi ¢c6 mot sé hitu han cach chon céac da thitc {ayq, ..., a,}
trong ho {Py,...,P,} nén ta c6 mot ho hitu han cac dang tuyén tinh
Ly,...,Ly. Tu (1.9), v6i mdi r > 1 ta c6

2m n NI o N . 2-9 ;
[ g s TL Sty + ) o e LT 2t

o) f(?"ew)‘ 2 Tyeees ( 629)| oIt

o HF 7“6“9 )| do
/ max log H ‘ (o) |27T

" HF )| do
/ maxlogH —1€¢9>|%>

M 1 27T . 1 2 ’
——(= [ log|F(re” = loe | E(r—Lei
A(27T/O og || F'(re )Hd9+27T/O og |F(r e )||d9)
MN 1 2m . 1 2w .
—A (g/o long(reﬂ)HdM—/O 1og|\f(r—1ew)”de) el

o HF (rei®)|| df
/ maxlog H | (e |27T
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2 0
/ maxlogH HFT )l d@) MTF(T’)

—1 i
jeK e?)| 2w A
MN
+ —Tf(T) + 04,
A
trong d6 maxy duge lay trén tat ca cac tap con K cta {1,...,T} sao cho

cac dang tuyén tinh L;,j € K, doc lap tuyén tinh, Cy la mot hang sb
doc lap véi r. Tu (1.8) va ap dung Menh dé 1.3.4 cho duong cong chinh
hinh F : A = PY~1(C) va céc sieu phing xac dinh bdi cac dang tuyén tinh
Lq,...,Lp, taco
q
1 M M
> my(r,Dy) <= g Nw(r,0) + —Tr(r) + Op(r) — — - Tr(r)
MN
+ TTf(T) + 04

1 MN

trong d6 W la Wronskian ctia cac ham Fi, ..., Fy;. Theo Dinh Iy co ban
thit nhat ta c6
Tr(r) = dTy(r) + O(1),

diéu nay kéo theo

Do dé6 tu (1.10) ta c6

(ad — 5Ty (r) < 37Ny (r, D) — %NW(T, 0)+0,(r).  (111)

q 1 .

Bay gio ta udc lugng > Ny(r, D;) — ZNV[/(T, 0). V6i moi 29 € A tuy ¥,
j=1

khi d6 v6i mdi j = 1,...,¢, ton tai sd nguyén $; > 0 va mot ham phan

hinh g; khong triét tieu trong lan can U clia 2 sao cho

Pjo f=(z—z)"g,,
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trong d6 B; = 0 néu P; o f khong triet tieu tai z.

Khong mat tinh tong quat, ta gid thiét ring Pj o f trigt tieu tai zo voi
1 <j < q va Pjo f khong triét tieu tai 29 v6i j > ¢;. Do cac siéu mat
D;,7=1,...,q, 6 vi trf tong quat nén ¢; < n. Ciing khong mat tinh tong
quat ta co thé gid st 8, > M v6il < j< qval < B < Mvéig <j<aq
va 3; =0 véi ¢1 <j <q.

Cac da thic { P, ..., P,} xac dinh cho ta mot co s6 {11, ..., ¥y} cia Vy
va cac dang tuyén tinh doc lap tuyén tinh Ly, ..., Lys sao cho ¢y0f = Ly(F).

Theo tinh chat ctia Wronskian ta co

W =W(F,...,Fy) = CW(L(F),...,Ly(F))

Yo f WYy o f

_o| @edr o ey

(oo /YIMD o (g o f)IMY
Ta thay v6i mdi (i) = (i1,...,i,) € S va by € {¢1,..., ¥} 6 biéu dién
dudi dang i, = Pfl ... PnQ, trong d6 Q € VN_do@i) thi

rof=(Prof)t...(Pyof)"(Qof),
trong d6 (Pjo f)i(z) = (z — zo)iﬂ"ﬁjg;j(z),j =1,...,n. Chi y rang c6 A
phan t1t ¢; nhu vay trong co s6 {1, ..., ¥ }. Nhu vay W triét tieu tai zg
v6i bac it nhat 1a

> <Ziy‘(5j - M)>A(i> = AG Y (B —M)=A> (8- M)
J=1 (i)

(i) '

j=1 j=1

q
= AZmaX{O,é’j — M}
j=1

Béi vay
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va
1 1 &
> Nyg(r,D AN(,W)SZN%(T,DJ)
j=1
Suy ra
1 q
> Ny(r.Dj) = 5 Nw(r,0) < 3 Np'(r, D)). (1.12)
J=1 j=1

Tiép theo ta udc lugng vé trai ciia (1.11). Ta biét rang s6 cac m—bo cac s6
nguyeén khong am ma tong < S bing véi s6 cic (m + 1)—bo cic s6 nguyén

khong am ma tong ding bang S € Z va bang (Sm) T Meénh dé 1.3.3 ta

co
n+1
D S I EP D3
o(i)<N/d o(i)<N/d—n (i)
d" d" (N/d—n
n—l—lz(/ n) n—l—l( n )

(i)
 N(N—d)...(N—nd)
B d(n +1)! ’

trong do Z@ duge lay trén tat cd cdc bo (n + 1) sé nguyen khong am vdi
tong chinh xac bang N/d — n. Hon nita

M = dim Vi — (N:n> _ (N+1)(N+n2!)...(N-|-n)

Y

suy ra

MN i N+
— 1)
a Sdint HN (n—j+D)d
Dé dang kiém tra

]\f—l-l2 N +2 >”.2]\7—1—71'
N—-nd~  N-—(n—-1)d N —d
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Diéu nay kéo theo

MN N+1>”

— <d 1
A (n+1) N —nd

N —nd

n k
—dn+ 1)1+ (Z) (zlvt?iz) )
k=1

N =d([(n+1)’2" = D] +n+1),

thi NV chia hét cho d va

MN " (n\1+nd
— K
1 \d(n+1)<1+z<k>N—nd>

1 n
—dn+1)|1+ +”d>

Néu ta dat

k=1
14+ nd
=d D1+ (2" -1
0+ >< + >N_nd)
<dn+1+e¢).
Do d6
MN
(qd = —=)Ty(r) 2 d(g —n =1 = )T(r). (1.13)
Két hop céc cong thie (1.11), (1.13) va (1.12) v6i nhau, ta c6
q
| dlg—n—1=2e)Ty(r) <> N} (r,Dj)+ Of(r). (1.14)
j=1
Bay gio ta udc lugng M, ta cod
N N+1)(N+2)...(N
M~ dim Ve — ( +n) N+ (N '> N+m) oy
n n!

< (d([(n + 1)2(2n — 1)5*1] +n+1)+1)"
< (d[(n+1)%2M)e ] + 1)

Do dé6 néu

a > (d[(n+1)22")e ]+ 1)"
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thi @ > M nén N}W(r, Dj) < Nf(r, Dj) véi moi j = 1,2,...,¢. Do do, tit
(1.14) ta c6

q
| dlg—n—1—2¢e)T¥(r) ZNJ?‘T’D + Oy(r). (1.15)
j=1

T bat dang thic nay ta suy ra bat dang thitc can ching minh.

Bay gio ta xem xét truong hop Py, Ps, . .., P, 1a ¢6 bac khong giong nhau.
Véimoi j € {1,...,¢}, tadat Q; = P;l/dj, trong d6 d 1a boi nhé nhat cia
di,ds,...,d, Khido Q,...,Q, c6 cung bac d. Tu (1.15) ta c6

q
| dlg—n—1—¢)T(r) ZN (r,Qj) + Oy(r). (1.16)
j=1

Cht ¥ ring néu z € C 1a khong diém ctia Pj o f v6i boi B thi z 1a khong

2 F . . d DY N
diém cua P;l/dj o f v6i boi ﬁd— Diéu nay kéo theo rang
J

d/d; a d/d; d/d;
N (r, P9y = Ngy(r, PYDY o N (r, P

d [0 d (6]
< ENl,f(Tv Pj) + ENQ,f(Tan)
J J
d «
J

Do d6 tir (1.15) ta ¢6

(= (n+1) —&)Ty(r) Zdlzvf PYYY 1+ 04(r)

/N

dj_lN]?‘(r, Q;) + Of(r).

7=1
Dinh 1y dugc ching minh. ]
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Két luan Chuong 1

Trong Chuong 1, Luan an da thu dugc cac két qua chinh sau:

- Gidi thieu mot s6 khai niem vé ham dém, ham xap xi, ham dic trung
ctia dudng cong chinh hinh trén hinh vanh khuyén két hop véi cac siéu mat.
Ham dic trung 1a khai niem quen thuoc da dugce xay dung trude, ham dém,
ham xap xi két hop vdi cac sieu mat dude ching toi xay dung dua trén
nhitng khai niem quen thuoc trong Ly thuyét Nevanlinna-Cartan.

- Phét biéu va chiing minh Dinh 1y 1.2.3 vé mot dang Dinh 1y co ban thi
nhat; phat biéu va chiing minh Dinh 1y 1.3.6 vé mot dang Dinh 1y co ban
thi hai cho duong cong chinh hinh trén hinh vanh khuyén trong trucng hop

siéu mat.
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Chuong 2

Van dé duy nhat cho dudng cong
chinh hinh trén hinh vanh khuyén

2.1. Mot sb kién thic chuan bi
2.1.1. Ham dém c6 trong

Trong chuong nay ching toi nghién citu van dé duy nhat cho dudng cong
chinh hinh trén mot hinh vanh khuyéen. Dé trinh bay céc két qua chinh,
trong phan nay ching toi gi6i thieu mot s6 khai niem co ban va két qua st
dung trong chitng minh.

Cho U 1a mot mien trong C, f(z) 1a mot ham phan hinh trén U va 2 1a
mot diém thuoc U. Véi M, k 1 cac sd nguyen duong, ta ki hiéu
vi(z0) mnéuvp(z) <k,

Vf(ZO?< k) {

0 trong cac truong con lai;

v (20) néu vy (z0) <k,

0 trong cac trucong con lai;

ijfw(zov < ’ZC) - {

vi(z0) néuvy(z) >k,

Vf(Zo, > k) = {

0 trong cac truong con lai;

vl (z0) néu vy (z9) >k,

Vjc\/[(Z(), > k) = {O

Cho f=(fo: - : fn): A—TP"(C) la mot dudng cong chinh hinh, trong

trong cac truong con lai.

dé fo,..., fo 1& cac ham chinh hinh khong c6 khong diém chung trong A.
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Cho D la mot sieu mét bac d trong P"(C), x4c dinh bdi da thitc thuan nhat
Q. Cho M, k 1a céc s6 nguyeén duong, véi 1 < r < R, ki hieu ny ¢(r, D, < k),
no f(r, D, < k) 1an lugt 1a s6 cac khong diém c6 boi khong vudt qua k cla
Q(f) trong A1, va Ay, ké ca boi, n%(r, D, < k), n%(fr, D, < k) lan lugt
la s6 cac khong diém c6 boi khong vuot qua k ctia Q(f) trong Aq, va Ay,
boi cat cut béi M, tic 1a

ny g (r ZVQ

z€NA
nas(r =2 vay
ZGAQ
iy =2 Yau
z€A,
nas(r = D_ Yal)
ZGAQ
Ta ki hicu
1
D, <k
le(T;D,gk)—le(r7Q’<k):/ nlf(rot; )dt,
1/r

t
Lo(r, D, < k
N%(TaDagk):N%(T,ngk):/ 1af( . )dt,
1/r
" nyle(r, D, < k)
N%E(T’D’ k) NQf(?“,Q, ):/1 - t dt

Cac ham dém dugc dinh nghia béi

Nf(r D, < ) (T Q,\k) Nl,f(T;D,gk
N (r,D,< k) = N (r,Q, < k) = N\ (r, D, < k) + No'y (r, D, < k).

Tuong tu ta ki hieu ny ;(r, D, > k), nos(r,D,> k) lan lugt 1a s6 céc
khong diém c6 boi khong nho hon k + 1 ciia Q(f) trong Ay, va Ay, ké
ca boi, n‘yf(fr, D,> k), n%(r, D, > k) lan luot 1 s6 cac khong diém c6 boi
khong nhé hon k41 clia Q(f) trong Ay, vad Ay, boi cat cut bdi M, tiic 1a
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nif(r,D, > k) = ZVQ (z,> k),

z€Aq

no f(r, D, > k) = ZVQ (z,> k),

2€A,

rD>k ZVQ (z,> k),

z€EA

rD>k ZVQ (z,> k).

FISTAY

Ta ki hiéu

L D>l<:
Nl,f(T7D)>k) le r, Q7>k / nlf & )dtv
1/r

D>l<:
Nos(r,D,> k) = N 4(r,Q,> k) :/ na,f (1, ) gt
1
1 pM T'D>/<3
N (r,D,> k) = NM(r,Q,> k) = / Ls( )dt;
1/r
rad(r,D, >k
N%(T,D,>k):N%¢(r,Q,>k):/ Qvf(t Dt
1

Cac ham dém dugc dinh nghia béi

Nf(?“,D,> /{) = Nf(?“,Q,> ]{?) = Nl’f(T,D,> k) —|-N27f<T,D,> ]{),
N (r,D,> k) = N} (r,Q,> k) = N{s(r, D, > k) + Ny (r, D, > k).

Tit dinh nghia cac ham dém ching ta dé dang suy ra dudc mot s6 quan
heé gitta cac loai ham dém: ké ca boi, boi cit cut, ham dém chi tinh tai cac
boi khong vuot qua k& hay khong nhé hon k + 1 trong ménh dé sau day:
Ménh dé 2.1.1. Cho f = (fo:---: f,) : A — P"(C) la mot duong cong
chinh Rinh, trong dé fy, ..., fn la cdc ham chinh hinh khong cé khong diém
chung trong A va D la mot siéu phdang trong P"(C) sao cho f(C) ¢ D. Khi

dé vdi moi s6 thuc duong r > 0, vdi cac s6 nguyén duong k, M ta cé
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1) N¢(r,D) = Ny <i(r,D) + N¢~i(r, D);

2)  Np'(r,D) = Nje(r,D) + NpLy(r, D);
7 f.<k\T) >\ H);

3)  N{'(r,D) < Ny(r, D);

4)  Nj(r, D) < Np'(r, D) < MNj(r, D);

5)  Nja(r D) < Njg(r, D) < MNj o(r, D);

6> N},>k(lr7 D) < th\ék(raD) < MN}7>]€<7",D).

2.1.2. Hai dinh 1§ co ban véi muc tiéu la siéu phing

Trong phan nay ching toi nhic lai hai dinh 1§ co ban thit nhat va thi hai
ducce chiing minh béi H. T. Phuong va N. V. Thin vao nam 2015, can thiét
cho viéc chiing minh cac két qué chinh ctia ching toi.

Ménh dé 2.1.2 ([38]). Cho f : A—P"(C) la mot duong cong chinh hinh
va H la mot siéu phang trong P"(C) sao cho dnh cia f khong chita trong

siéu phang H. Khi dé véi moi 1 <r < R, ta c6
Tr(r) =my(r,H) + Ny(r, H) + O(1),
trong dé O(1) la mot dai lugng gidi noi khong phu thudc vao r.
Ménh dé 2.1.3 ([38]). Cho f : A—P"(C) la mot duong cong chinh hinh
khong suy bién tuyén tinh va Hy, ..., H, la mot ho cdc siéu phang 6 vi tri
tong qudt trong P"(C). Khi dé ta c6
I (g—n—1Ty(r) <D Nf(r, Hy) + Oy(r),
j=1

trong do
O(log r + log T(r)) néu Ry = 400

1
O(l

(log

0o—T

Op(r) =

+log T¢(r))  néu Ry < +oo.
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2.2. Hai dinh 1y duy nhit cho dudng cong chinh hinh

Trong phan nay ching toi phéat biéu va ching minh hai két qua vé cac
diéu kien dai s6 lien quan dén céc siéu mit & vi tri tong quéat doéi véi phép
nhiing Veronese dé hai dudng cong chinh hinh trén hinh vanh khuyeén la

trung nhau.
2.2.1. Truong hgp khong xét nghich anh cua ting siéu mat

Goi D la mot sieu mat bac d trong P"(C) va @ 1a da thic thuan nhat

bac d, véi cac hé s6 lay trong C, xac dinh D. Khi d6 @ biéu dién duge dudi

dang:
na
Q(z0,---,2n) = Z apzg® ...z,
k=0
trong dé ng = ("Zd) —1vai+ -+ =d, a, € Cvéik=1,..., ng
Ta goi a = (ao, . . ., ay,) 1a vecto lien két vé6i sieu mat D (hodc Q).

Tiép theo ta nhic lai khai niem ho céc siéu mat & vi tri tong quéat déi
v6i phép nhing Veronese. Cho D = {D,..., D,} 1a mot ho cac siéu mit
c6 dinh, trong d6 D; dugc xac dinh bdi da thic thuan nhat @, trong

Clzo, ..., 2] bac dj, v6i mdi j = 1,...,¢q. Goi mp la boi chung nhé nhat
cla cac bac dy, .. .d,, ki hieu
n + mop
np = ( ) — 1.
n
Vi mbi j = 1,...,q, ta dat Q1 = Q7Y va goi a} 1a vecto lien két véi

da thitc QF. Ho D cac sieu mat c6 dinh duge goi 1a & vi tri tong quat doi

vdi phép nhing Veronese néu q > np va véi mdi ho tuy § thi cic chi s6

. . s 3 *
i1, inpe1 € {1,...,q}, cac vecto aj , ... a;

Cho duong cong chinh hinh f : A —P"(C), v6i mot sieu mat D bac d
trong P"(C) xac dinh bdi da thitc thuan nhat @, ta ki hiéu

. la doc lap tuyén tinh.
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Ei(D):={2z€ A | Qo f(z) =0 khong ké boi};
Ei(D) :={(z,m) e AxN | Qo f(2) =0 vavg(z) =m > 1}.
V6i mot ho cac sieu mat D = {Dy, ..., D,} trong P"(C), ta dinh nghia
Ey(D):= (J Ef(D;) va Ey(D):= | E{D)).
DjED DjGD
V6i cac khai niém va ki hiéu nhu trén, nam 2021 ching t6i da chiing
minh mot dang dinh 1y duy nhat cho dudng cong chinh hinh trén hinh vanh

khuyén v6i muc tiéu la cac siéu mat nhu sau:

Dinh 1y 2.2.1 ([39]). Cho f va g la hai dudng cong chinh hinh khong suy
bién dai so tu A vao P"(C) sao cho Of(r) = o(Tt(r)) va Oy(r) = o(Ty(r)).
Cho D = {D,...,D,} la mot ho gom q > np + 1 + 2n3/mp cdc siéu
mat ¢ vj tri tong qudt doi vdi phép nhing Veronese trong P"(C). Gid si
f(2) = g(2) vdi moi z € E;(D)U E,(D). Khi dé f = g.

Chitng minh. Ta chiing minh bang phan ching. Gia st f # ¢. Goi k 1a
sO nguyen duong diu 16n, ta sé chon sau, truée hét ta chiing minh v6i mdi

rl<r<R:

(q(k+1—np)—(np +1)(k+1))T¢(r)
nsk
< mLD(Tf(T) +Ty(r)) + (k+1)O¢(r), (2.1)
trong d6 Oy(r) xac dinh nhu trong Dinh ly 2.1.3.

That vay, gid stt £ = (fo, ..., f») 1a biéu dién t6i gidn cta f. Goi Q; 1a da
thitc thuan nhat bac d; trong C[zo, . . ., z,] xac dinh D; v6imdi j = 1,...,q.
V6imoi j =1,...,q, dat

* m dj
Q= Q™"
khi d6 cac da thic Q7 ..., Q) c6 cing bac mp vi mp 1a boi s6 chung nhé

nhat cla dy, . .., d,.
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Kihiéu (2o : - - - : 2,,) la hé toa do thuan nhat trong P"(C) va {I, ..., L, }
la tap hop tat ca cac (n + 1)—bo sd tu nhién sao cho o(I;) = mp,j =
0,...,np da dugc sdp xép theo trat tu tu dién, tic 1a I; < I; véi moi
i<j€e{0,...np}. V6imdiz = (z:---:2z,) € P"(C), ta ki hieu

zl =20 ..., 2

trong do I = (ig,...,1,) € {Ip,..., L}
Ki hiéu
Omyp : P"(C) —P"?(C)
la phép nhtng Veronese bac mp, tic 1a néu ki hieu (wg : --- : wy,,) 1a he

toa do thuan nhat trong P"?(C) thi g,,, dugc xac dinh nhu sau

Omp(2) = (wo(2) : -+ Wy (2)),
trong d6 w;(z) = z%,1; € {Iy,...,L,,} v6i mdi j =0, ..., np.
Ta dat
F=(Fy:-:F,)=0mp,0f,

dé thay F; = fli,j = 0,...,np. Khi d6 F 1a duong cong chinh hinh tit A
vao P"(C) va F = (Fy,..., F,,) 1a mot biéu dién tbi gidn ctia F. T gid
thiét rang f 1a khong suy bién dai sb ta suy ra F khong suy bién tuyén tinh.

V6i méi da thic D; € {Dy,..., D,}, ki hieu a; = (ajo, .. ., ajn,) 1a vecto

lien két voi Q3. V6imdi j =1,...,¢, ki hieu
Lj = ajowo + -+ - + QjnpWnyp,

khi d6 L; 1a mot dang tuyén tinh trong P"?(C). Goi H; la siéu phang trong
P"?(C) x4c dinh bdi dang tuyén tinh L; v ta néi ring siéu phang H; lien
két v6i sieu mat D;. Theo gid thiét ho { Dy, ..., D,} 6 vi trf tong quat déi véi
phép nhing Veronese trong P"(C), ta suy ra ho céc sieu phang { Hy, ..., H,}
& vi trf téng quét trong P"?(C). Ap dung Ménh dé 2.1.3 cho anh xa chinh
hinh F': A —P"?(C) va ho cac siéu phang H; & vi trf tong quat ta co
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| (@ =np = 1)Tu(r) <3 Np>(r, Hy) + Or(r), (2:2)

Bay gio ta uéc lugng Bat dang thiic (2.2). Theo dinh nghia dudng cong

F,v6iméij=1,...,q,

np
HioF =a;F:=) aj.F,=Qjof.
k=0

Suy ra
Ni(r,Q;) = Np(r, Hy);  Ni7(r,Qj) = Ng”(r, Hj). (2.3)

Hon nita, tir dinh nghia duong cong F', ta ¢

@) = [Frog N gy L [y LG

72w Q7 o f(re)] 2m Q5 o f(r—te?)|
1 [ | F(re)||
=2 )y BTH, 0 F(re) (24)
o [F(rte™)||
— 1 : 1
i °8 \HjoF(r_lew)\dH—i_O( )
= mpg(r, Hj) +O(1). (2.5)
Két hop (2.3) va Dinh Iy 2.1.2 va (2.5) ta c6
Tr(r) = Np(r, Hj) + mp(r, H;) + O(1)
= Ny(r,Q3) +my(r,Q;) + O(1). (2.6)
Tit Menh dé 1.1.8, ta c6
Ny(r, Q) + mf(?” Q;)
1 | f (re)|me / [ f(r—te)||me
= — 1 df + — lo ——do
on Jo 1@ o e 2w Jy 1@ o F(r e

1 o * 0
+%/0 log |Q7 o f(re )|db
1 o * -1 10
+%/0 log |Q} o f(r"e”)]df + O(1)
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= mp (% [Troglstretian+ 5 [ o |f<rle”>de> +0(1)
= mpTi(r) + O(1). (2.7)
Nhu vay, tit (2.6) ta c6
Tr(r) = moTy(r) +O(1). 2.5)

Diéu nay kéo theo

Or(r) = O¢(r). (2.9)

Két hop (2.2), (2.3), (2.8) va (2.9), ta c6
I (g np— DT < — S N2, Q) +0s(r). (2.10)

m
D j=1

Bay gio ta udc lugng vé phéi ctia (2.10). V6i méi j € {1,..., ¢}, tit Ménh
dé 2.1.1 va (2.7) ta co

NP (r, Qj) = NpP(r, Qj < k) + NyP(r, Qf, > k)

k np * k np *
~ i1V (r, @, < k)+k—_HNf (r,Q;, < k)
+ N}lp(r, Q;‘f, > k)
k np * np 1 *
+ npN}(r, Q;,> k)
k np
g_N”D ) *7<k N ) *ngk
pra @SR N QS B)
np %
< BN Q < )+ RN Q)
S e ST G
k npmop
< —N2(r, Q5 < k T 1),
o Q< k) + =T () + O

Lay tong trén tap cac chisdé j =1,2,...,q, ta co
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1 L q
— NP (r, Q%) <——rr NP (r, Q% < k
qnp
T 1). 2.11
+ L2275+ O(1) (211)
Ap dung (2.11) vao (2.10), ta c6
2 q
—np — 1)Ty(r) < —————= > N (r,Q;, <k
qnp
T
+ L2T5(r) + 04(1)
Tuwong duong véi
qnp k ’ n *
— — —1)T < NP(r,Q:, < k)+ O
< k+1 P > r(r) mp(k+1); 7 @< R+ Os)
Suy ra

<

~X

S ONr QL < k) + (k+1)0s(r).  (212)

j=1
Do f # g nén ton tai hai chi s6 o, 8 € {0,...,n}, a # B sao cho
fa9s Z f39a. Gid st 29 € A la khong diém cia Q3 (f) voi boi nhd hon
hay béng k, khi d6 zq 1a khong diém cta Q;(f) vi Q; = QTD/dj, suy ra
20 € E4(D) U E (D). Tit gia thiét ta c6 g(z0) = f(20), kéo theo
fo(z0) _ ga(20)
fa(z0)  gs(20)

Do doé

Jfa(20)95(20) = f5(20)9a(20)
Vi fa, 9o, [, 95 12 cac ham chinh hinh. Diéu nay kéo theo zy la khong diém
ctia ham f,,g5 — f39a. Chi ¥ rang ho D & vi tri tong quét do6i véi phép nhing
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Veronese nén ton tai khong qui np siéu mat D; trong ho D sao cho

Djo f(20) = Q(f)(20) = 0.

Diéu nay kéo theo

q
1
NHr, Q< k) <npNy| r, : (2.13)
j; f( J ) fagﬂ_fﬂgoz

Diit H = fugs — fsga, khi d6 H 13 ham chinh hinh, tir Menh dé 1.1.8 ta 6

No(r, ) 1/%1 H (re)]d6 + — /%1 H () |df + O(1)

r,—) = — O re _— O T e .

0 71T’[ 27'(' 0 g 27'(' 0 g

Ngoai ra, véi moi z € A ta c6

log [H(z)| = log |(fags — f59a)(2)|

< log max{|fa(2)gs(2)|. | f5(2)ga(2)[} 4 log 2

= max{log | fa(2)g5(2)|,10g | f3(2)ga(2)[} + log 2

= max{log [fa(2)| + log|gs(2)[, log | f5(2)] + log |ga(2)[}
+log 2

< max{log |fa(z)|, log[f3(2)|} + max{log|ga(z)|, log |gs(z)|}
+ log 2

= logmax{|fa(2)], [f3(2)|} + log max{|ga(2), |g5(z)|} + log 2

< log || f(2)]] + log [[g(2)]| + log 2.

)
(

Do do6

27

1 ’ 1 2 ‘
L g [H(rei®ydo + - / log | H (r~¢)|d6
27'(' 0 27'(' 0

1 [ : [ 1
<L / log || £ (re®)[[d6 + / log | /()| 6
2T 0 27 0

1 27 . 1 27 )
+ —/ log [lg(re”)||d6 + —/ log[lg(r~'e)||d6 + O(1).
27'(' 0 27T 0
=Ty (r)+T,(r)+ O(1).
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Tir d6, (2.13) tré thanh

ZN}(T, Q;, < k) < np(Ty(r) +Ty(r)) + O(1).

Do d6 (2.12) tré thanh

(q(k+1—np)—(np+1)(k+1))T(r)
< Z2RTY ) 4 T,()) + (h + 1Oy 1),

Nhu vay (2.1) duge chitng minh. Tuong tu cho anh xa g ta ¢6

(¢(k+1—np)—(np + 1)(k +1))T(r)
< %(Tf(r) +Ty(r)) + (K +1)Oy4(r). (2.14)

Két hop (2.1) va (2.14), ta co

(q(k +1=np)=(np +1)(k +1))(T;(r) + Ty(r))
2nik

S gy () + Ty(r)) + (k + D(Os(r) + Oy (r).

Diéu nay kéo theo

Mm2 k
gk +1—np) — (np + 1)(k +1) — 2
mp

< Oy(r) + Oy(r)
- T(r) + Ty(r)

(k+1)  (2.15)

dang v6i moi s6 1 < r < R. T gia thiét Of(r) va Oy(r), ta 6
Oy(r) + Oy(r)

lim su = 0.
ror” Ty(r) + (1)
Cho r — R trong (2.15) ta dugc
2npk
alk +1=np) = (np+ 1)(k+1) = =2~ <0,
D

Diéu nay tuong duong vdi

k(gmp — (np + 1)mp — 2n3) + (¢ — qgnp — (np + 1))mp < 0.
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Néu ta chon
(gnp —q+np + 1)mp
gmp — (np + 1)mp — 2n2)’
2

, 2n . . :
thi tir gia thiét ¢ > np+ 1+ —2 ta c6 mau thudn. Nhu vay fig; = f;jgi voi
mp

moi i # j € {0,...,n}, tic 1a f = g. Diéu nay kéo theo két luan ctia Dinh
Iy 2.2.1. 0

k >

2.2.2. Truong hop cé6 xem xét dieu kién nghich anh cua timg siéu
mat

Dinh 1y 2.2.2 ([39]). Cho f va g la hai duong cong chinh hinh khong suy
bién dai so tu A vao P"(C) sao cho O¢(r) = o(T¢(r)) va Oy(r) = o(Ty(r)).
Cho D ={Dx,...,Dy} la mot ho gom q > np + 1+ 2np/mp cic siéu mdit
¢ vi tri tong quat doi vdi phép nhiing Veronese trong P"(C). Gid st

(a) f(2) = g(2) vdi moi z € E;(D) U E,(D),

(b) E¢(D;) N E;(Dj) =0 va Ej(D;) N Ey(D;) = 0 vdi moii # j €
{1,...,q}.
Khi do f = g.

Chiitng minh. Ta cling chitng minh Dinh 1§ 2.2.2 bing phan chitng. Gia sit
f # g. Goi k 1a mot s6 nguyén duong diu 16n ta sé chon sau. V6i cac gia
thiét trong Dinh 1y 2.2.2 v& chitng minh tuong tir nhu Dinh 1y 2.2.1, v6i mdi

sothucr:1<r < Rtacod
(q(k +1—np)—(np + 1)(k +1))T¢(r)

npk « .
< miDZN}(r, Q5 <k)+ (k+1)0s(r),  (2.16)
j=1

ding v6i moi j = 1,2,...,¢q, trong d6 Q] = Q?D/dj.

Vi f # g nén ton tai hai s6 a, 8 € {0,...,n},a #  sao cho

fagﬁ ;_—'L fﬁga-
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Ta biét rang, néu 2y € A 1a khong diém ctia Q;(f) véi boi nho6 hon hodc

béng k, thi zy 1a khong diém ctia ham f,g5 — f3ga. TU gid thiét
Ef(Di)NEf(D;) =0

v6i mdi cap i # j € {1,...,q}, ta suy ra néu 2y la khong diém ctia Q;(f)

thi zg s& khong 14 khong diem ctia Qf(f) v6i moi i € {1,...,q},i # j. Do

do

q
ST NH Q< B < N(n T fﬁga> < Ty(r) + Ty(r) + O().

j=1
Nhu vay Bat dang thiic (2.16) trd thanh

(q(k 4+ 1 —np)—(np + 1)(k + 1)) T¢(r)
<PPTY0) £ D) + (b + DO (217)
Twong tu v6i anh xa g ta co

(q(k + 1 —np)—=(np + 1)(k + 1))T,(r)
< npk(Tf( )+ Ty(r)) + (E+1)O,4(r). (2.18)

mp
Két hop (2.17) va (2.18), ta ¢6

(qlk + 1 — np)—(np + 1)k + D)(T3(r) + Ty(r))
< 28 (1) + Ty () + (k + 1)(O5(r) + O ().

mp

Kéo theo
gmp(k +1—np) — TI’LD(TLD + 1)(]€ + 1) — 2npk

0,(r) + 0,(r)
< Ty Ty b+ Do

ding v6i moi s6 thie 1 < r < R. Cho r — R, ta ¢6

k(gmp — (np + 1)mp — 2np) + (¢ — qgnp — (np + 1))mp < 0.

Néu ta chon
(gnp — q+np +1)mp

k > )
gmp — (np + 1)mp — 2np
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, 2n ~ . :
thi tu gia thiet ¢ > np+ 1+ P ta c6 mau thun. Nhu vay fig; = fj9i voi
mp

moi i # j € {0,...,n}, tic la f = ¢. Dinh ly 2.2.2 duge ching minh. [
Nhan xét. 1. Trong Dinh 1y 2.2.2, s6 siéu mat t6i thiéu théa man gia
thiét 1a
np+ 1+ 2774)/771@.

Chd ¥ rang khi ho céc siéu mit 1a cac siéu phang thi vi tri tong quat déi véi
phép nhting Veronese chinh 14 & vi trf tong quat thong thudng trong P"(C).
Trong truong hop nay np = n va mp = 1 nén ¢ = 3n + 2, trung véi so siéu
phang can thiét trong két qua ctia Fujimoto.

2. Ta biét rang, mot ham phan hinh A trén hinh vanh khuyeén 1a siéu viét

To(r, h To(r, h
khi lim sup o(r, ) = oo khi R = oo va limsup o(r, ) = oo khi
7 — 00 1Ogr r—R —lOg(R—T)
R < oo. Do d6, d6i v6i mot dudng cong chinh hinh f = (fy: ---: f,,) thi

chi can mot ham f; 1a sieu viet thi Of(r) = o(Ty(r)).
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Két luan Chuong 2

Trong Chuong 2, luan an da thu duge cac két qua chinh sau :

- Gi6i thieu mot s6 khai niém co ban can thiét st dung dén trong chiing
minh van dé duy nhat ctia duong cong chinh hinh trén hinh vanh khuyén:
ham dém bo sung, cac dinh 1 co ban cho dudng cong chinh hinh trén hinh
vanh khuyén véi muc tiéu 1a cac siéu phang.

- Phét biéu va ching minh hai dinh 1y: Dinh 1y 2.2.1 v& Dinh Iy 2.2.2 vé
van dé duy nhat cho duong cong chinh hinh trén hinh vanh khuyén trong
cac trudng hop siéu mat & vi tri tong quat déi véi phép nhiing Veronese. Hai
két qua nay cho ching ta cac dieu kien di dé hai dudng cong chinh hinh

khong suy bién dai s6 trén mot hinh vanh khuyén 14 dong nhat.
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Chuong 3

Van dé duy nhat cho ham nguyén

lien quan dén gia thuyét Briick

3.1. Kién thtdc bo trg

Trong phan nay ching to6i nhac lai mot s6 khai niém va ki hiéu trong Ly
thuyét Nevanlinna cho da thic vi phan va ho chuan tic cac ham phan hinh

tréen C, can thiét trong cac chiing minh két qua ctia ching toi.
3.1.1. Phan b gia tri cho da thiic vi phan

Cho ham phan hinh khac hing ¢g(z) trén mit phang phitc C va p dao

ham dau tién ctia n6. Mot da thiic vi phan P ctia ¢ duge dinh nghia bdi

n

P(2) =3 ai(2) [T (67 (2))%,

i=1
trong d6 S;;, 0 < 14,j < n, 1a cic s6 nguyen khong am va o;(z),1 < i < n
1a cdc ham phan hinh nho déi véi ¢g. Dat
p p
d(P) ‘= min Sij va H(P) — Inax Z]S”

1<i<n 4 1<ign 4
Jj=0 Jj=0

Nam 2002, J. Hinchliffe ([21]) da chiing minh két qué sau, cho mot danh
gia gitta cdc ham Nevanlinna ctia ham phan hinh va ham dém cta da thic

vi phan.
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Meénh dé 3.1.1 ([21]). Cho g la mot ham phan hinh siéu viet va a # 0
la mot hang so phic, goi P la mot da thic vi phan khdc hing cia g vdi
d(P) > 2. Khi do

o(P)+1, 1 1
1) <gpy 1" )t amy V=)
+o(T'(r,9));

doi vdi moi r € [1,+00) nam ngoai mot tap cé do do Lebesques hiu han.
Khi f la mot ham nguyén siéu viet, bat dang thic trén trd thanh
O(P)+1—, 1 1 — 1
———N(r, - —N(r, ——— T

d(P) (/r7g)+d(P) (T7P—a)+0( (T,g)),

doi vdi moi r € [1,4+00) nam ngoai mot tdp c6 do do Lebesques hitu han.

T(r,g) <

Cho f ld mot ham phan hinh trén mat phing phic C, ta nhic lai bac
o(f) cua ham phan hinh f dinh nghia béi
log T
o(f) = limsup og—(r,f).
r—00 10g7“
Va siéu bac cua f duge dinh nghia béi

, loglog T'(r, f
oa(f) = timsup £ )

Trudng hop dac biét, néu f 1a mot ham nguyén, bieu dién duge dudi dang

chudi lay thua

thi ta ki hiéu

M(T7f): max {‘anznl}v

neN,|z|=r
v(r, f) = sup{n : [an|r" = p(r, f)},
M(r, f) = max|f(z)].

|2|=r
Trong truong hop nay bac cia f c6 thé bieu dién duge dudi dang
log log(M
O_(f) — hmsup Og Og( (T7 f))

00 log r
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Ménh dé 3.1.2 ([29]). Néu f la mot ham nguyén vdi bic o(f), khi dé

|
o(f) = lim sup 28X F).
r—o0 log r

Meénh dé 3.1.3 ([29]). Cho f la mot ham nguyén siéu viét, § la mot so

thue théa man 0 < § < 1 Cho z la mot s6 phic théa man |z| = r va

+6

1
F(2)] > M(r, f)v(r, f) 4

Khi dé ton tai mot tap F C Ry ¢6 do do logarit hitu han, tic la f % < 400,
F

sao cho

) (( )
i) 2

ding vdi moim > 1 var & F.

) o)

Léy Eo(z) = 1 — 2, Ep(2) = (1 — 2)e2t2/20+2"/m iy e 7+ khi d6 ta

c6 két qua sau dude goi la dinh 1y biéu dién Weierstrass.

Ménh dé 3.1.4 ([29]). Cho f la mot ham nguyén, vdi boi khong diém tai
z=01Ilam >0. Ta goi cic khong diém khdc ctia f la a1, as, ..., moi khong

diém dugc lap lai s6 lan bang boi cia né. Khi dé f co biéu dién
= z
2) = e B, (&=
n=1
vdi g la mot ham nguyén va m, la cdc s6 tu nhién. Hon nita, néu f cé bac
p hiu han thi g la mot da thic vdi bac khong vugt qud p.
3.1.2. Ho chuéan tic cic ham phan hinh
Ki hiéu S 1a mat cau Riemann va
m:C=CU{co} =S
1a phép chiéu cau.

Dinh nghia 3.1.5. Cho 21,29 € @, ki hieu va My = 7(z1), My = m(29) 1a

hai diém trén mit cau S tuong tng lan lugt véi cac diem 21, zo. Do dai clia
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doan thang M, M, dudc goi 1a khodng cdch cau gita hai diem z;, 2 va ki
hieu 1a pg(z1, 22).

Hién nhién, néu z; = 2o thi pg(21, 22) = 0. Hon nita ta d& dang tinh toan

dugc khodng cach cau giita cac diem 2z; # 2o trong mat phang phiic mé rong

nhu sau:
2 |Zl — 2’2’
e Néu z1, 29 € C thi pg(z1,20) = :
(14 |212)2 (1 + |2[?)2
. 1
e Néu 21 € C, 20 = 00 thi pg(21,22) = ————.
(1+ |21]2)2

Dinh nghia 3.1.6. Mot day cic diéem {z,,n =1,2,...} clia C dugc goi 1a
hoi tu doi vdi khodng cdach cau (hay con goi la hoi tu cau) néu véi mdi s6
e > 0, ton tai mot s6 nguyén duong N sao cho, v6i moi n > N,m > N, ta

P

CO:

ps(2n, 2m) < €. (3.1)

Bo6 dé 3.1.7. Néu mot day cdic diem {z,,n = 1,2,...} cia C hoi tu déi

vdi khodng cach cau thi ton tai mot diém duy nhat 2* € C sao cho:

lim pg(z,,2*) = 0. (3.2)

T — 00
Phan t 2* trong b dé trén duge goi 1a gidi han cta day {z,} ddi voi

khoang cach cau hay con goi la gidi han cau ctia day {z,}.

Dinh nghia 3.1.8. Cho S = {f,(2),n = 1,2,...} la mot day cac ham
phan hinh xac dinh trong mién D vd F mot tap con cta D. Day S dudc
goi 1 hoi tu déu trén E doi vdi khodng cdch cau (hay con goi 1a hoi tu cau
déu), néu v6i moi s6 duong e, ton tai mot s6 nguyén duong N sao cho véi

moin > N,m > N ta cé:

ps(fa(2), fm(2)) <€ (3.3)

v6l moi z € K.
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Gid st {f,(2),n = 1,2,...} hoi tu cau déu tréen E. Khi d6 v6i mdi diém
20 € E, day {fn(20),n = 1,2,...} 12 hoi tu cau va theo Bo dé 3.1.7 n6 c6
duy nhat mot giéi han cau trong F, ta ki hieu 1a wy. Do dé ta thiét lap
duge mot ham f xac dinh trén E: f(zg) = wy v6i moi zp € E. Ham f xéc
dinh nhu vay duge goi 1a ham gidi han ciia day ham {f,(z),n = 1,2,...}
dé6i v6i khodng cach cau.

Gia st {fu(2),n =1,2,...} hoi tu cau déu tren E va f 1a ham giéi han
cia day ham {f,(z),n = 1,2,...} ddi v6i khoang cach cau. V6i mot s6
duong e, tur gia thiét {f,(2),n =1,2,...} hoi tu cau déu trén F suy ra ton
tai mot s6 nguyen duong N sao cho khin > N, m > N ta ¢

€

pS(fn(Z)7 fm(Z)) < 57

véimoi z € E. Dodé khin > N,m > N va z € E, ta co:

ps(fu(2), F(2)) < ps(fu(2), fn(2)) + ps(fm(2), f(2))

< 5+ ps(ful2). ()

Cho m — o0, ta nhan dugc

€

ps(fu(2), f(2)) < 2 <g,

véi moi z € E, v6i moi n > N. Khi d6 ta néi rang day ham f,(2) hoi tu
deu doi vdi khodng cach cau (hay hoi tu cau déu) dén ham f(z) tren E khi

n — +00.

B6 dé 3.1.9. Néu f(z) la mot ham phan hinh trong mién D thi f(z) lien
tuc trong D déi vdi khodng cach cau. Tic la, vdi moi diem zy € D ta luon

P

CO:

lim pg(f(2), f(z0)) = 0. (3.4)

Z— 20
Dinh nghia 3.1.10. Cho § = {f.(2),n = 1,2,...} 14 mot day cadc ham
phan hinh xac dinh trong mot mién D. Mot diem zg € D duge goi 1a Cp-

diém ctia ddy S néu ton tai mot hinh tron U = {|z — 29| < 7} C D sao cho
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diay S 1a hoi tu déu trong U ddi véi khodng cach cau. Day S dude goi la

Cy-day trong D, néu mdi diem ctia D déu 1a mot Cyp-diem ciia S.

Gia stt day S hoi tu cau déu trong hinh tron U = {|z — 2| < r}, khi
d6 day S ¢6 ham giéi han f(z) xac dinh trong U déi véi khoang cach cau
va khi n — +o00o thi f,,(2) hoi tu déu dén f(z) trong U d6i v6i khodng cach

cau.

Ménh dé 3.1.11. Cho S = {f.(2),n = 1,2,...} la Cy-ddy cdc ham phdan
hinh trong mot mién D. Khi dé ham gidi han f(z) clia day S doi vdi khodng

cach cau la mot ham phan hinh trong D hodc oo.

Dinh nghia 3.1.12. Cho D C C la mot mién va F 1a mot ho cadc ham phan
hinh trén D. Ho F dugc goi la ho chudn tdc trén D néu moi day {f,} C F
luon ton tai mot day con clia {fn} hoi tu cau déu trén moi tap con compact
cua D.

Vidu Kihieu U = {z € C: |2| < 1}. Cho fu(2) = —,n = 1,2,3, ..., tren
U. Khi d6 f,, 1a ham phan hinh va {f,} hoi tu cau d%u dia phuong t6i oo
trong U.

Dinh nghia 3.1.13. Cho F 1& ho cac ham phan hinh trong mot mién D
va 2 1a mot diem ctia D. Ta néi rang ho F la chuan tic tai zp, néu ton tai
mot hinh tron U = {|z — 29| < r} C D sao cho ho F 1a chuan téc trén hinh
tron U.

Tt dinh nghia ta dé dang suy ra néu F chuan tic trén D thi F chuan

tdc mdi diém ctia D. Chiéu ngudc lai ta co két qua sau:

Meénh dé 3.1.14. Cho F la ho cic ham phan hinh trong mot mién D. Néu

ho F chuan tdc tai moi diém ciua D thi F chuan tdc trén D.

Dinh nghia 3.1.15. Cho F la ho cac ham phan hinh trong mot mién D.

Ta noéi rang F 1 bi chian déu dia phuong trong D, néu cho mdi zg ctia D,
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ton tai mot hinh tron U = {|z — 29| < r} nam trong D va mot s6 duong M

sao cho v6i méi f € F
|f(2)] < M, (3.5)
ding v6i moi z € U.

Meénh dé 3.1.16. Cho F la ho cic ham phan hinh trong mot mién D. Néu
F bi chan déu dia phuong trong D, khi dé F chuan tdc trong D.

Cho F 1a mot ho cac ham phan hinh trén miéen D C C, v6i mdi [ € F,
dao ham cau ctia ham f duge dinh nghia bdi:
VO
L+ [f(=)P
Dinh ly 3.1.17 (Dinh ly Marty). Mot ho F cdc ham phan hinh trén mot

mién D C C la chuan tdc trén mién D khi va chi khi tap cdc dao ham cau

{f(2). f € F}

bi chin deu trén moi tap con compact cia D.

Meénh dé 3.1.18 (B6 dé Zalcman, [53]). Cho F la mot ho cdc ham phan
hinh trén dia md AN\ = {z € C : |z| < 1}. Khi d6 néu F khong chuan tdic
tai mot diém zy € /N, thi vdi moi sé thue o théa man —1 < o < 1, ton tai
1) mot s6 thucr, 0 < r < 1 va mot day diém z,, |z,| <1, 2, — 20,
2) day cac s6 duong pn, pn — 0T,

3) day cdc ham f,, f, € F théa man day ham g,(&) = Jnlen + pnf) hoi

Pn
tu cau deu ve ham g(§) trén cdc tap con compact cia C, trong dé g(&) la

mot ham phan hinh khdc hing va g7 (€) < g7 (0) = 1. Hon nita, bac ciia g
khong lon hon 2.

Ménh dé 3.1.19 ([9]). Cho g la mot ham nguyén va M la mot hing so
duong. Néu g (§) < M déi vdi moi & € C, thi g 6 bac cao nhit la 1.
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Chu y. Trong Ménh dé 3.1.18, néu F 1a mot ho cac ham chinh hinh, thi ¢
la mot ham chinh hinh dya trén dinh 1y Hurwitz. Do do, bac ctia g khong
16n hon 1 theo Ménh dé 3.1.109.

3.2. Van dé duy nhét

Trong phan nay ching t6i sé phat bieu va chitng minh maot dinh 1y vé van
dé duy nhat cho cdc ham nguyeén lién quan dén gia thuyét Briick. K§ thuat
ching minh két qua nay dua trén mot két qua vé tiéu chuan chuan tic cta
ho cac ham phan hinh phitc dude ching to6i phat biéu va chiing minh trong

phan dau tién ctia muc nay.
3.2.1. Tiéu chuan chuan tac ctia ho cac ham phan hinh

Dé ching minh két qua ctia ching toi vé tiéu chuan chuan tic cia ho
cac ham phan hinh phic, truée hét ching toi chitng minh mot sé b dé can
thiét sau day:

Ménh dé 3.2.1 ([47]). Cho f la mot ham phan hinh siéu viét va a la mot
hang so phic. Goin € N, k,n;, t; € N, j=1,... k théa man

k k
n+Yy nj=> ti+3.
j=1 j=1
Khi do phuong trinh

From () = a
c6 v so nghiem. Hon nda, néu f la mot ham nguyén siéu viét, khang dinh

k k
ding khin+ > n; > > t; + 2.
j=1 =1

Ching minh. Dat
P(f) = fr () (fre)e,
Ta thay
(F ) =D o, SO )™ (FO)™,
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.....

am thoa man mg+---+my, = n; va Z?:l gm; = t;. Do do ta dé dang tinh

toan dugc
k k
d(P)=n+> n;vad(P)=> t;.
j=1 j=1
Stt dung Ménh dé 3.1.1 v6i f va P(f), ta co
k
Z t; + 1
j=1 —, 1 1 — 1
T(Ta f) < k N(Ta _> + N(Tu )
f k P—a
n+y n;—1 n+y n;—1
j=1 j=1
+o(T(r, f)).
k k
Vin+ ) n; > > t;+ 3, ta thu dugc phuong trinh
j=1 j=1

Frm () = a

¢6 vo sO nghiém. Hon nita, néu f la mot ham nguyén siéu viét, ta co

k
Z:ltj—f—l_ ] B ]
T(T7f) <]_—kN(T7 F)—i_ k N(Tvp_a)
n+ Y. n; n+ Y. n;
i=1 j=1
+o(T'(r, f))-

k k
Do d6 dieu kien n+ > n; > > t; + 2 kéo theo
j=1 j=1

P () =
c6 vo sO6 nghiém. O

Meénh dé 3.2.2 ([47]). Cho f la mot ham hiu tyj khdc hdang va a la mot
hang s6 phitc khdac khong. Chon € N, k,n;,t; € N*, j =1,...,k théa man

nj>tj, n+Zn]2
J=1 J

ti+2 j=1,...k

k k
—1
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Khi do phuong trinh

PO () = a
6 it nhat hai khong diém phan biét.

Chiing minh. Ta xét hai truong hgp sau:
Truong hop 1. f 1a mot da thice. Gia sit f la mot da thice bac m > 1, khi
do

PR ()

ciing la mot da thic c6 bac la

k

k k k
m<n—|—2n3> —th 27”&4—271]'—2?5]’ 2 2.
j=1 j=1 j=1 j=1

Do dé, néu
PP () —a

c6 mot khong diem duy nhat 1a 2y, thi
UMY () — 0= A )
trong d6 [ > 2 v A 1a mot hang s6 khac khong, suy ra
(Fr(fFmy ) ()Y = Al(z — )

Diéu nay kéo theo zy 1a khong diem duy nhat cta

(FH) ()

Vi f 1a da thitc nén f c6 khong diém. Gia st 2* 14 mot khong diém boi

m > 1 ctia f, khi d6 z* 13 khong diém boi
k k
m(n+znj) gl
j=1 j=1
ctia (™) (f™) ") va do d6 n6 la mot khong diém ciia

(fr(fm) (Y.
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Nhu da néi & trén, (f7(f™) @) . (f™*)®) 6 khong diém duy nhét 1a z

nén zy phai la khong diém cta f. Ta thay rang

0= f"(20)(f")"(z0) ... (f™) " (20) = a # 0.

D6 1a mau thuan. Kéo theo

From () = a

c6 it nhat hai khong diém phan biét.
Truong hgp 2. f 1a mot ham httu ty va khong phai la da thiic. Ta xem
xét hai truong hop c6 the xay ra

Truong hop 2.1. f c6 khong diém. Khi do f c6 thé bieu dién dude dudi dang

S

[1(z —as)™
f=A= , (3.1)

t

[1(z = B)*

=1

trong d6 A#0,m; > 1,1=1,...,svad; > 1,l=1,...,t. Dat

M=mi+---4+mg=>s, N=di+---+d; >1t.

Khi d6, véi méi j = 1,2,...,k, ta co
[1(z —a;)™™
fro= An=! . j=1,... k. (3.2)
[1(z = B

=1

Diéu nay kéo theo

S

[1(z = )
(fnj)(tj) — A% Z—t gj(Z), (3.3)
[1(z — By)raditts

=1

trong d6 g; la mot da thic véi

degg;(z) <tj(s+t—1), j=1,... k.
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Két hop (3.1), (3.2) va (3.3), ta co

ﬁ(z—%‘) = =
P = B0 = g (0
¢ n nj)di+ Y t;
=g
=1
trong do
n"‘i”ﬂ i
g(z)=A 7 ] gu2)
v=1
vl

k
degg(z) < (s+t—1) th
7=1

Gia st rang
fn(fm)(tl) o (fnk)(tk) —a
c6 mot khong diem duy nhat zg. Khi d6 29 # o; v6i moi i = 1,...,s. Thuc

vay, néu zg = a; v6i i € {1,..., s}, khi do

0= f"(20)(f")"(20) ... (f™) " (20) = a # 0.

Day 1a dieu mau thuan. Tu (3.4) ta c6

n en n B(z — z)!

PR L)) = a (< i0)> oo
t n+ njdl“f“ tj
[(-p) ="

I=1
trong d6 B 1a mot hang s6 khac 0. Diéu do kéo theo

2 —20)71Gy (2
(P (proey = 2R G

t (n+>° ng)di+ > tj+1
j=1

[[=6) =

trong do

k k
Gi(z)=B(l—(n+> )N =ty t))2" + b2+ + by
J=1 j=1
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Ciung tu (3.4) ta ¢

k k
s (n+ 30 ng)mi+ 3 t—1
[I(z—a) = = Ga(2)
(@) = = .37
t (n+2 nj)dﬁz ti+1
[[z=5) =
=1
Dé kiém tra dugc
k
s+t—1<degGa(z) < (th +1)(s+t—1).
j=1

a) Néul # (n+ Zk: )N—HﬁZtJ,khuiodegP() deg Q(2). Tu (3.4),

ta co
t k k
Z(n+2nj th)+degg>z<(n+2nj)dl—l—2tj>.
i=1 j=1 =1 j=1 j=1
Ta chu ¥ rang
k
degg(z) < (D _tj)(s+t—1)
j=1
Diéu nay kéo theo
k
>
M>N+—
n+ Y. n;
j=1
dodé M > N. Vizy# a; véimoii=1,...,s nén ta co
k
Z(n+znj th—1><deg01:t.
i=1 j=1
Kéo theo
k k k
(n+Y n)M<(1+) t)s+t< (O t;+2)M. (3.8)
j=1 j=1 j=1

k k
Ta cha y rang n+ Y n; > > t; + 2, nhu vay (3.8) cho ta mau thun.
j=1 j=1
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k k
b) Néul= (n+ > nj))N+ (> t))t.
i=1 =1

Néu M > N, lap luan giong nhu Truong hop 1 ta ciing c6 mau thuan.
Néu M < N. Vi

k
[—1<degGy< (D) tj+1)(s+t—1),
j=1
nen
k k
n+Zt Z <degGar+1— (>t
j=1 j=1
k k
Z s+t< (O tj+2)N. (3.9)
j=1 j=1
. k k
Tu dieu kien n+ > n; > > t; +2 va (3.9), ta ¢6 mau thuan.
j=1 j=1
Truong hop 2.2. f khong c6 khong diém. Khi dé f dugc biéu dién dué6i dang
A
f=- Ay >1,0=1,... .t (3.10)
[1(z = B)®
=1
Nhu thé, v6iméi j = 1,2,...,k ta co
n;\ (t; Al
(f)) = - 9;(2), (3.11)
[1(z = By)racitts

=1

trong do g; 1a mot da thic véi deg g;(2) < ¢;(t — 1). Diéu nay kéo theo

fn(fm)(tl) o (fnk)(tk) _ g(Z)k — = g((zz))’ (3.12)
t A
fie—”
trong dé6 g(z) = AHJ;W ﬁ gv(2) v6i degg(z) < (Zk: t;)(t — 1). Ta thay
v=1 j=1
rang
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DoN=dy+---+d; >ttaco
k k
deg@ > (n+ Y nj+ > t;)t>degy,
j=1 j=1

dieu nay kéo theo g(z) — aQ(z) = 0 1a mot da thiic bac 16n hon 1 nén c6
c¢6 it nhat mot khong diem va khong triing v6i khong diém ctia Q(z). Kéo

theo f7(f™)") . (f™)®) = g c6 it nhat mot nghiem. Ta gid st ring

From gy = a

c6 mot khong diem duy nhat zg, khi dé

FrUmE () = a Bl fo)l o (3.14)
lﬁl(z B BZ)(HJ; nj)dl+J; t;
trong d6 B 1a mot hing s6 khac khong. Diéu nay kéo theo
(P = B GG gy
lel(z B ﬁl)(nJrgl nj)dﬁj; ti+1
trong do
k k
Gi(z) =Bl — (n+ an)N — (Z tit)2 + b2 4 by
j=1 j=1
T (3.12), ta c6
(YO (1)) = e o (1)
ﬁ (z B ﬁl)(n+32 ﬂj)dl"‘J;l ti+1

=1

Dé dang kiém tra dugc
k
t—1<degGa(z) < (th +1)(t—1).
j=1

Ta xem xét hai truong hop c6 thé xay ra
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k

a) Néu | # (n + Zk:nj) (Z ;)t, khi d6 degg(z) > degQ(z). Tu
J=1 Jj=1
(3.12), ta cb

t k k k

degg > Z n+an)dj+Zt n+2n] N+(Zt])t.
j=1 =1

J=1 Jj=1 j=1

k
Chu y rang deg g(z) < (z i)t —1). D6 1a diéu mau thuan.
]:

k k
b) Néul= (n+ > n;)N+ (> t;)t. Tu
=1 =1

[ —1<degG, < Zt +1)(t — 1),

ta co
k k k
(n+Y n)N=1-( t)t<degGr+1— (D tt
J=1 Jj=1 j=1
k
=t—> t. (3.17)
j=1
N k k
Tu dieukienn+ > n; > > t; +2vat < N, taco
j=1 j=1

k k
Ot +2N+> t;<N
=1 =1
Day 1a diéu mau thuan. Nhu vay ta thu duodc

frem gyt = a

c6 it nhat hai khong diém phan biét. Ménh dé dugc chiing minh trong cac
truong hop. []

Cho f va g la hai ham phan hinh va a va b 1a hai s6 phtic phan biét. Ta
nhic lai, néu ¢ — b = 0 mdi khi f —a = 0 thi ta viét f = a = g = b.
Néeu f=a=g=bvag=b= f=athitaviégt f =a & g = 0. Néu
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f —a va g — b c6 chung khong diem va cuc diem ké ca boi thi ta ki hicu
f —a = ¢g—0b. St dung khai niém nay chting t6i da ching minh két qua
sau vé tieu chuan chuan tic ctia mot ho cdc ham phan hinh.

Dinh 1y 3.2.3 ([47]). Cho F la mot ho cic ham phan hinh trén mién

D C C. Choa vab la hai s6 phic théa man b # 0, goin € N, n;, t;, k € N*,
(7=1,2,... k) théa man

k k
ngetinby ny >yt 43 (3.18)
j=1 j=1
va
nny by n( gy (t1) i\ (tk) — b 3.19
f a s [P () (3.19)

doi véi f € F. Khi dé F la mot ho chudn tdc. Ngodai ra, néu F la mot ho
cdc ham chinh hinh thi khang dinh ding khi (8.18) dugc thay thé bdi mot

trong cac diéu kién sau:

k=1, n=0, ng >t +1; (3.20)

k k
n>1hogck>2n;>t,n+Y nj>> t;j+2. (3.21)

j=1 j=1
Chitng minh. Khong mat tinh téng quat, ta c6 thé gia thiét ring D la dia
don vi. Gla st rang ]: khong chuan tic tai zgp € D. St dung Ménh dé 3.1.18

Vol @ = Zt /(n+ Z n;), ta suy ra ton tai mot day diém
Zy izl <riu=1,2,...,00, 2z,— 20,
ton tai day s6 duong
pu, 0 =1,2,...,00, p,—0F

va day cac ham f,, f, € F,v=1,2,...,00 sao cho ham

fv(zv + Pvf)
Py

gv(g) -
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hoi tu cau déu dén ham ¢(&) trén cac tap con compact ctia C, trong d6 g(§)

14 mot ham phan hinh khac hing. T cach xac dinh ham g, ta c6

F2Czo + po&) () (20 + o) - (F1) 5 (2, + po€) — b
= gy () (g ()" (g7 (€)™ —b.

Diéu nay kéo theo

fo (2 + pvf)(fz:ll)(tl)(zv + pu€) - . (fgk)(tk)(zv + pu) — b
= ¢"(E)(g" ) (g™ (€)™ —b (3:22)

déu (véi khoang céch cau) trén mdi tap con compact ciia C \ {cyc diém ciia g}
Ta xét hai truong hop:
Trudng hop 1. a # 0. Lay M 13 mot hang s6 duong sao cho

1

V6i moi f € F, ta ki hieu Ef boi
By ={ze D ) () = b},

Khi d6 |f(2)| > M v6i mdi f € F va z € Ey.
Bay gio ta ching minh phuong trinh

g€ (€)W (g™ (€)™ =b (3.23)

c6 it nhat mot khong diém 1a &. Thuc vay, ta xét hai trudng hop con:
Truong hop con 1.1. g 1a mot ham phan hinh.

Néu g 1a ham phan hinh siéu viet, ta thay rang phuong trinh (3.23) ¢6
v0 56 nghiém theo Ménh dé 3.2.1. Néu ¢ 1a ham hitu ty, phuong trinh (3.23)
c6 it nhat mot khong diem theo Meénh dé 3.2.2.

Truong hop con 1.2. g la mot ham nguyén. Ta xét hai kha nang

a) g la ham nguyeén siéu viét:

Néun =0va k =1 thi véi n; = t; + 1 (xem [20]) hodc ny > t; + 2 (theo
Menh dé 3.2.1), ham (¢™)" — b ¢6 vo s6 khong diém.
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k k
Néun > 1 hoac k > nj = tj,n+>y. n; = > t;+2, theo Ménh dé 3.2.1,
j=1 j=1
phuong trinh (3.23) ¢6 vo sd khong diém.

b) g 1a da thic. Do k,n,n;,t; thoa man gia thiét ciia Dinh 1y 3.2.3 kéo
theo ¢™(€)(g™ (€)™ ... (g™ (€))™) — b 1a da thitc bac it nhat 1, suy ra
phuong trinh (3.23) ¢6 it nhat mot nghiem.

Nhu vay, trong moi truéng hgp Phuong trinh (3.23) luén c6 nghiém, tic

14 luon ton tai & € C théa man

9"(&)(g™) (&) .. (g"™) ™ (&) =b. (3.24)

Ta thay rang g(&) # 0, 00, nén g,(£) hoi tu déu dén g(&) trong mot lan can
ctia &. Tt (3.22) va dinh 1y Hurwitz, ton tai mot day &, — & thda méan

T (20 + polo) () (2, + pols) - (F) 5 (2, + po,) = b

v6i mbi s6 v di 16n. Hién nhien ¢, = 2, + ,vav € Ey,. Dieu do kéo theo

190(60)] = |f”(C”)| — (3.25)
0w

Do &, khong phai 1a cyce diém ctia g, nén g(€) bi chin trong mot lan can

&p. Tuy nhién, cho v — oo trong (3.25), ta ¢6 mau thuan véi viec ham g(§)
bi chan trong mot 1an can &.

Trudng hgp 2. a = 0. V6imdi f € F, néu ton tai zy € D sao cho f(z) = 0.
Gia st zp 1a khong diem boi m > 1 ctia f, khi d6 zy 1a khong diem boi

m<n+2nj> — th > 2
j=1 j=1
ctia (™) () ) do do

FM(z0)(F"™) " (20) - (f™) ) (20) = O,
mau thuan véi gia thiét vi b # 0.

Nhu vay v6i moi f € F taluon c6 f(z) # 0 v6i moi z € D. Hon nita, néu

F(20) (F™) M (z0) .. (f™) ) (29) = b,
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véi 29 € D thi tir gid thiét ta suy ra f(zo)" ™% =0, do d6 f(z9) = 0,
kéo theo b = 0. D6 chinh 1a mau thuan.

Nhu thé f # 0 va fo(f™) &) (f)) £ b v6i moi f € F. Theo
dinh ly Hurwitz, ta c6 g # 0, ¢"(g™)®) ... (g™)®) £ b hodc

g"(g™) ™ (g)™

Néu g"(g™)®) ... (¢™)®) = b. Theo Menh dé 3.1.19, bac clia g cao nhit
1a 1. Do d6 ta c¢6 g(z) = e”?) theo Menh dé 3.1.4, trong d6 P 1a mot da

b.

thiic v6i bac cao nhét 1a 1. Nhu vay g(€) = e“*9, trong d6 c 1a mot hing

s6 khac khong. Dieu nay kéo theo

g (g™ () (g™ ()W = (nae) .. (nge)re =7

Day chinh 1a diéu mau thuan. Nhu vay

gn(gm)(tl) o (gnk)(tk) £ b. (3.26)

Ta xét hai truong hgp con nhu sau:

Truong hgp con 2.1. g 1a ham phan hinh. T diéu kién

k k
n; >tj,n+2nj = th—l—?),
j=1 j=1

ta thay ¢"(g™)®) ... (¢™) ™) —b c6 mot khong diém theo Meénh dé 3.2.1 va
Menh dé 3.2.2. Diéu nay mau thuin véi (3.26).

Truong hop con 2.2. Néu g 1a mot ham nguyén siéu viet (cha ¥ rang g # 0).
Thit nhat, n = 0,k = 1,ny = t; + 1 (xem [20]) va ny > t; + 2 (theo Ménh
dé 3.2.1 va Ménh dé 3.2.2), thi (¢™)" — b c6 mot khong diem. Thi hai,
nxzlork>2n;> tj,n—l—]é n; > jé t;+ 2, theo Ménh dé 3.2.1, ta thay
ring ¢"(¢™) ") ... (¢")®) —b c6 mot khong diém. Diéu nay mau thudn véi

(3.26). Néu g 1a mot da thiec, thi tir k, n, n;, ¢; théa man gia thiét ciia Dinh
1y 3.2.3, ta c6 ¢"(g™) ") ... (g™) ") —b c6 khong diém. Diéu nay mau thuin
v6i (3.26). Nhu vay Dinh 1y 3.2.3 dugce chiing minh. ]
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3.2.2. Dinh 1y duy nhat

Nhu da noéi trong phan mé dau, nam 1996 Briick ([2]) da dit ra gia thuyét:
cho f la mot ham nguyén théa man oo f) khong la mot sé6 nguyén hay oo.
Néu f va f' chung nhau mot gid tri hiu han a € C ké cd boi thi

fla_
f—a

trong dé ¢ la mot hang so nao do. Gid thuyét nay da dude Briick ching

¢, (3.27)

minh nam 1996 cho truong hgp a = 0 (xem [2]), vé sau da hat duge sy quan
tam ctia nhiéu tac gid va c6 nhiéu cong trinh duge cong bo.

V6i mot ham phan hinh f, ki hieu
M[f] = fn(fm)(t1) . (fnk)(tk) va F = f”+n1+"'+’ﬂk,

trong d6 n,nq, ..., ng, t1, ..., t 1a cac s6 nguyen duong.

Dinh Iy sau day clia ching to6i 1a mot két qua ve van dé duy nhat cho céc
ham phan hinh lién quan dén giad thuyét Briick khi thay thé f bdi F va f
bai M|[f]. K¥ thuat chiing minh ctia dinh 1§ dya vao tiéu chuan chuan tac

cua ho cac ham phan hinh da dugc ching t6i chiing minh trong Muc 3.2.1.

Dinh ly 3.2.4 ([47]). Chon € N va k,n;,t; € N* i = 1,... k théa man
mot trong cac dieu kién sau:
k=1, n=0, ng >t +1;
2 n>1 hoic k=2, nj >t n+zk:nj > tj+2
j=1 j=1
Cho a va b la hai gid tri hitu han khdc O va f la mot ham nguyén khdc hang.
Néu F =a= M[f] =0 th
M
F—a ’
trong dé c la mot hang so. Ddc biét, néu a = b thy f = c1e'*, trong dé ¢, va

t la cac hing s6 khdc 0 va t théa man dieu kien (tnq)™ ... (tng)" =
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Ching minh. Dat
F={9,(2)=f(z4+w),weCC}, ze6 D=A,

trong do A 1a mot dia don vi. Stt dung Dinh 1y 3.2.3, ta ¢6 ho ham F la
chuan téc trén D. Theo dinh Iy Marty, ton tai mot hing s6 M > 0 théa
man

/' (w)] 19.,(0)]

#(,) — _ <M.
P = T r =~ T g F S

v6i moi w € C. Theo Ménh dé 3.1.19, bac ciia [ cao nhat 1a 1. T dieu kien

fn+n1+"'+nk- —q = fn(fn1)(t1) o (fnk>(tk) — b)

ta suy ra f la ham nguyén siéu viét va

fn(fm)(h) o (f’flk)(tk-) —b _ ea(z).

fn+n1+~~~+nk —a

(3.28)

T (3.28), ta c6
T(r,e"®) = O(T(r, f)).
Do d6 o(e®) < o(f) < 1. Diéu do kéo theo a(z) la da thic va deg(a) < 1.

Do f la mot ham nguyén siéu viét nén M(r, f) — oo khi r — oo. Dt

M (o, f) = [f(20)l,

trong d6 z, = 1,6, 0, € [0,27), |24] = 7,,. Ta théy ring
1 1

lim = lim —— =0. 3.29
] e R f) (3.29)

Theo Ménh dé 3.1.3, ton tai mot tap hop F C R, c¢6 do do logarit hitu han

thoa man

() << /)
7G2) z

dang v6i moi m > 1 va r € F. Tinh toan don gian ta c6

(=2 g S )™ (FE)™, (3.31)

)m(l +0o(1)) (3.30)



79

trong d6 ¢y m,....m, 12 cac hing s6 va mg, mq, . . ., my, 1a cac s6 nguyén khong

.....

am théa man mo+my +---+myp =n, > jm; = k.
j=1
Tu (3.31) ta co

e
Z Cmg,ma,..., mkfmo fml fmk .

Diéu nay kéo theo

(f” ) F9)m()
Z m0m1 ..... mi fml( ) fmk(Zj)

=Zcmo,m1 ..... w (P o)
J

(3.32)

T (3.28), ta co
(fr1)t) | (fe) ) b

f"l fnk fn-l—nl—i-m—i-nk

= 03, (3.33)

1_ a

Ap dung (3.32) vao (3.33), sit dung (3.30) va Menh dé 3.1.2, ta c6

ja(z,)| = [log =)

(fr1) ) (). (f8) ) (2n) b
S (zn) Sk (2n) fromr e (z,)

1 _ a
fn+n1+~-+nk (Zn)
< O(logv(ry, f)) + O(logry,) + O(1)
= O(log ), (3.34)

log

khi r,, — oo. Tt (3.34), ta thu duge a(z) 1a mot hang s6 vi a(z) 1a mot da
thitc. Theo dang thic (3.28), ta c6

PR () b

fn—i—nl—i—---—l—nk —a

=c.
Néu a = b, ta sé chi ra sy ton tai ciia & thdéa man

FE&)(F™) M (&) .. (f™) ) (&) = b.

Vi f 1a mot ham nguyén sieéu viet, do d6 theo [20] néun =0,k =1,n; =
t; + 1 va theo Ménh dé 3.2.1 vd Meénh dé 3.2.2 néu ny > t; + 2, ta suy
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ra (f™)% — b c6 vo s6 khong diem. Néu n > 1 hodc k > 2, tir diéu kien
k k
n+> n; > 3 t;+2va Ménh dé 3.2.1, ta c6 ()W) . (fm) ) = b co
J=1 J=1
vo 56 khong diém. Nhu vay, trong moi trusng hop

PP () =

déu c6 nghiem. Ta goi & 1a mot khong diém boi m > 1 cla

P ),

khi d6 theo gid thiét, ta suy ra & la mot khong diém cta frrmt—+m — p
v6i boi m. Diéu nay kéo theo

&) (&) () (&) = b .
- frtnuttng (50) —b a

Do dé fr(fm)t)  (frm)t) = fromtedne kéo theo f khong ¢6 khong

1

diém va bac ctia f nhiéu nhat 1a 1. Diéu nay kéo theo f = c¢1e'?, trong do
c1 va t 1a cac hiing s6 va ¢ théa man (tn1)" ... (tng)" = 1. Dinh 1y dugc

chiing minh. ]

Truong hop dic biet cia Dinh 1y 3.2.4, néutachonn =0, k=1, t; =1
trong Dinh 1y 3.2.4, thi ta cé:

Hé qua 3.2.5. Cho f la mot ham nguyén khdc hang, n > 2 la mot so
nguyén va ' = . Néu F va F' chung nhau gid tri 1 CM thi F = F’ va
f co dang
f=ce’m

trong dé ¢ la mot hang so khdac 0.

Chu y. Nhu da néi trong phan mé dau, nam 2008, L. Z. Yang va J. L.
Zhang ([52]) da chiing minh mot két qua tuong tu He qua 3.2.5 vdi diéu
kien n > 7. Nhu vay Dinh 1y 3.2.4 1a mot cai tién thuc sy két qua ctia Yang

va Zhang.
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Két luan Chuong 3

Trong Chuong 3, ngoai viéc gidi thieu mot s6 kién thic co ban trong 1y
thuyét phan bé gia tri Nevanlinna va tinh chuan tic cia ho cac ham phan
hinh, luan an da thu dudc cac két qua chinh sau :

- Phat biéu va ching minh mot s6 két qud bd tro vé nghiem cia
@) (f)®) = g trong cac trudng hop f 1a ham phan hinh siéu
viét hay hitu ty.

- Phat biéu va chitng minh mot tiéu chuan chuan tac cho mot ho cac ham
phan hinh (Dinh ly 3.2.3). Diéu kién dai s6 trong dinh 1y nay lien quan dén
liiy thita ctia ham phan hinh c¢6 cting s6 khong diém véi mot don thic vi
phan ctia ham phan hinh do.

- Phét biéu va chitng minh Dinh 1y 3.2.4 vé van dé duy nhat cho cac
ham phan hinh lién quan dén gid thuyét Briick, trong d6 ching toi thay
thé f béi F = frtmt+t% vy f béi mot da thic vi phan cia f dang
MIf]i= () ().
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Két luan chung va dé nghi

Luan an da nghién ctu vé mot s6 dang dinh 1y co ban trong ly thuyét
Nevanlinna - Cartan cho duong cong chinh hinh trén hinh vanh khuyén
trong truong hop cac siéu mit va van dé duy nhat cho dudng cong chinh
hinh trén hinh vanh khuyén va ham nguyeén liéen quan dén gid thuyét Briick.
Cac két qua chinh ctia luan an bao gom:

1. Phét biéu va chitng minh hai dang dinh 1§ co ban: Dinh 1y co ban
thtt nhat va Dinh 1y co ban thit hai cho dudng cong chinh hinh trén hinh
vanh khuyén trong cac truong hgp muc tiéu la cac siéu mat.

2. Dua ra hai dinh 1§ duy nhat cho duong cong chinh hinh trén hinh
vanh khuyeén tit A vao P"(C) trong trudng hgp muc tiéu la sieu mat 6 vi tri
tong quat déi véi phép nhing Veronese.

3. Dua ra mot tiéu chuan chuan tic méi cho ho cac ham phan hinh
tréen mat phang phitc C va chitng minh mot két qua vé van dé duy nhat cho
cac ham phan hinh lién quan dén gid thuyét Briick.

Chiing to6i dé xuat mot s6 hudng nghién ciu tiép theo cho két qua
cuia luan an nhu sau:

1. Nghién cttu mot s6 Dinh 1§ co ban thit hai cho dudng cong chinh
hinh trén hinh vanh khuyén vao mot da tap dai s6 trong P"(C) trong cac
truong hop muc tiéu 1a siéu phang hay siéu miit.

2. Nghién cttu van dé duy nhat cho duong cong chinh hinh trén hinh
vanh khuyén trong trudng hop siéu mit 6 vi tri tong quat.

3. Nghién cttu van dé xac dinh duy nhat cho ham hay dudng cong
chinh hinh véi muc tiéu 1a tap hgp cac diém hay céc siéu phang ma ching

minh dua vao cac dang dinh 1y co ban tht hai v6i ham dém mdi.
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Danh muc Cong trinh cua tac gia da cong bo lién quan dén luan

-

an

1) ([47]) Thin N. V., Phuong H. T., Vilaisavanh L. (2018), A uniqueness
problem for entire functions related to Briick’s conjecture, Mathematica Slo-
vaca, Vol. 68, No. 4, pp. 823-836.

2) ([39]) Phuong H. T., Vilaisavanh L. (2021), Some uniqueness theorems
for holomorphic curves on annulus sharing hypersurfaces, Complex Variables
and Elliptic FEquations , Vol. 66, Issue. 1, pp. 22-34.

3) ([40]) Phuong H. T., Vilaisavanh L. (2022), On fundamental theorems
for holomorphic curves on an annulus intersecting hypersurfaces, Bulletin of

the Iranian Mathematical Society, Vol. 48, pp. 151-163.
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